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FOREWORD 


“What is Calculus?” is a classic deep question. Calculus is the most powerful branch of 
mathematics, which revolves around calculations involving varying quantities. It provides a 
system of rules to calculate quantities which cannot be calculated by applying any other branch 
of mathematics. Schools or colleges find it difficult to motivate students to learn this subject, 
while those who do take the course find it very mechanical. Many a times, it has been observed 
that students incorrectly solve real-life problems by applying Calculus. They may not be 
capable to understand or admit their shortcomings in terms of basic understanding of 
fundamental concepts! The study of Calculus is one of the most powerful intellectual 
achievements of the human brain. One important goal of this manuscript is to give begin- 
ner-level students an appreciation of the beauty of Calculus. Whether taught in a traditional 
lecture format or in the lab with individual or group learning, Calculus needs focusing on 
numerical and graphical experimentation. This means that the ideas and techniques have to be 
presented clearly and accurately in an articulated manner. 

The ideas related with the development of Calculus appear throughout mathematical history, 
spanning over more than 2000 years. However, the credit of its invention goes to the 
mathematicians of the seventeenth century (in particular, to Newton and Leibniz) and continues 
up to the nineteenth century, when French mathematician Augustin-Louis Cauchy (1789-1857) 
gave the definition of the limit, a concept which removed doubts about the soundness of 
Calculus, and made it free from all confusion. The history of controversy about Calculus is most 
illuminating as to the growth of mathematics. The soundness of Calculus was doubted by the 
greatest mathematicians of the eighteenth century, yet, it was not only applied freely but great 
developments like differential equations, differential geometry, and so on were achieved. 
Calculus, which is the outcome of an intellectual struggle for such a long period of time, has 
proved to be the most beautiful intellectual achievement of the human mind. 

There are certain problems in mathematics, mechanics, physics, and many other branches of 
science, which cannot be solved by ordinary methods of geometry or algebra alone. To solve 
these problems, we have to use a new branch of mathematics, known as Calculus. It uses not 
only the ideas and methods from arithmetic, geometry, algebra, coordinate geometry, trigo- 
nometry, and so on, but also the notion of limit, which is a new idea which lies at the foundation 
of Calculus. Using this notion as a tool, the derivative of a function (which is a variable quantity) 
is defined as the limit of a particular kind. In general, Differential Calculus provides a method 
for calculating “the rate of change” of the value of the variable quantity. On the other hand, 
Integral Calculus provides methods for calculating the total effect of such changes, under the 
given conditions. The phrase rate of change mentioned above stands for the actual rate of 
change of a variable, and not its average rate of change. The phrase “rate of change” might look 
like a foreign language to beginners, but concepts like rate of change, stationary point, and root, 
and so on, have precise mathematical meaning, agreed-upon all over the world. Understanding 
such words helps a lot in understanding the mathematics they convey. At this stage, it must also 
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be made clear that whereas algebra, geometry, and trigonometry are the tools which are used in 
the study of Calculus, they should not be confused with the subject of Calculus. 

This manuscript is the result of joint efforts by Prof. Ulrich L. Rohde, Mr. G.C. Jain, Dr. Ajay 
K. Poddar, and myself. All of us are aware of the practical difficulties of the students face while 
learning Calculus. I am of the opinion that with the availability of these notes, students should be 
able to learn the subject easily and enjoy its beauty and power. In fact, for want of such simple 
and systematic work, most students are learning the subject as a set of rules and formulas, which 
is really unfortunate. I wish to discourage this trend. 

Professor Ulrich L. Rohde, Faculty of Mechanical, Electrical and Industrial Engineering 
(RF and Microwave Circuit Design & Techniques) Brandenburg University of Technology, 
Cottbus, Germany has optimized this book by expanding it, adding useful applications, and 
adapting it for today’s needs. Parts of the mathematical approach from the Rohde, Poddar, and 
Boeck textbook on wireless oscillators (The Design of Modern Microwave Oscillators for 
Wireless Applications: Theory and Optimization, John Wiley & Sons, ISBN 0-471-72342-8, 
2005) were used as they combine differentiation and integration to calculate the damped and 
starting oscillation condition using simple differential equations. This is a good transition for 
more challenging tasks for scientific studies with engineering applications for beginners who 
find difficulties in understanding the problem-solving power of Calculus. 

Mr. Jain is not a teacher by profession, but his curiosity to go to the roots of the subject to 
prepare the so-called concept-oriented notes for systematic studies in Calculus is his 
contribution toward creating interest among students for learning mathematics in general, 
and Calculus in particular. This book started with these concept-oriented notes prepared for 
teaching students to face real-life engineering problems. Most of the material pertaining to this 
manuscript on calculus was prepared by Mr. G. C. Jain in the process of teaching his kids and 
helping other students who needed help in learning the subject. Later on, his friends (including 
me) realized the beauty of his compilation and we wanted to see his useful work published. 

Tam also aware that Mr. Jain got his notes examined from some professors at the Department 
of Mathematics, Pune University, India. I know Mr. Jain right from his scientific career at 
Armament Research and Development Establishment (ARDE) at Pashan, Pune, India, where I 
was a Senior Scientist (1982-1998) and headed the Aerodynamic Group ARDE, Pune in DRDO 
(Defense Research and Development Organization), India. Coincidently, Dr. Ajay K. Poddar, 
Chief Scientist at Synergy Microwave Corp., NJ 07504, USA was also a Senior Scientist 
(1990-2001) in a very responsible position in the Fuze Division of ARDE and was aware of the 
aptitude of Mr. Jain. 

Dr. Ajay K. Poddar has been the main driving force towards the realization of the 
conceptualized notes prepared by Mr. Jain in manuscript form and his sincere efforts made 
timely publication possible. Dr. Poddar has made tireless effort by extending all possible help to 
ensure that Mr. Jain’s notes are published for the benefit of the students. His contributions 
include (but are not limited to) valuable inputs and suggestions throughout the preparation of 
this manuscript for its improvement, as well as many relevant literature acquisitions. I am sure, 
as a leading scientist, Dr. Poddar will have realized how important it is for the younger 
generation to avoid shortcomings in terms of basic understanding of the fundamental concepts 
of Calculus. 

I have had a long time association with Mr. Jain and Dr. Poddar at ARDE, Pune. My 
objective has been to proofread the manuscript and highlight its salient features. However, only 
a personal examination of the book will convey to the reader the broad scope of its coverage and 
its contribution in addressing the proper way of learning Calculus. I hope this book will prove to 
be very useful to the students of Junior Colleges and to those in higher classes (of science and 
engineering streams) who might need it to get rid of confusions, if any. 
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My special thanks goes to Dr. Poddar, who is not only a gifted scientist but has also been a 
mentor. It was his suggestion to publish the manuscript in two parts (Part I: Introduction to 
Differential Calculus: Systematic Studies with Engineering Applications for Beginners and 
Part II: Introduction to Integral Calculus: Systematic Studies with Engineering Applications for 
Beginners) so that beginners could digest the concepts of Differential and Integral Calculus 
without confusion and misunderstanding. It is the purpose of this book to provide a clear 
understanding of the concepts needed by beginners and engineers who are interested in the 
application of Calculus of their field of study. This book has been designed as a supplement to all 
current standard textbooks on Calculus and each chapter begins with a clear statement of 
pertinent definitions, principles, and theorems together with illustrative and other descriptive 
material. Considerably more material has been included here than can be covered in most high 
schools and undergraduate study courses. This has been done to make the book more flexible; to 
provide concept-oriented notes and stimulate interest in the relevant topics. I believe that 
students learn best when procedural techniques are laid out as clearly and simply as possible. 
Consistent with the reader’s needs and for completeness, there are a large number of examples 
for self-practice. 

The authors are to be commended for their efforts in this endeavor and I am sure that both 
Part I and Part II will be an asset to the beginner’s handbook on the bookshelf. I hope that after 
reading this book, the students will begin to share the enthusiasm of the authors in under- 
standing and applying the principles of Calculus and its usefulness. With all these changes, the 
authors have not compromised our belief that the fundamental goal of Calculus is to help 
prepare beginners enter the world of mathematics, science, and engineering. 

Finally, I would like to thank Susanne Steitz-Filler, Editor (Mathematics and Statistics) 
at John Wiley & Sons, Inc., Danielle Lacourciere, Senior Production Editor at John Wiley & 
Sons, Inc., and Sanchari S. at Thomosn Digital for her patience and splendid cooperation 
throughout the journey of this publication. 


Asoy Kanti GHOSH 

Proressor & FAcutty INCHARGE (FLIGHT LABORATORY) 
DEPARTMENT OF AEROSPACE ENGINEERING 

IIT KANPUR, INDIA 


PREFACE 


In general, there is a perception that Calculus is an extremely difficult subject, probably because 
the required number of good teachers and good books are not available. We know that books 
cannot replace teachers, but we are of the opinion that, good books can definitely reduce 
dependence on teachers, and students can gain more confidence by learning most of the 
concepts on their own. In the process of helping students to learn Calculus, we have gone 
through many books on the subject, and realized that whereas a large number of good books are 
available at the graduate level, there is hardly any book available for introducing the subject to 
beginners. The reason for such a situation can be easily understood by anyone who knows the 
subject of Calculus and hence the practical difficulties associated with the process of learning 
the subject. In the market hundreds of books are available on Calculus. All these books contain a 
large number of important solved problems. Besides, the rules for solving the problems and the 
list of necessary formulae are given in the books, without discussing anything about the basic 
concepts involved. Of course, such books are useful for passing the examination(s), but 
Calculus is hardly learnt from these books. Initially, the coauthors had compiled concept- 
oriented notes for systematic studies in differential and integral Calculus, intended for 
beginners. These notes were used by students, in school- and undergraduate-level courses. 
The response and the appreciation experienced from the students and their parents encouraged 
us to make these notes available to the beginners. It is due to the efforts of our friends and well- 
wishers that our dream has now materialized in the form of two independent books: Part I for 
Differential Calculus and Part II for Integral Calculus. Of course there are some world class 
authors who have written useful books on the subject at introductory level, presuming that the 
reader has the necessary knowledge of prerequisites. Some such books are What is Calculus 
About? (By Professor W.W. Sawyer), Teach Yourself Calculus (By P. Abbott, B.A), Calculus 
Made Easy (By S.P. Thomson), and Calculus Explained (By W.J. Reichmann). Any person 
with some knowledge of Calculus will definitely appreciate the contents and the approach of the 
authors. However, a reader will be easily convinced that most of the beginners may not be able to 
get (from these books) the desired benefit, for various reasons. From this point of view, both 
parts (Part I and Part II) of our book would prove to be unique since it provides a comprehensive 
material on Calculus, for the beginners. First six chapters of Part I would help the beginner to 
come up to the level, so that one can easily learn the concept of limit, which is in the foundation 
of calculus. The purpose of these works is to provide the basic (but solid) foundation of 
Calculus to beginners. The books aim to show them the enjoyment in the beauty and power 
of Calculus and develop the ability to select proper material needed for their studies in any 
technical and scientific field, involving Calculus. 

One reason for such a high dropout rate is that at beginner levels, Calculus is so poorly 
taught. Classes tend to be so boring that students sometimes fall asleep. Calculus textbooks get 
fatter and fatter every year, with more multicolor overlays, computer graphics, and photographs 
of eminent mathematicians (starting with Newton and Leibniz), yet they never seem easier to 
comprehend. We look through them in vain for simple, clear exposition, and for problems that 
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will hook a student’s interest. Recent years have seen a great hue and cry in mathematical circles 
over ways to improve teaching Calculus to beginner and high-school students. Endless 
conferences have been held, many funded by the federal government, dozens of experimental 
programs are here and there. Some leaders of reform argue that a traditional textbook gets 
weightier but lacks the step-by-step approach to generate sufficient interest to learn Calculus in 
beginner, high school, and undergraduate students. Students see no reason why they should 
master tenuous ways of differentiating and integrating by hand when a calculator or computer 
will do the job. Leaders of Calculus reform are not suggesting that calculators and computers 
should no longer be used; what they observe is that without basic understanding about the 
subject, solving differentiation and integration problems will be a futile exercise. Although 
suggestions are plentiful for ways to improve Calculus understanding among students and 
professionals, a general consensus is yet to emerge. 

The word “Calculus” is taken from Latin and it simply means a “stone” or “pebble”, which 
was employed by the Romans to assist the process of counting. By extending the meaning of the 
word “Calculus”, it is now applied to wider fields (of calculation) which involve processes 
other than mere counting. In the context of this book (with the discussion to follow), the word 
“Calculus” is an abbreviation for Infinitesimal Calculus or to one of its two separate but 
complimentary branches—Differential Calculus and Integral Calculus. It is natural that the 
above terminology may not convey anything useful to the beginner(s) until they are acquainted 
with the processes of differentiation and integration. This book is a true textbook with 
examples, it should find a good place in the market and shall compare favorably to those 
with more complicated approaches. 

The author’s aim throughout has been to provide a tour of Calculus for a beginner as 
well as strong fundamental basics to undergraduate students on the basis of the following 
questions, which frequently came to our minds, and for which we wanted satisfactory and 
correct answers. 


(i) What is Calculus? 
(ii) What does it calculate? 
(iii) Why do teachers of physics and mathematics frequently advise us to learn Calculus 
seriously? 
(iv) How is Calculus more important and more useful than algebra and trigonometry or 
any other branch of mathematics? 
(v) Why is Calculus more difficult to absorb than algebra or trigonometry? 
(vi) Are there any problems faced in our day-to-day life that can be solved more easily by 
Calculus than by arithmetic or algebra? 
(vii) Are there any problems which cannot be solved without Calculus? 
(viii) Why study Calculus at all? 
(ix) Is Calculus different from other branches of mathematics? 
(x) What type(s) of problems are handled by Calculus? 


At this stage, we can answer these questions only partly. However, as we proceed, the associated 
discussions will make the answers clear and complete. To answer one or all of the above 
questions, it was necessary to know: How does the subject of Calculus begin?; How can we 
learn Calculus? and What can Calculus do for us? The answers to these questions are hinted at 
in the books: What is Calculus about? and Mathematician’ s Delight, both by W.W. Sawyer. 
However, it will depend on the curiosity and the interest of the reader to study, understand, and 
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absorb the subject. The author use very simple and nontechnical language to convey the ideas 
involved. However, if the reader is interested to learn the operations of Calculus faster, then he 
may feel disappointed. This is so, because the nature of Calculus and the methods of learning it 
are very different from those applicable in arithmetic or algebra. Besides, one must have a real 
interest to learn the subject, patience to read many books, and obtain proper guidance from 
teachers or the right books. 

Calculus is a higher branch of mathematics, which enters into the process of calculating 
changing quantities (and certain properties), in the field of mathematics and various branches of 
science, including social science. It is called Mathematics of Change. We cannot begin to 
answer any question related with change unless we know: What is that change and how it 
changes? This statement takes us closer to the concept of function y= f(x), wherein “y’ is 
related to “x” through a rule “f’. We say that “y” is a function of x, by which we mean that “‘y 
depends on “‘x’’. (We say that “y” is a pate ae variable, depending on the value of x, an 
independent variable.) From this statement, it is clear that as the value of “x” changes, there 
results a corresponding change in the value of “y”, depending on the nature of the function “f” 
or the formula defining “f”. 

The immense practical power of Calculus is due to its ability to describe and predict the 
behavior of the changing quantities “y” and “x’’. In case of linear functions [which are of the 
form y= mx + b],an amount of change in the value of “x” causes a proportionate change in the 
value of “‘y”. However, in the case of other functions (like y = 5 y= x, y= xa + 3, 
y=sin x, y=3e* + x, etc.) which are not linear, no such proportionality exists. Our interest 
lies in studying the behavior of the dependent variable “‘y”[=f(x)] with respect to the change in 
(the value of) the ee variable “x’’. In other words, we wish to find the rate at which “y” 
changes with respect to “x” 

We know that every rate is the ratio of change that may occur in quantities which are related 
to one another through a rule. It is easy to compute the average rate at which the value of y 
changes when x is changed from x, to x2. It can be easily checked that (for the nonlinear 
functions) these average rate(s) are different between different values of x. (Thus, if |x2— xj| 
= |x3 — X2| =|x4—X3| =... , (for all x, X2, x3, X4,-.-) then we have f(x2) — f(x,) #flx3) — 
SX.) Ff(%4) — flrs) Fo. ]. Thus, we get that the rate of change of y is different in between 
different values of x. 

Our interest lies in computing the rate of change of “y” at every value of “x”. It is known 
as the instantaneous rate of change of “y” with respect to ns and we call it the “rate function” 
of “y” with respect to “x’’. It is also called the derived function of “‘y” with respect to “x” 
and denoted by the symbol y’[=f’(x)]. The derived function f’(x) is also ‘felled the derivative of 
y[=f(x)] with respect to x. The equation y’ = f’(x) tells that the derived function f(x) is also a 
function of x, derived (or obtained) from the original function y = f(x). There is another (useful) 
symbol for the derived function, denoted by dy/dx. This symbol appears like a ratio, but it must 
be treated as a single unit, as we will learn later. The equation y’=f’(x) gives us the 
instantaneous rate of change of y with respect to x, for every value of “x”, for which f’(x) 
is defined. 

To define the derivative formally and to compute it symbolically is the subject of Differential 
Calculus. In the process of defining the derivative, various subtleties and puzzles will inevitably 
arise. Nevertheless, it will not be difficult to grasp the concept (of derivatives) with our 
systematic approach. The relationship between f(x) and f’(x) is the main theme. We will study 
what it means for f’(x) to be “the rate function” of f(x), and what each function says about 
the other. It is important to understand clearly the meaning of the instantaneous rate of change 
of f(x) with respect to x. These matters are systematically discussed in this book. Note that we 
have answered the first two questions and now proceed to answer the third one. 
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There are certain problems in mathematics and other branches of science, which cannot be 
solved by ordinary methods known to us in arithmetic, geometry, and algebra alone. In 
Calculus, we can study the properties of a function without drawing its graph. However, it is 
important to be aware of the underlying presence of the curve of the given function. Recall that 
this is due to the introduction of coordinate geometry by Decartes and Fermat. Now, consider 
the curve defined by the function y = x? — x” — x. We know that, the slope of this curve changes 
from point to point. If it is desired to find its slope at x = 2, then Calculus alone can help us give 
the answer, which is 7. No other branch of mathematics would be useful. 

Calculus uses not only the ideas and methods from arithmetic, geometry, algebra, coordinate 
geometry, trigonometry, and so on but also the notion of limit, which is a new idea that lies at 
the foundation of Calculus. Using the notion of limit as a tool, the derivative of a function is 
defined as the limit of a particular kind. (It will be seen later that the derivative of a function is 
generally a new function.) Thus, Calculus provides a system of rules for calculating changing 
quantities which cannot be calculated otherwise. Here it may be mentioned that the concept 
of limit is equally important and applicable in Integral Calculus, which will be clear 
when we study the concept of the definite integral in Chapter 5 of Part II. Calculus is the most 
beautiful and powerful achievement of the human brain. It has been developed over a period 
of more than 2000 years. The idea of derivative of a function is among the most important 
concepts in all of mathematics and it alone distinguishes Calculus from the other branches of 
mathematics. 

The derivative and an integral have found many diverse uses. The list is very long and can be 
seen in any book on the subject. Differential calculus is a subject which can be applied to 
anything which moves, or changes or has a shape. It is useful for the study of machinery of all 
kinds - for electric lighting and wireless, optics and thermodynamics. It also helps us to answer 
questions about the greatest and smallest values a function can take. Professor W.W. Sawyer, in 
his famous book Mathematician’s Delight, writes: Once the basic ideas of differential calculus 
have been grasped, a whole world of problems can be tackled without great difficulty. It is a 
subject well worth learning. 

On the other hand, integral calculus considers the problem of determining a function from 
the information about its rate of change. Given a formula for the velocity of a body, as a 
function of time, we can use integral calculus to produce a formula that tells us how far the body 
has traveled from its starting point, at any instant. It provides methods for the calculation of 
quantities such as areas and volumes of curvilinear shapes. It is also useful for the measurement 
of dimensions of mathematical curves. 

The concepts basic to Calculus can be traced, in uncrystallized form, to the time of the 
ancient Greeks (around 287-212 BC). However, it was only in the sixteenth and the early 
seventeenth centuries that mathematicians developed refined techniques for determining 
tangents to curves and areas of plane regions. These mathematicians and their ingenious 
techniques set the stage for Isaac Newton (1642-1727) and Gottfried Leibniz (1646-1716), 
who are usually credited with the “invention” of Calculus. 

Later on, the concept of the definite integral was also developed. Newton and Leibniz 
recognized the importance of the fact that finding derivatives and finding integrals (i.e., 
antiderivatives) are inverse processes, thus making possible the rule for evaluating definite 
integrals. All these matters are systematically introduced in Part II of the book. (There were 
many difficulties in the foundation of the subject of Calculus. Some problems reflecting 
conflicts and doubts on the soundness of the subject are reflected in the “Historical Notes” given 
at the end of Chapter 9 of Part I.) During the last 150 years, Calculus has matured bit by bit. In the 
middle of the nineteenth century, French Mathematician Augustin-Louis Cauchy (1789-1857) 
gave the definition of limit, which removed all doubts about the soundness of Calculus and 
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made it free from all confusion. It was then that Calculus had become, mathematically, much as 
we know it today. 

To obtain the derivative of a given function (and to apply it for studying the properties of the 
function) is the subject of the ‘differential calculus’. On the other hand, computing a function 
whose derivative is the given function is the subject of integral calculus. [The function so 
obtained is called an anti-derivative of the given function.] In the operation of computing the 
antiderivative, the concept of limit is involved indirectly. On the other hand, in defining the 
definite integral of a function, the concept of limit enters the process directly. Thus, the concept 
of limit is involved in both, differential and integral calculus. In fact, we might define calculus 
as the study of limits. It is therefore important that we have a deep understanding of this 
concept. Although, the topic of /imit is rather theoretical in nature, it has been presented and 
discussed in a very simple way, in the Chapters 7(a) and 7(b) of Part-I (i.e. Differential Calculus) 
and in Chapter 5 of Part-II (i.e. Integral Calculus). Around the year 1930, the increasing use of 
Calculus in engineering and sciences, created a necessary requirement to encourage students of 
engineering and science to learn Calculus. During those days, Calculus was considered an 
extremely difficult subject. Many authors came up with introductory books on Calculus, but 
most students could not enjoy the subject, because the basic concepts of the Calculus and its 
interrelations with the other subjects were probably not conveyed or understood properly. The 
result was that most of the students learnt Calculus only as a set of rules and formulas. Even 
today, many students (at the elementary level) “learn” Calculus in the same way. For them, it is 
easy to remember formulae and apply them without bothering to know: How the formulae have 
come and why do they work? 

The best answer to the question “Why study Calculus at all?’ is available in the book: 
Calculus from Graphical, Numerical and Symbolic Points of View by Arnold Ostebee and Paul 
Zorn. There are plenty of good practical and “educational” reasons, which emphasize that one 
must study Calculus: 


¢ Because it is good for applications; 

e Because higher mathematics requires it; 
¢ Because its good mental training; 

e Because other majors require it; and 


¢ Because jobs require it. 


Also, another reason to study Calculus (according to the authors) is that Calculus is among our 
deepest, richest, farthest-reaching, and most beautiful intellectual achievements. This manu- 
script differs in certain respects, from the conventional books on Calculus for the beginners. 


Organization 

The work is divided into two independent books: Book I—Differential Calculus (Introduction 
to Differential Calculus: Systematic Studies with Engineering Applications for Beginners) 
and Book II-Jntegral Calculus (Introduction to Integral Calculus: Systematic Studies with 
Engineering Applications for Beginners). 

Part I consists of 23 chapters in which certain chapters are divided into two sub-units such as 
7a and 7b, 11a and 11b, 13a and 13b, 15a and 15b, 19a and 19b. Basically, these sub-units are 
different from each other in one way, but they are interrelated through concepts. 

Part II consists of nine chapters in which certain chapters are divided into two sub-units such 
as 3a and 3b, 4a and 4b, 6a and 6b, 7a and 7b, 8a and 8b, and finally 9a and 9b. The division of 
chapters is based on the same principle as in the case of Part I. Each chapter (or unit) in both the 
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parts begins with an introduction, clear statements of pertinent definitions, principles and 
theorems. Meaning(s) of different theorems and their consequences are discussed at length, 
before they are proved. The solved examples serve to illustrate and amplify the theory, thus 
bringing into sharp focus many fine points, to make the reader comfortable. 

The contents of each chapter are accompanied by all the necessary details. However, some 
useful information about certain chapters is furnished below. Also, illustrative and other 
descriptive material (along with notes and remarks) is given to help the beginner understand the 
ideas involved easily. 

Book II (introduction to Integral Calculus: Systematic Studies with Engineering Applica- 
tions for Beginners): 


Chapter 1 deals with the operation of antidifferentiation (also called integration) as the 
inverse process of differentiation. Meanings of different terms are discussed at length. The 
comparison between the operations of differentiation and integration are discussed. 


Chapter(s) 2, 3a, 3b, 4a, and 4b deal with different methods for converting the given 
integrals to the standard form, so that the antiderivatives (or integrals) of the given 
functions can be easily written using the standard results. 


Chapter 5 deals with the discussion of the concept of area, leading to the concept of the 
definite integral and certain methods of evaluating definite integrals. 


Chapter 6a deals with the first and second fundamental theorems of Calculus and their 
applications in computing definite integrals. 


Chapter 6b deals with the process of defining the natural logarithmic function using 
Calculus. 


Chapter 7a deals with the methods of evaluating definite integrals using the second 
fundamental theorem of Calculus. 


Chapter 7b deals with the important properties of definite integrals established using the 
second fundamental theorem of Calculus and applying them to evaluate definite integrals. 


Chapter 8a deals with the computation of plane areas bounded by curves. 


Chapter 8b deals with the application of the definite integral in computing the lengths of 
curves, the volumes of solids of revolution, and the curved surface areas of the solids of 
revolution. 


Chapter 9a deals with basic concepts related to differential equations and the methods of 
forming them and the types of their solutions. 


Chapter 9b deals with certain methods of solving ordinary differential equations of the 
first order and first degree. 


An important advice for using both the parts of this book: 


¢ The CONTENTS clearly indicate how important it is to go through the prerequisites. 
Certain concepts [like (—1) - (—1) = 1, and why division by zero is not permitted in 
mathematics, etc] which are generally accepted as rules, are discussed logically. The 
concept of infinity and its algebra are very important for learning calculus. The ideas 
and definitions of functions introduced in Chapter-2, and extended in Chapter-6, are 
very useful. 

e The role of co-ordinate geometry in defining trigonometric functions and in the devel- 
opment of calculus should be carefully learnt. 
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e The theorems, in both the Parts are proved in a very simple and convincing way. The 
solved examples will be found very useful by the students of plus-two standard and the 
first year college. Difficult problems have been purposely not included in solved examples 
and the exercise, to maintain the interest and enthusiasm of the beginners. The readers may 
pickup difficult problems from other books, once they have developed interest in the 
subject. 


Concepts of limit, continuity and derivative are discussed at length in chapters 7(a) & 7(b), 
8 and 9, respectively. The one who goes through from chapters-1 to 9 has practically learnt 
more than 60% of differential calculus. The readers will find that remaining chapters of 
differential calculus are easy to understand. Subsequently, readers should not find any 
difficulties in learning the concepts of integral calculus and the process of integration 
including the methods of computing definite integrals and their applications in fining areas 
and volumes, etc. 

¢ The differential equations right from their formation and the methods of solving certain 
differential equations of first order and first degree will be easily learnt. 


Students of High Schools and Junior College level may treat this book as a text book for 
the purpose of solving the problems and may study desired concepts from the book 
treating it as a reference book. Also the students of higher classes will find this book very 
useful for understanding the concepts and treating the book as a reference book for this 
purpose. Thus, the usefulness of this book is not limited to any particular standard. The 
reference books are included in the bibliography. 


I hope, above discussion will be found very useful to all those who wish to learn the basics of 
calculus (or wish to revise them) for their higher studies in any technical field involving 
calculus. 


Suggestions from the readers for typos/errors/improvements will be highly appreciated. 


Finally, efforts have been made to the ensure that the interest of the beginner is maintained all 
through. It is a fact that reading mathematics is very different from reading a novel. However, 
we hope that the readers will enjoy this book like a novel and learn Calculus. We are very sure 
that if beginners go through the first six chapters of Part I (i.e., prerequisites), then they may not 
only learn Calculus, but will start loving mathematics. 


Dr. -InG. Atay KUMAR PODDAR 

CHIEF SCIENTIST 

SYNERGY MICROWAVE CORPORATION 

NJ 07504, USA 

Former Senior Scientist (DRDO, Inp1A) 


Spring 2011 
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INTRODUCTION 


In less than 15 min, let us realize that calculus is capable of computing many quantities 
accurately, which cannot be calculated using any other branch of mathematics. 

To be able to appreciate this fact, we consider a “nonvertical line” that makes an angle “0” 
with the positive direction of x-axis, and that 6 4 0. We say that the given line is “inclined” at an 
angle “6” (or that the inclination of the given line is “0”). 

The important idea of our interest is the “slope of the given line,” which is expressed by the 
trigonometric ratio “tan 0.” Technically the slope of the line tells us that if we travel by “one 
unit,” in the positive direction along the x-axis, then the number of units by which the height of 
the line rises (or falls) is the measure of its slope. 

Also, it is important to remember that the “slope of a line” is a constant for that line. On the 
other hand “the slope of any curve” changes from point to point and it is defined in terms of the 
slope of the “tangent line” existing there. To find the slope of a curve y = f(x) at any value of x, 
the “differential calculus” is the only branch of Mathematics, which can be used even if we are 
unable to imagine the shape of the curve. 

At this stage, it is very important to remember (in advance) and understand clearly that 
whereas, the subject of Calculus demands the knowledge of algebra, geometry, coordinate 
geometry and trigonometry, and so on (as a prerequisite), but they do know from the subject of 
Calculus. Hence, calculus should not be confused as a combination of these branches. 

Calculus is a different subject. The backbone of Calculus is the “concept of limit,” which is 
introduced and discussed at length in Part I of the book. The first eight chapters in Part I simply 
offer the necessary material, under the head: What must you know to learn Calculus? We learn 
the concept of “derivative” in Chapter 9. In fact, it is the technical term for the “slope.” 

The ideas developed in Part I are used to define an inverse operation of computing 
antiderivative. (In a sense, this operation is opposite to that of computing the derivative of 
a given function.) 

Most of the developments in the field of various sciences and technologies are due to 
the ideas developed in computing derivatives and antiderivatives (also called integrals). The 
matters related with integrals are discussed in “Integral Calculus.” 

The two branches are in fact complimentary, since the process of integral calculus is 
regarded as the inverse process of the differential calculus. As an application of integral 
calculus, the area under a curve y = f(x) from x =a to x = b, and the x-axis can be computed 
only by applying the integral calculus. No other branch of mathematics is helpful in computing 
such areas with curved boundaries. 


Pror. Utricu L. ROHDE 
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1 Antiderivative(s) [or Indefinite 
Integral(s)] 


1.1. INTRODUCTION 


In mathematics, we are familiar with many pairs of inverse operations: addition and subtraction, 
multiplication and division, raising to powers and extracting roots, taking logarithms and finding 
antilogarithms, and so on. In this chapter, we discuss the inverse operation of differentiation, 
which we call antidifferentiation. 


Definition (1): A function (x) is called an antiderivative of the given function f(x) on the 
interval [a, 5], if at all points of the interval [a, 5], 


Of course, it is logical to use the terms differentiation and antidifferentiation to mean the 
operations, which must be inverse of each other. However, the term integration is frequently 
used to stand for the process of antidifferentiation, and the term an integral (or an indefinite 
integral) is generally used to mean an antiderivative of a function. 

The reason behind using the terminology “an integral” (or an indefinite integral) will be clear 
only after we have studied the concept of “the definite integral” in Chapter 5. The relation 
between “the definite integral” and “an antiderivative” or an indefinite integral of a function is 
established through first and second fundamental theorems of Calculus, discussed in Chapter 6a. 

For the time being, we agree to use these terms freely, with an understanding that the terms: 
“an antiderivative” and “an indefinite integral” have the same meaning for all practical purposes 
and that the logic behind using these terms will be clear later on. If a function fis differentiable 
in an interval J, [i.e., if its derivative f’ exists at each point in /] then a natural question arises: 
Given f'(x) which exists at each point of I, can we determine the function f(x)? In this chapter, 
we shall consider this reverse problem, and study some methods of finding f(x) from f'(x). 


Note: We know that the derivative of a function f(x), if it exits, is a unique function. Let f'(x) = 
g(x) and that f(x) and g(x) [where g(x) =f'(x)] both exist for each x € J, then we say that an 
antiderivative (or an integral) of the function g(x) is f(x). 


1-Anti-differentiation (or integration) as the inverse process of differentiation. 

“) Note that if x is an end point of the interval [a, b], then ¢’(x) will stand for the one-sided derivative at x. 

@) Shortly, it will be shown that an integral of the function g(x)[ =f’(x)] can be expressed in the form f(x) + c, where c is 
any constant. Thus, any two integrals of g(x) can differ only by some constant. We say that an integral (or an antiderivative) 
of a function is “unique up to a constant.” 
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2 ANTIDERIVATIVE(S) [OR INDEFINITE INTEGRAL(S)] 


To understand the concept of an antiderivative (or an indefinite integral) more clearly, consider 
the following example. 


Example: Find an antiderivative of the function f(x) = x°. 


Solution: From the definition of the derivative of a function, and its relation with the given 
function, it is natural to guess that an integral of x* must have the term x*. Therefore, we 
consider the derivative of x*. Thus, we have 

d 4 3 

—x =4x. 

dx 
Now, from the definition of antiderivative (or indefinite integral) we can write that antiderivative 
of 4x° is x*. Therefore, antiderivative of x* must be x* /4. In other words, the function 
(x) = x*/4 is an antiderivative of x°. 


1.1.1 The Constant of Integration 


When a function ¢(x) containing a constant term is differentiated, the constant term does not 
appear in the derivative, since its derivative is zero. For instance, we have, 


d 

ay + 6) = 4x7 +0 = 42°; 
d 

ax* = 4x3. and 

d 


Thus, by the definition of antiderivative, we can say that the functions x* + 6,x4,x4 — 5,andin 
general, x*+ + c (where c € R), all are antiderivatives of 4x3, 


Remark: From the above examples, it follows that a given function f(x) can have infinite 
number of antiderivatives. Suppose the antiderivative of f(x) is d(x), then not only d(x) but also 
functions like ¢(x)+ 3, ¢(x) — 2, and so on all are called antiderivatives of f(x). Since, the 
constant term involved with an antiderivative can be any real number, an antiderivative is called 
an indefinite integral, the indefiniteness being due to the constant term. 

Inthe process of antidifferentiation, we cannot determine the constant term, associated with 
the (original) function ¢(x). Hence, from this point of view, an antiderivative $(x) of the given 
function f(x) will always be incomplete up to a constant. Therefore, to get a complete 
antiderivative of a function, an arbitrary constant (which may be denoted by “c” or “k” or any 
other symbol) must be added to the result. This arbitrary constant represents the undetermined 
constant term of the function, and is called the constant of integration. 


1.1.2 The Symbol for Integration (or Antidifferentiation) 


The symbol chosen for expressing the operation of integration is “{”; it is the old fashioned 
elongated “‘S”, and it is selected as being the first letter of the word “Sum”, which is another 
aspect of integration, as will be seen later. 


® The symbol J is also looked upon as a modification of the summation sign >>. 
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Thus, if an integral of a function f(x) is (x), we write 


[roan = $(x) +c, where c is the constant of integration. 


Remark: The differential “dx” [written by the side of the function f(x) to be integrated] 
separately does not have a meaning. However, “dx” indicates the independent variable “x”, 
with respect to which the original differentiation was made. It also suggests that the reverse 
process of integration has to be performed with respect to x. 


Note: The concept of differentials “dy” and “dx” is discussed at length, in Chapter 16. There, we 
have discussed how the derivative of a function y = f(x) can be looked upon as the ratio dy/dx of 
differentials. Besides, it is also explained that the equation dy/dx = f’(x) can be expressed 
in the form 


dy = f'(x)dx, 
which defines the differential of the dependent variable [i.e., the differential of the function 
y=]. 
Accordingly, J f(x)dx stands to mean that f(x) is to be integrated with respect to x. In 


other words, we have to find (or identify) a function ¢(x) such that ¢/(x) =f(x). Once this is 
done, we can write 


[rooax = $(x) +c, (CER). 


Now, we are in a position to clarify the distinction between an antiderivative and an indefinite 
integral. 


Definition: If the function ¢(x) is an antiderivative of f(x), then the expression ¢(x) +c 
is called the indefinite integral of f(x) and it is denoted by the symbol { f(x)dx. 
Thus, by definition, 


[roar = ¢(x) + ¢,(c € R), provided $'(x) =f (x). 


Remark: Note that the function in the form ¢(x) + c exhausts all the antiderivatives of the 
function f(x). On the other hand, the function ¢(x) with a constant [for instance, (x) + 3, or 
d(x) — 7, or o(x) +0, etc.] is called an antiderivative or an indefinite integral (or simply, 
an integral) of f(x). 


1.1.3 Geometrical Interpretation of the Indefinite Integral 


From the geometrical point of view, the indefinite integral of a function is a collection (or 
family) of curves, each of which is obtained by translating any one curve [representing ¢(x) + c] 
parallel to itself, upwards or downwards along the y-axis. A natural question arises: Do 
antiderivatives exist for every function f(x)? The answer is NO. 

Let us note, however, without proof, that if a function f(x) is continuous onan interval [a, b], 
then the function has an antiderivative. 

Now, let us integrate the function y = [ f(x) =2x. We have, 


[rejar = [axar =? +e (1) 


4 ANTIDERIVATIVE(S) [OR INDEFINITE INTEGRAL(S)] 
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FIGURE 1.1 Shows some curves of f(x) = 2x family. 


For different values of c, we get different antiderivatives of f(x). But, these antiderivatives (or 
indefinite integrals) are very similar geometrically. By assigning different values to c, we get 
different members of the family. A// these members considered together constitute the 
indefinite integral of f(x) =2x. In this case, each antiderivative represents a parabola with 
its axis along the y-axis.” 

Note that for each positive value of c, there is a parabola of the family which has its vertex on 
the positive side of the y-axis, and for each negative value of c, there is a parabola which has its 
vertex on the negative side of the y-axis. 

Let us consider the intersection of all these parabolas by a line x = a. In Figure 1.1, we have 
taken a>0 (the same is true for a<0). If the line x=a intersects the parabolas y=x°, 


“ For c= 0, we obtain y = x*, a parabola with its vertex on the origin. The curve y = x* + | for c= 1, is obtained by shifting 
the parabola y = x one unit along y-axis in positive direction. Similarly, for c= —1, the curve y = x” — 1 is obtained by 
shifting the parabola y = x” one unit along y-axis in the negative direction. Similarly, all other curves can be obtained. 
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y=x tly x4 2,y=x-1, y=x 2, at Po, P,P2,P_1,P_2, and so on, respectively, 
then dy/dx (i.e., the slope of each curve) at x =a is 2a. This indicates that the tangents to 
the curves @(x) =x? + at x =a are parallel. This is the geometrical interpretation of the 
indefinite integral. 

Now, suppose we want to find the curve that passes through the point (3, 6). These values of 
x and y can be substituted in the equation of the curve. Thus, on substitution in the equation 
y= x? + C, 

We get,6 = 3° +c 


c=-3 


Thus, y= x* — 3 is the equation of the particular curve which passes through the point (3, 6). 
Similarly, we can find the equation of any curve which passes through any given point (a, 5). In 
the relation, 


[roax = (x) +¢,(c ER). 


¢ The function f(x) is called the integrand. 


e The expression under the integral sign, that is, “f(x)dx’ is called the element of integration. 


Remark: By the definition of an integral, we have, 


Thus, we can write, 


Observe that the last expression { d[¢(x)] does not have “dx” attached to it (Why?). Recall that 
d[#(x)] stands for the differential of the function (x), which is denoted by ¢/(x)dx, as 
discussed in Chapter 16 of Part I. Thus, we write, 


[rejar = | oax= [alo(x)] = 014) +6 (2) 


Equation(2) tells us that when we integrate f(x) [or antidifferentiate the differential of a 
function (x)] we obtain the function “d(x) + c’, where “c” is an arbitrary constant. Thus, on 
the differential level, we have a useful interpretation of antiderivative of “f’’. 

Since we have | f(x)dx = ¢(x), we can say that an antiderivative of “f” is a function “¢”, 
whose differential ¢'(x)dx equals f(x)dx. Thus, we can say that in the symbol [ f(x)dx, the 
expression “f(x)dx” is the differential of some function (x). 


Remark: Equation (2) suggests that differentiation and antidifferentiation (or integration) are 
inverse processes of each other. (We shall come back to this discussion again in Chapter 6a). 
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Leibniz introduced the convention of writing the differential of a function after the integral 
symbol “{”. The advantage of using the differential in this manner will be apparent to the 
reader later when we compute antiderivatives by the method of substitution—to be studied later 
in Chapters 3a and 3b. Whenever we are asked to evaluate the integral J f(x)dx, we are 
required to find a function ¢(x), satisfying the condition ¢/(x) =f(x). But how can we find the 
function (x)? 

Because of certain practical difficulties, it is not possible to formulate a set of rules by which 
any function may be integrated. However, certain methods have been devised for integrating 
certain types of functions. 


e The knowledge of these methods, 
¢ good grasp of differentiation formulas, and 


¢ necessary practice, should help the students to integrate most of the commonly occurring 
functions. 


The methods of integration, in general, consist of certain mathematical operations 
applied to the integrand so that it assumes some known form(s) of which the integrals 
are known. Whenever it is possible to express the integrand in any of the known forms 
(which we call standard forms), the final solution becomes a matter of recognition and 
inspection. 


Remark: It is important to remember that in the integral { f(x)dx, the variable in the integrand 
“f(x)” and in the differential ““dx’’ must be same (Here it is “x” in both). Thus, J cos y dx cannot 
be evaluated as it stands. It would be necessary, if possible, to express cos y as a function of x. 
Any other letter may be used to represent the independent variable besides x. Thus, J dt 
indicates that 7° is to be integrated (wherein f is the independent variable), and we need to 
integrate it with respect to ¢ (which appears in df). 


Note: Integration has one advantage that the result can always be checked by differen- 


tiation. If the function obtained by integration is differentiated, we should get back the 
original function. 


1.2 USEFUL SYMBOLS, TERMS, AND PHRASES FREQUENTLY NEEDED 


TABLE 1.1 Useful Symbols, Terms, and Phrases Frequently Needed 


Symbols/Terms/Phrases Meaning 

f(x) in ff (x)dx Integrand 

The expression f(x)dx in f f(x)dx The element of integration 

Sf(x)dx Integral of f(x) with respect to x. Here, x in “dx” is the 
variable of integration 

Integrate Find the indefinite integral (i.e., find an antiderivative and add 
an arbitrary constant to it)“ 

An integral of f(x) A function ¢(x), such that 6'(x) =f(x) 

Integration The process of finding the integral 

Constant of integration An arbitrary real number denoted by “c” (or any other 


symbol) and considered as a constant. 


“The term integration also stands for the process of computing the definite integral of f(x), to be studied in Chapter 5. 
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TABLE 1.2a_ Table of Derivatives and Corresponding Integrals 


Differentiation Formulas Already Corresponding Formulas for Integrals 
d Sf (x)dx = f(x) +e 
K to us — =f’ 
S. No. ae Nea dx [FO] =F'C9) (Antiderivative with Arbitrary Constants) 
d n n-1 n-1 n 
1. at) =e ,neER nx" dx =x"+c,nER 
x 
d xntl xl 
2. — =x", —1 "dx = F —1,neR. 
sll Ree iF ¥ Pa Rr a 
This form is more useful 
3 oa (e*):="e* erax =e*+c 
: dx ; 
d x x 
4. Fra ) =a" -log.a (a > 0) for -log,adx = a*+c(a>0) 
x aw 
or Be =a‘ (a>0) fs for dx = +c 
dx \log.a log.a 
5 © (1og.x) = +(x > 0) ! ax = log,|x| +c, x £0" 
, Gy (OBexX) = 5% 5 dx = logelx] + ¢, x 


*This formula is discussed at length in Remark (2), which follows. 


From the formulas of derivatives of functions, we can write down directly the corresponding 
formulas for integrals. The formulas for integrals of the important functions given on the right- 
hand side of the Table 1.2a are referred to as standard formulas which will be used to find 
integrals of other (similar) functions. 


Remark (1): We make two comments about formula (2) mentioned in Table 1.2a. 
(i) It is meant to include the case when n= 0, that is, 
| ar=[iax=2 +e 


(ii) Since no interval is specified, the conclusion is understood to be valid for any interval 
on which x” is defined. In particular, ifn < 0, we must exclude any interval containing 
the origin. (Thus, f x~3dx = (x~*/ — 2) = —(1/2x*), which is valid in any interval not 
containing zero.) 


Remark (2): Refer to formula (5) mentioned in Table 1.2a. We have to be careful when 
considering functions whose domain is not the whole real line. For instance, when we say 
d/dx(log,x) = 1/x, it is obvious that in this equality x40. However, it is important to 
remember that, log.x is defined only for positive x.© 


© Recall that y=e* = log.y = x. Note that e* (=y) is always a positive number. It follows that log.y is defined only for 
positive numbers. In fact, in any equality involving the function log.x (to any base), it is assumed that log x is defined only 
for positive values of x. 
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In view of the above, the derivative of log.x must also be considered only for positive values 
of x. Further, when we write [ 1/x(dx) = log,x, one must remember that in this equality the 
function 1/x is to be considered only for positive values of x. 


Note: Observe that, though the integrand 1/x is defined for negative values of x, it will be wrong 
to say that, since I/x is defined for all nonzero values of x, the integral of 1/x (which is log.x) 
may be defined for negative values of x. To overcome this situation, we write 


1 
[rae = log,|x|, x 4 0. Let us prove this. 
x 


For x > 0, we have, 


d 1 
5 (loex) ==, 
and, for x < 0, 
d 1 1 
log, =—(-l)=- 
sllog.(-x)] == (-1) =~ 


[Note that for x <0, (—x) > 0]. Combining these two results, we get, 


“(logtxi) =<, x#0 2. [Lav=log,lal 0 
dx O8e|x = x bie Be = OBE tC, Xx F 
From this point of view, it is not appropriate to write 

1 

—dx =log.x, x40. (Why?) 

x 
The correct statement is: 


1 
| 5av =log,.x, x>0. (A) 
x 


1 
or | ax = logalx, x40 (B) 
x 


Note that both the equalities at (A) and (B) above clearly indicate that log,x is defined only for 
positive values of x. 

In solving problems involving log functions, generally the base “e” is assumed. It is 
convenient and saves time and effort, both (To avoid confusion, one may like to indicate the base 
of logarithm, if necessary). Some important formulas for integrals that are directly obtained 
from the derivatives of certain functions, are listed in Tables 1.2b and 1.2c. 

Besides, there are certain results (formulas) for integration, which are not obtained directly 
from the formulas for derivatives but obtained indirectly by applying other methods of 
integration. (These methods will be discussed and developed in subsequent chapters). 

Many important formulas for integration (whether obtained directly or indirectly) are 
treated as standard formulas for integration, which means that we can use these results to write 
the integrals of (other) similar looking functions. 
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TABLE 1.2b Table of Derivatives and Corresponding Integrals 


Differentiation F las 
Peet epee ean Corresponding Formulas for Indefinite 


d 
S. No. Already Known to us ae [f(x)] =f'(x) Integrals [ f’(x)dx = f(x) +¢ 
6. Gy (Silt x) = cos x fcosxdx = sinx +c 
x 
. J(—sin x)dx = cos x + ¢ 
74 —(cos x) = —sin x . 
dx v. fsinxdx = —cosx +e 
d 2 2 
8. gy (tax) = sec™x fsec? xdx = tanx +c 
x 
d —cosec? x)dx = cot x + 
sa Lire eer J (—cosec a) x=cotx+ce 
: dx . Jcosec? xdx = —cotx +e 
d 
10. Gy (SCX) = see x: tan x Jsecx-tanxdx = secx+c 
J(—cosec x - cot x)dx = cosee x + ¢ 
112 (cosec x) = —cosec x - cot x 
dx w. Jcosec x- cot x dx = —cosec x + ¢ 


“Observe that derivatives of trigonometric functions starting with “co,” (i.e., cos x, cot x, and cosec x) are with 
negative sign. Accordingly, the corresponding integrals are also with negative sign. 


Important Note: The main problem in evaluating an integral lies in expressing the integrand 
in the standard form. For this purpose, we may have to use algebraic operations and/or 
trigonometric identities. For certain integrals, we may have to change the variable of integration 
by using the method of substitution, to be studied later, in Chapters 3a and 3b. In such cases, the 
element of integration is changed to anew element of integration, in which the integrand (ina 
new variable) may be in the standard form. Once the integrand is expressed in the standard 


TABLE 1.2c Derivatives of Inverse Trigonometric Functions and Corresponding Formulas for 
Indefinite Integrals 


Differentiation Formulas Corresponding Formulas for 


d ; : 
S. No. Already Known to us ay [f(x)] =f" (x) Indefinite Integrals f f’(x)dx = f(x) + ¢ 
x 
12 S (in x na os sin x +e 
: dx \ V1—x2 | dx : 
——— = 4 or 
= —l1 V1 — x2 
de (cos es Vin x —cos'!x+e 
d 1 
13. Ayy= tan“! x +e 
ae (tan x 1+ x | dx ne 
Aes = =t 1am -1 
d = passe —cot  x+c 
14 — (sec! x = : sec! x+e 
: d Fe] dx 
-] 5 = or 
(cosee™! x) = se a —cosec"! x +¢ 
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form, evaluating the integral depends only on recognizing the form and remembering the table 
of integrals. 


Remark: Thus, integration as such is not at all difficult. The real difficulty lies in applying the 
necessary algebraic operations and using trigonometric identities needed for converting the 
integrand to standard form(s). 


1.3.1 Table of Integrals of tan x, cot x, sec x, and cosec x 


Now consider Table 1.2b. 


Note: Table 1.2b does not include the integrals of tan x, cot x, sec x, and cosec x. The integrals 
of these functions will be established by using the method of substitution (to be studied later in 
Chapter 3a). However, we list below these results for convenience. 


1.3.2 Results for the Integrals of tan x, cot x, sec x, and cosec x 


(i) J tan x dx = log,|sec x| + c = log(sec x) + ¢ 

(ii) f cot x dx = log,|sin x| + c = log(sin x) + ¢ 
(iii) { sec x dx = log(sec x + tan x) + c = log(tan(}+4)) +c 
(iv) J cosec x dx = log(cosec x — cot x) + ¢= log(tan x) +¢ 


These four integrals are also treated as standard integrals. 
Now, we consider Table 1.2c. 


Remark: Derivatives of inverse circular functions are certain algebraic functions. In 
fact, there are only three types of algebraic functions whose integrals are inverse circular 
functions. 


1.4 INTEGRATION OF CERTAIN COMBINATIONS OF FUNCTIONS 


There are some theorems of differentiation that have their counterparts in integration. These 
theorems state the properties of “indefinite integrals” and can be easily proved using the 
definition of antiderivative. Almost every theorem is proved with the help of differentiation, 
thus stressing the concept of antidifferentiation. To integrate a given function, we shall need 
these theorems of integration, in addition to the above standard formulas. We give below these 
results without proof. 


(a) SIF) + g(x)]dx = Jf(x)dx + f g(x)dx 
In words, “an integral of the sum of two functions, is equal to the sum of integrals of 
these two functions”. The above rule can be extended to the sum of a finite number of 
functions. The result also holds good, if the sum is replaced by the difference. Hence, 
integration can be extended to the sum or difference of a finite number of functions. 


(b) Jc-f(x)dx = c- ff(x)dx, where c is areal number. 
Note that result (b) follows from result (a). 
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Thus, a constant can be taken out of the integral sign. The theorem can also be 
extended as follows: 


Corollary: 


| vers) + kyg(x)|dx = ky [rosax + ky | e(s)ae, where k, and k» are real numbers 


(c) If [reas = F(x) +e 


Example: 


{ cos(x + 3)dx = sin(x+ 3) +c 


(d) If [reas =F(x)+¢, 


then [flax + b)dx = * Flax +b) +c. 
This result is easily proved, by differentiating both the sides. 
Proof: It is given that { f(x)dx = F(x) +¢ 
F'(x) =f (x) (By definition) 


To prove the desired result, we will show that the derivatives of both the sides give the same 
function. 


Now consider, 


dx 
‘ djl 1 | 1 Y | , 
RHS: re Aras + b) 4 (| = AF (ax + b)-a 
= F'(ax + b) 
= f(ax+b) 
L.H.S. = R.HS. 


Note: This result is very useful since it offers a new set of “standard forms of integrals”, 


wherein “x” is replaced by a linear function (ax + b). Later on, we will show that this result is 
more conveniently proved by the method of substitution, to be studied in Chapter 3a. 


Let us now evaluate the integrals of some functions using the above theorems, and the standard 
formulas given in Tables 1.2a-1.2c. 


‘) We know that the process of differentiation is the inverse of integration (and vice versa). Hence, differentiation nullifies 
the integration, and we get the integrand as the result. (Detailed explanation on this is given in Chapter 6a). 
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Examples: We can write, 


(i) [sin (5x + 7)dx = 5c0s (5x+7)+¢ 


[- fsinseas = —cos x + (| 


Similarly, 
(ii) [eax = 1 opx-2 +c 
3 


(ii) | in x41) +524 - «| ay 


1 
= |sin(2 1)dx 4 fae 2| dx [eras 
x 


x 


I 4 
= 7 008(2x + 1)+x—2log.x a tc Ans. 


(iv) [lt + 3) — Ssec?x — 3e°-!] 


— [vax 3x dx 5 sec’ xdx — 3feetax 


x8 3x? 30%! 
3 5) 5 tan x 7 LC 
3 3 ie 
= se 5 tan x so tc Ans. 
2 7 
(v) [Patan (say) 
x 
patel lee fo? +24+7-x71/?)dx 
3/2 1/2 
. + 2x 4 en LC 
3/2 1/2 


2 
ae + 2x+14x!/2+¢ Ans. 


Here, the integrand is in the form of a ratio, which can be easily reduced to a sum 


of functions in the standard form and hence their antiderivatives can be written, using 
the tables. 


: 3 1 3x-9+9+41 
wi) [2* dx = ee Ecc dx 


ered ae 
pocaitw 


= 3x+10log,(x—3)+c Ans. 
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Here again, the integrand is in the form of a ratio, which can be easily reduced to the 
standard form. If the degree of numerator and denominator is same, then creating 
the same factor as the denominator (as shown above) is a quicker method than 
actual division. 


(vii) fox +3)Vx—-4dx =I (say) 


r= [ex 8+ 11)Vx-4 dx 
= z= 4) + 11) ve=4 ax 


(x — 4)°/? 4 5 (e=4)" pe Ans. 


Here, the integrand is in the form of a product, which can be easily reduced to the 
standard forms, as indicated above. 


In solving the above problems, it has been possible to evaluate the integrals in the form of 
quotients and products of functions, simply because the integrands can be converted to 
standard forms, by applying certain algebraic operations. In fact, there are different methods 
for handling integrals involving quotients and products and so on. For example, consider the 
following integrals. 


(a) for — 5)'x dx 


(b) | sin? x cos x dx 


x?sin x dx 


=> 
Qa 
SS 

e—, oe, ——, 


The above integrals are not in the standard form(s), but they can be reduced to the standard 
forms, by using algebraic operations, trigonometric identities, and some special methods to be 
studied later. 


Note: We emphasize that the main problem in evaluating integrals lies in converting the given 
integrals into standard forms. Some integrands can be reduced to standard forms by using 
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algebraic operations and trigonometric identities. For instance, consider [ sin? x dx. Here, 
the integrand sin*x is not in the standard form. But, we know the trigonometric identity 
cos 2x = 1 —2 sin*x. .*, sin?x = (1 —cos 2x)/2. 

Thus, f sin?x dx = [((1 — cos 2x)/2)dx = 1/2 J dx — (1/2) f cos 2x dx, where the inte- 
grands are in the standard form and so their (indefinite) integrals can be written easily. Note that, 
here we could express the integrand in a standard form by using a trigonometric identity. 
Similarly, we can show that 


Fears = [{see tan x — sec” x + 1)dx 
1+ sin x 


and pee pes [ (sec? — 1)dx 

1 + cos 2x 
wherein, the integrands on the right-hand side are in the standard form(s). A good number of 
such integrals, involving trigonometric functions, are evaluated in Chapter 2, using trigono- 
metric identities and algebraic operations. Naturally, the variable of integration remains 
unchanged in these operations. 

Now, consider the integral J f(x)dx = J sin’ x cos x dx. Here, again the integrand is not in 
the standard form. Moreover, it is not possible to convert it to a standard form by using 
algebraic operations and/or trigonometric identities. However, it is possible to convert it intoa 
standard form as follows: 

We put sin x =f and differentiate both sides of this equation with respect to ¢ to obtain 
cos x dx = dt. Now, by using these relations in the expression for the element of integration, 
we get J sin’ x cos x dx = J #dt, which can be easily evaluated. We have 


4 


tt sin” x 

3 

Pdt = — = 

| ries a +c 


Note that, in the process of converting the above integrand into a standard form, we had to 
change the variable of integration from x to t. This method is known as the method of 
substitution which is to be studied later. 

The method of substitution is a very useful method for integration, associated with the 
change of variable of integration. Besides these there are other methods of integration. In this 
book, our interest is restricted to study the following methods of integration. 


(a) Integration of certain trigonometric functions by using algebraic operations and/or 
trigonometric identities. 

(b) Method of substitution. This method involves the change of variable. 

(c) Integration by parts. This method is applicable for integrating product(s) of two 
different functions. It is also used for evaluating integrals of powers of trigonometric 
functions (reduction formula). Finer details of this method will be appreciated only 
while solving problems in Chapters 4a and 4b 


(d) Method of integration by partial fractions. For integrating rational functions like 
J(x — 4)/(x? — 3x + 2)dx. 


The purpose of each method is to reduce the integrad into the standard form. 
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Before going for discussions about the above methods of integration, it is useful to realize 
and appreciate the following points related to the processes of differentiation and integration, in 
connection with the similarities and differences in these operations. 


1.5 COMPARISON BETWEEN THE OPERATIONS OF DIFFERENTIATION 
AND INTEGRATION 


(1) Both operate on functions. 


(2) Both satisfy the property of linearity, that is, 


ace d d 
(i) ae [kiufi(x) + kofo(x)] = ky al (x) + ky ql)» where k, and k, are constants. 


(ii) | [kifi(x) + kofa(x)|dx = ky {a (x)dx + ka falda, where x, and k, are constants. 


(3) We have seen that all functions are not differentiable. Similarly, all functions are not 
integrable. We will learn about this later in Chapter 5. 


(4) The derivative of a function (when it exists) is a unique function. The integral of a 
function is not so. However, integrals are unique up to an additive constant, that is, any 
two integrals of a function differ by a constant. 

(5) When a polynomial function P is differentiated, the result is a polynomial whose 
degree is one less than the degree of P. When a polynomial function P is integrated, the 
result is a polynomial whose degree is one more than that of P. 

(6) We can speak of the derivative at a point. We do not speak of an integral at a point. We 
speak of an integral over an interval on which the integral is defined. (This will be seen 
in the Chapter 5). 

(7) The derivative of a function has a geometrical meaning, namely the slope of the 
tangent to the corresponding curve at a point. Similarly, the indefinite integral of a 
function represents geometrically, a family of curves placed parallel to each other 
having parallel tangents at the points of intersection of the curve by the family of lines 
perpendicular to the axis representing the variable of integration. (Definite integral has 
a geometrical meaning as an area under a curve). 

(8) The derivative is used to find some physical quantities such as the velocity of a moving 
particle, when the distance traversed at any time ¢ is known. Similarly, the integral is 
used in calculating the distance traversed, when the velocity at time t is known. 

(9 


YS 


Differentiation is the process involving limits. So is the process of integration, as 
will be seen in Chapter 5. Both processes deal with situations where the quantities 
vary. 

(10) The process of differentiation and integration are inverses of each other as will be clear 
in Chapter 6a. 


2 Integration Using Trigonometric 
Identities 


2.1 INTRODUCTION 


The main problem in evaluating integrals lies in converting the integrand to some standard form. 
When the integrand involves trigonometric functions, it is sometimes possible to convert the 
integrand into a standard form, by applying algebraic operations and/or trigonometric 
identities. Obviously, in such cases, the integrand can be changed to a standard form, without 
changing the variable of integration. Once this is done, we can easily write the final result, using 
the standard formulas. 


2.1.1 Illustrative Examples 


Example (1): To evaluate {/1 + sin 2x dx 


Solution: Let J = [1 + sin 2x dx 


Here, the integrand is not in the standard form. 
We consider, 


1 + sin 2x = sin? x + cos? x + 2 sin.x- cos x 


2 


= (sin x + cos x) 
T= | y/(sin.c-+ c0s.x)°ax = [(sin. + cos x) dx 


Now, the constituent functions in the integrand are in the standard form (since, we have 
formulas for the integrals of sin x and cos x). Therefore, by applying the theorem on the integral 
of a sum and the standard formulas for the integrals of sin x and cos x, we have, 


1 = |(sinx + c0s.x) dx = —cosx+sinx +c 


= sinx —cosx+c Ans. 


2-Integration of certain trigonometric functions using trigonometric identities and applying algebraic manipulations, 
to express them in some standard form(s). 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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P 1 
Example (2): To evaluate [ Trea x 


Solution: We have seen in Example (1), that 1 + sin2x = sin x+ cos x. 


sin x + cos x 1 1 
Now, sinx + cos x = /2 = Valsinx J, + 008.x7, 
( v2 ) v2 v2 


1 
— V2|sin.x- cos + cos.x- sin], c be = ne = =) 


T 
sin|x + 4 


Fresca Rerered 
sin 2x sin(x + (1/4)) 


=| cosee(x 7)e¥ = plog|tan(5 =)| aS 


E { cosee.xax = log (tan(5) + °) (Ans. 


Example (3): To evaluate { ax < dx 


dx 


Solution: Let J = { S2*dx 


1+sin x 


Observe that the integrand (sin x)/(1 + sin x) is not in the standard form. 
Now consider, 


sin x sin x l—sinx  sinx—sin? x 
: = : x ; a 7 
l+sinx l+sinx 1 -sinx 1 — sin? x 
. . 2 
sin x — sin’ x oc) > 
= (is 1 — sin* x = cos x) 


cos? x 
F 459) 
sinx sin’ x 5 
=; 5 = sec x- tan x — tan* x 
cos?x cos? x 


= sec x-tanx—(sec?x—1), [. tan? x = sec? x — 1] 


= sec x- tan x — sec? x + 1 
I= [secx-tan vase — | sec? xdx+ [ax 


I=secx—tanx+x+c Ans. 


Note that here we had to use the identity tan? x + 1 = sec” x, to express tan” x in the standard 
form. 


“ We have already listed this formula in Chapter 1, to meet such requirements. However, its proof is given only in 
Chapter 3a. 


INTRODUCTION 
Example (4): To evaluate [23% dx 
Solution: Let J = { “2 dx 
Consider 
sin x 1 sin x 
= : = sec x- tan x 
cos? x  cosx cosx 
I= | secar-tan xa 
=secx+c Ans. 
Example (5): To evaluate Jsin? nx dx 
Solution: We know that 
cos? x — sin? x 
cos 2x = ¢ 2cos? x —1 
1 —2sin? x 
Therefore, using the identity (3), we get 
2 1 — cos 2x 
sin’ x = ————— 
2 
1— 2; 
| sin nx dx = [Seas 
2 
1 1 
=. |dx——] cos 2nxdx 
2: 2 
1 1; 1. 2 4 
=—x—.—|—sin2nx c 
2 2|2n 
: ar 2nx 4 Al 
5% asin Nx +¢ ns. 


Similarly, using the identity (2), we can write 
4 1 
cos’ x dx = 5 (cos 2x + 1)dx 

: | 2x dx + . [o 

==] cos2xdx+-—] dx 
2 2 

ar 2x + : + A 

= qsindx +5x4¢ ns. 


2 


Next consider, { (cos x + sin x)(cos x — sin x)dx = | (cos? x — sin? x) dx 


sin2x +c Ans. 
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Now, we give below some examples of trigonometric functions and show how easily they can 
be converted into standard form(s) by using simple algebraic operations and trigonometric 
identities.” 

The basic idea behind these operations is to simplify the given integrand (to the extent it is 
possible) and then express it in some standard form. Once this is done, the only requirement 
is to make use of the standard formulas for integration. 

While simplifying the expressions, it will be observed that depending on some (type of) 
similarity in expressions, certain steps are naturally repeated. Besides, the simplified expres- 
sions so obtained are not only useful for integration but also equally important for computing 
their derivatives. This will be pointed out wherever necessary. 


Given Trigonometric Operations Involved in Converting the 
S. No. Function(s) Function(s) to the Standard Form 
sin x 1 sin x 
1. 5) = . = sec x- tan x 
cos? x cosx cosx 
COS X 1 cos xX 
2s TD: =- = = cosec Xx - cot x 
sin’ x sinx sinx 
1 1 l—sinx 1-—sinx 
3. 1+ sinx 1+sinx 1—sinx cos? x 
= sec? x — sec x- tanx 
1 1+ sinx > 
4. = oe =—7 = sec x + sec x- tan x 
1 —sinx cos* x 
1 1 l—cosx 1-cosx 
5. 1+ cos x 1+cosx 1—cosx sin? x 
= cosec” x — cosec x - cot x 
1 1+ cos x > 
6. —_ =—a7 = Cosec” x + cosec x - cot x 
1—cosx sin? x 
7 sin x sin x 1—sinx 
: 1+ sinx 1+sinx 1—sinx 
sinx—sin’?x — sinx 2 
= 5) = 5) tan” x 
cos? x cos? x 
= sec x- tan x — (sec? x — 1) 
= sec x-tanx — sec? x +1 
8. COs cos x(1—cosx) cos x — cos” x 
1+ cosx 1 — cos? x sin? x 


= cosec x cot x — cot? x 
= cosec x: cot x — (cosec? x — 1) 
= cosec x - cot x — cosec” x + 1 


2 


Note: We have already shown at S. Nos. (5) and (6) respectively, that (1/(1 + cos x)) =cosec* x — cosec c- cot x and 


(1/(1 — cos x)) = cosec? x + cosec c- cot x. 


® Tn general, the trigonometric identities listed in Chapter 5 of Part I are sufficient to meet our requirements. 
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These expressions can also be put in a simpler “standard form” as follows: 


1 1 


1 4x 


1+cosx 1+ (2cos*(x/2)—1) 2 2 


1 1 14x 
and = _ = —cosec 
1—cosx 1—(1—2sin’(x/2)) 2 
1 1 1 {t 2 
| dx = | sec? ax = ; ane rc 
1+ cos x 2 2 2 1/2 
=tanx/2+c¢ 
eee 1 asec 1 2% ay 1 cot(x/2) 
imilarly, Locos x =H] Coser’ 5x 2 172 
= —cot(x/2) 


Note: Whenever expressions like 1 + cos x, 1 + cos 2x, 1 + cos 3x, and so on, occur in any 
function, we generally replace cosx, cos2x, and so on, using one of the identities, 
cos 2x = 2 cos? x — 1 orcos 2x = 1 — 2 sin? x, keeping in mind that the number 1 (in 1 + cos x, 


1+ cos 2x,..., etc.) must be removed by using the correct identity. Besides, for any constant “a’, 


we write a = a(sin’ x + cos” x) = a(sin’(x/2) + cos?(x/2)), and so on. Also, we write 
sin x = 2 sin(x/2) -cos(x/2), sin 2x = 2 sin x -cos x, and so on, as per the requirement. Other 
useful relations to be remembered are sin x = cos((z/2) — x) andcos x = sin((z/2) — x). 
Now, we consider some more functions and express them in the standard forms. 


Given Trigonometric 


S. No. Function(s) 
sin x 
9. 1+cosx 
cos x 
10. — 
1+ sinx 
1+ sinx 
11. 
1+cosx 
1+cosx 
12. er 
1+ sinx 


Operations Involved in Converting the Function(s) 
to the Standard Form 


_ 2sin(x/2)- cos(x/2) 


1+ 2cos?(x/2) - 1 = tan(x/2) 
__sin((n/2) ») 
~ T+ cos((t/2) — x) [Imp. step] 


= tan(1/2)((m/2) — x) = tan((m/4) — (x/2)) 


1 sin x 


~ 1+cosx | 1+cosx 
= 1 2 sin(x/2) - cos(x/2) 
2 cos?(x/2) 2 cos?(x/2) 


1 ee x 
= ssec” = + tan= 
2 2 2 


1+ cos x 1 cos xX 


l+sinx 1+sinx 1+sinx 
(1 — sin x) i sin((m/2) — x) 
l—sin?x 1+ cos((n/2) — x) 


2 T Xx 
= sec x + see x-tan x + tan(7— =) 


(continued ) 
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(Continued) 
Given Trigonometric Operations Involved in Converting the Function(s) 
S. No. Function(s) to the Standard Form 
1+ sinx 1+sinx 1+sinx . 
13. pate = ——__ .—_—_—__ [Note this step] 
1 — sinx 1—sinx 1+ sinx 
_( + sin x)? _ sin? x+2sinx+1 
1 — sin? x cos? x (A) 
= tan? x + 2sec x- tan. x + sec? x 
= (sec? x — 1) + 2 sec x- tanx + sec” x 
= 2sec* x +2secx-tanx—1 
= 1 —sinx l—sinx 1-—sinx ! 
14. Similarly, - = ——- - [Note this step] 
1+ sinx 1+sinx 1-—sinx 
sin? x —2sinx+1 


- cos? x (B) 


tan? x — 2sec x- tanx + sec? x 


= 2sec* x —2secx-tanx—1 


Observe that each term in the expressions (A) and (B) is in the standard form. Now, we shall 
express (13) and (14) in other new forms, which are frequently useful for both integration and 
differentiation. They might appear complicated, but in reality they pose no difficulty, once we 
learn the operations involved in expressing them in desired forms. 


Given Trigonometric Operations Involved in Converting the Function(s) 
S. No. Function(s) to the Standard Form 
Ba 1+ sin x __ sin?(x/2) + cos?(x/2) + 2 sin(x/2) -cos(x/2) 
1 — sinx sin? (x/2) + cos?(x/2) — 2 sin(x/2) - cos(x/2) 


7 a + eed ; 
cos(x/2) — sin(x/2) 


(C) 


Dividing N' and D' by cos(x/2), we get 


4 tan(1t/4) + tan(x/2) } (-- 
1 — tan(1/4) -tan(x/2)} ’ . 


ieee iecatar) 
= |tan = tan 
4 2 4 2 


1 2 
= [tan(* + x)| , and so on 


1+ sin 2x 


Similarly, ars 
— sin 2x 
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On similar lines as above, it is easy to express the following function in the standard form. 


Given Trigonometric Operations Involved in Converting the Function(s) 
S. No. Function(s) to the Standard Form 
da 1 — sin x _ [eos(x/2) — sin(x/2)]? 1 —tan(x/2)]* 
; I+ sin x cos(x/2) + sin(x/2) 1 + tan(x/2) 
[tan(* ae = tan(7—>) 
4 4 2 
= tan” z- a and so on 
1 — sin2x 
and ———— 
1+ sin2x 


Now, let us consider the following examples wherein the integrands can be easily expressed in 
the standard form(s) using the steps shown above in achieving the results at (C), (D), and (E). 


Applications Integration 


| 1+ sin 6x 
4 fe ie = 
1 — sin 6x 


Aan 2853 — tan(7— 2x) dx 
1 +tan2x ‘g 
1 
= log|sec(F - 2x) | + +c4 
—e—— (= 
ee dX Sane 
cos x — sinx 1 —tanx 
= | an(F+ »)ax = log |sec(* + x) +c" 
1+ sin 2x 
FPS Gs = tan? G Be x) dx 
1 — sin 2x a3 
=| (rs) oe 
= tan(= + x) —x+e¢ 
= at? 
1 — sin 6x 
I= sin6x 4, = | tan? (4 — ax)ax 
1+ sin 6x - 


“These results should not be used as formulas. They must be properly derived before use. 
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Given Trigonometric Operations Involved in Converting the Function(s) 
S. No. Function(s) to the Standard Form 
15 1 + cos x = 11 Ceor/?) —1) _ 2cos?(x/2) 
: 1 —cos x 


1—2sin*(x/2)) 2 sin*(x/2) 


Za 
= cot? (5) = cosec (>) 1 


1 — cos 2x 2 
16. a ee = ee eh ies an? x = sec? x — 1 
1+ cos 2x 2 cos? x 
rr 1+ sin 2x _ 14+2sinx-cos x 
. 1+ cos 2x ~ 1+ (2cos? x — 1) 
1 2sinx-cosx 1 4 Gg 
= =—sec” x + tanx 
2 cos? x 2 cos? x 2 
18 1+cosx = 1 cos Xx 
: 1+ sinx l+sinx 1+sinx 


1 — sinx sin((m/2) — x) 
~ T= sin? x * 1 + cos((z/2) — x) 


_1- oO 2 sin((1/4) — (x/2)) -cos((m/4) — (x/2)) 


[Imp. step] 


cos? x 2 cos?((1/4) — (x/2)) 
2 tl Xx 
—s§ ti Piatt ei see 
sec x — sec x an x + tan(7 >) 


We give below some more examples of different types of trigonometric functions, which can be 
easily converted to the standard form(s). 


Given Trigonometric Operations Involved in Converting the Function(s) 

S. No. Function(s) to the Standard Form 
19. Posi = ,/cos?~ + sin?~ +2 sinX -cos~ 

2 2 2 2g 

y (cong +sing)” = cos + sing 
= cos sin = cos sin 

2 2 

x x) 2 x x Xx x 
20. v1 —sinx = (cos 5 sin =) cos 5) sin 5 or sin 5 cos oS 
Note 
cos= — sin 


_x vse) sts) 


= v3{sin% cos > — cos - sin] (~ sin} = J, = cos) 
v2sin(7 =) v2c0s(5 +5) ie sin = cos(5— 0) 


“These expressions are in the standard form(s) for integration. 


®) At this stage, the reader’s attention is drawn to the following functions: 


Ltsinx gx desinx gx Ltsin2x | 2x x P x 
Tress ©) Troon © >) Trost @ >) Trim and) Gg: 


Note that these functions are different than from those listed at S. Nos. (11) and (12). These functions can be converted to 
certain products of functions, which can be easily integrated using the method of Integration by Parts (to be studied later 
in Chapters 4a and 4b). 


S. No 


21. 


22. 


23. 


24. 


25: 


26. 


27. 


Given Trigonometric 
. No. to the Standard Form 


Function(s) 


1 
Vl-+sinx 


Similarly, 

1 
V1l+sin2x 
1 
V1 —sin2x 


vl1l+cosx 


Vl—cosx 


1 


V1+cos2x 
1 


v1 — cos 2x 
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Operations Involved in Converting the Function(s) 


1 
cos(x/2) Tene?) 


= ee cosec (+ 7) & 
V2 sin((x/2) + (n/4)) V2 \2 : 4 


=,/1+ (200s?5 1) = v2.c0s5" 


% x. 
S3A1 (1 2sin?=) = 2 sin" 
sr v2 sin; 


— sec x“ 


v2 


—cosec x“ 


v2 


“These expressions are in the standard form for integration. 


The next four functions are in the standard form with regard to integration, but if they appear in 
their reciprocal form, they have to be converted to a standard form for integration. 


S. No 


28. 


29. 


Given Trigonometric 
Function(s) 


sec x + tan x 


1 


Operations Involved in Converting the Function(s) 
. No. to the Standard Form 


1 


sin x 


1+sinx 


COS X 


COS Xx 


COS X 
a 


sin?(x/2) + cos?(x/2) + 2 sin(x/2) - cos(x/2) 


cos?(x/2) — sin?(x/2) 


_ cos(x/2) +sin(x/2) 1 +tan(x/2) _ ; ( 2) 
cos(x/2) — sin(x/2) 


1 


1 — tan(x/2) Mat? 


sec x + tan x 


sec x — tanx 


~ tan((n/4) + (x/2)) 


= cot((m/4) + (x/2)) = tan((n/4) — (x/2))" 


_ L=sinx _ cos(x/2) —sin(x/2) _ 1 — tan(x/2) 


COS X 


1 


- _ tan(= ) 
cos(x/2) — sin(x/2) 1+ tan(x/2) 4 2 


~ tan((n/4) 


1 T 
tee en = tan( 
sec x — tan x 


Gj) G >) 


(continued ) 
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(Continued) 
Given Trigonometric Operations Involved in Converting the Function(s) 
S. No. Function(s) to the Standard Form 
2 . 
30. cosec x + cot. x _ 1 cosx _ 2 cos*(x/2) Pec 
sin x 2 sin(x/2) -cos(x/2) 2 
1 1 Xp, 
= = tan 
cosec x + cot x cot(x/2) 2 
31. Bees SO eOEe _ l—cosx | 2 sin’(x/2) soe 
sin x 2 sin(x/2) -cos(x/2) 2, 
1 1 x T X\, 
cot tan( ) 
cosec x — cot x tan(x/2) 2 2° 2 


“These forms frequently appear in problems for differentiation and integration. For example, 
# [tan“! (sec x + tan x)] = tan“! [tan(% + 3)] = 4 (¥ +3) = 4. Also, f 48"*dx = ftan(% + 3)dy. Similarly, 


cos X 


forge = ftan (g — x) dx and so on. These expressions are in the standard form. 
J sec x+tan x J 4 2 


These are in the standard forms convenient for integration. 


Integration of trigonometric functions involving certain higher powers and those involving 
certain products: 


Given Trigonometric Operations Involved in Converting the Function(s) 
S. No. Function(s) to the Standard Form 
sin? x Consider the identities 
32. : cos 2x =2cos*x — 1=1 — 2sin?x 
COS Ay 1 —cos2x 
sin? x = ——_——_ 


2 
and cos? x = pees 


2 
sin? x sin3x =3sinx — 4sin°x 
3 3 sin x — sin 3x, 
33. . Sim X= ey ee 
j cos 3x = 4cos? x — 3. cos x 
cos’ x 
3 cos 3x + 3 COS Xq 
cos? x = —_— 
2 2 ? 
tan? x sin” x +cos° x= 1 
34. . “tan? x + 1 =sec? x 
cot" x 
* tan’ x =sec?x — 14 
and 1 + cot” x =cosec? x 
“cot? x=cosec? x — 14 
x x 2 Ko ex VL DGF* 26 
(cos + sin ) = cos” 5) + sin? 7+ 2 sin 5 cos 5 
35 2 - eX : & 
ro Similarly, =1+42 sin 608 5 = 1+ sinx 
3 2 3 
(cos 3x + sin 3x) =1+sin6x 
2 = ga2 2542 
(sec x + tan x) = sec’ x + tan* x + 2secx-tanx 
=2sec*x+2secx-tanx—1 “ 
36. (-.; tan? x = sec? x — 1) 


2 
= cosec* xX + cot? x + 2 cosec x- cot x a 


= 2cosec? x +2 cosec x- cot x — 1 


2 


(cosec x + cot x) 
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Operations Involved in Converting the Function(s) 
to the Standard Form 


1 2 
= (sin x-cos x)? = of 25| @ 


(Continued) 
Given Trigonometric 
S. No. Function(s) 
sin’ x- cos? x 
1 
sin? x- cos? x 


Also —5 
sin’ x - cos? x 


2 2 


Sec™ X + COSC€C™ X 


“These are in standard form for integration. 


Given Trigonometric 


1 — cos 4x 
4 


a qs’ 2x = 


4 
= —— = 4 cosec? 2x4 
sin” 2x 


sin? x + cos? x 1 1 


ae 
7 cos?x sin? x 


sin* x - cos? x 


= sec” x + cosec” x4 


= sec” x + cosec” x = 4 cosec? 2x4 


Operations Involved in Converting the Function(s) 


. No. to the Standard Form 


S. No Function(s) 
sinA-cosB 
38. “.  sin5x-cos x 
and sin x- cos 5x 
cosA-sinB 
39. (= sin B-cos A) 
cos 7x - sin 3x 
40. cosA-cosB 
cos 5x-cos 3x 
Tt 
= sin(~—5 ‘) -cos3 
[ sin(5 x} -cos 3x 
41. sinA-sinB 


sin 3x- sin 5x 


[= sin 3x - cos é - 5x) 


= =[cos 2x + cos 8x] 


NEENIE NIE NIP NIE NIE pw 


sin(A + B) + sin(A — B)| 


sin 6x + sin 4x] 


NI NIE NIE 


1 
sin 6x + sin(—4x)| = A [sin 6x — sin 4x]“ 


[°° sin(—0) = —sin 6] 


sin(A + B) — sin(A — B)] 
sin 10x — sin 4x] 


cos(A + B) + cos(A — B)| 


a 


cos 8x + cos 2x] 


PE NIFNIE NIENIS 


=5|sin (5 — 2x) +sin é —8x)] 


rN 


a 


cos(A — B) — cos(A+8B)] [Note this formula] 
cos(—2x) — cos(8x)] 4 
cos 2x — cos 8x] 

sin(7 - 2x) + sin(8x - >) | 


lcos 2x — sin é - 8x) | 
L 2 


[cos 2x — cos 8x]“ 


“These are in the standard form. Note that identities at S. Nos. (38-41) can be easily remembered, if we carefully 


remember the formula at (38). 
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Sometimes, trigonometric identities can be directly used for expressing the given trigonometric 
function in the standard form. 


2 tan) 
42. oe sin 2x = 2 sinx-cosx =, 
1+ tan? x 
2 tan x . 
we have | ———— dx = | sin2x dx 
1+ tan? x 
43. “- cos 2x = 2cos? x— 1 
=1-2sin’ x 
= cos? x — sin? x 
1 — tan? x 
= ———_.,, we have 
1+ tan? x 
1 — tan? 
ee ae cos 2x dx 
1+ tan? x 
ein 2 tan x 2 tan x d en oaa 
“ tan2x = x = | tan2xdx 
44. 1 — tan? x) 1 — tan? x 


2.1.2 Illustrative Examples 


t 
Example (6): To evaluate J = Peeemes res 
” sec x + tan x 


7 . tan x sin x/cos x 
Solution: Consider / 


secx+tanx 1/cosx + sin x/cos x 


sin x sin x(1 — sin x) sin x — sin? x 


~ 14+ sinx (1 + sin x)(1 — sin x) 1 — sin? x 


sinx sin? x 2 
= sec x- tan x — tan” x 


cos? x cos? x 
= sec x- tan x(sec? x — 1) 


1 = | seex-tan xd — | see? vdy + [adv 


=secx—tanx+x+c Ans. 
Example (7): To evaluate J = {(tan x + cot x)°dx 


Solution: Consider (tan x + cot x)* 


: 2 2 2 2 
sin Xx COS X sin” x + cos” x 
I=, = < 
cos xX sin x sinx - cotx 


1 sin? x + cos? x ; 
=a = : (- sin’ x + cos” x = 1) 
sin? x-cos?.x  sin* x- cos? x 
1 1 > > 
= FS = BOO A Coste” x 


~ cos?.x sin? x 
I= | sec! x dx + { cosec’ xdx 


=tanx—cotx+c Ans. 
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Also, note that 


(tan x + cot x)? = tan? x + cot? x +2 
= (sec? x — 1) + (cosec? x — 1) +2 


= sec? xX + cosec? x 


Example (8): To evaluate J = cos 3x -cos 2x-cos x dx 


Solution: Consider cos 3x - cos 2x - cos x 


1 
=a [cos 5x + cos x]cos x 


= = [cos 5x-cos x + cos” x] 


= ee 6x + cos 4x] 4 Ne x 
4 "2 


1 1 1 
l= j [eos 6xdx +5] cos diva +5 | cos? xx 


ane sin 6x : sin 4x : | EOS OSE “a 
24 16 2 2 
1. dit 1 sin2x 1 
= 5, Sin 6x 6 1 = 4” LC 
i ey: 1 1. 
= 5, Sin 6x 16 in 4* g sin 2x b—x+c¢ Ans 


Example (9): To evaluate J = fsin 3x-sin x dx 


Solution: Consider sin 3x - sin x = sin 3x -cos é _ x) ©) 


= 5 [sin(2x +5) + sin( 4 ~5)| 
= ; [sin(S + 2x) sin(5 4x) | 


1 1 
= —cos 2x — ~cos 4x 
2 2 


pes ee eee cos 4x dx 
2 2 


1 
sin 2x g sindx LC Ans. 


cos A-cos B = }[cos(A + B) + cos(A — B)] 
© sin A- cos B = }[sin(A + B) + sin(A — B)] 
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Example (10): To evaluate J = [ 


3 Peak ors 
5 cos X4+7 sin Xdx 
2 sin? x -cos? x 


: . 5cos3x + 7sin?x 
Solution: Consider ——,——_..— 
2 sin“x - cos2x 
5 cosx ; 7 sinx 
=i. fees 
2 sin? x 2 cos?x 


7 
= BOL COR EE Treg AN Sec X 


7 
I = 3 Jot s-cosee xa + [tan x: see.xdx 


7 5 
=, sec x +tan x dx + 5 cosec x cot x dx 


sec x cosec x + ¢ Ans. 
2 2 


Example (11): To evaluate J = Jsec? x cosec? x dx 


Solution: Consider sec” x - cosec” x 


1 1 sin? x + cos? x 
cos?x sin?x sin? x- cos? x 

1 —F09 2 

5 rar sec” x + cosec* x 
cos* x sin* x 


I= { sec? xdx + { cosec? x dx 


=tanx—cotx+c Ans. 


1+cos x 


Example (12): To evaluate J = ftan~’ ( sin x Jax 


. sin x 
Solution: Consider ————— 
1+ cos x 


_ 2sin(x/2) -cos(x/2) 


_ sin(x/2)-cos(x/2) _ 
1 + (2 cos?(x/2) — 1) 


tan~ 
cos?(x/2) 


2 
= [tan (tan 5)ax = [Fax, lee 


2 
1 2 
|xax Ba 
2 2 


tan”! (tan ?) = 1] 


INTRODUCTION 
: = -1 $ 
Example (13): To evaluate J = {tan (85) dx 
Solution: Consider es 
1+ sin x 
ane) 9) iat (2a) [hs 
~ =e As in Example (7 
1 — cos((z/2) — x) ans \ 5% [As in Example (7)| 
mT Xx 
= tan (5 = =) 
4 2 
I= |tan7! [tan( =) jax — (F =) dx 
iB 4 2 4 2 
2 
= ax _ = +c Ans. 


Example (14): To evaluate J = {,/}#923* dx 


7 1+ sin2x _ a 2 : 
Solution: (se [tan G x)| [see: S. No. (13)] 


I | an(j x)dx = log|sec (7+ x)| +c Ans. 


Lei ‘ (F+%)a 1 (5+%)]+ 
Visage of Naa oe ka an 
Tosi 
Pesca dx = | tan! [tan (F - 3x) Jax 
1+ sin 6x 4 


Example (15): To evaluate J = ftan7! ["*|dx 


Solution: J = [tan [tan G + 4x) | dx 


1 7 3 
= (F+4x)dx =" X+2x°+c Ans. 
4 4 
Example (16): To evaluate J = fsin~!(cos x)dx 


Solution: J= | sin [sin € _ x) Jax 


31 


32 INTEGRATION USING TRIGONOMETRIC IDENTITIES 


Similarly, 
(a) {cos (cos? x — sin? x)dx 


= { cos” (cos 2x)dx = [2x dx 


2t 
(b) [tan eet dx = [tan (tan 2x)dx 
— tan? x 


2t 
= |2xdx=x +0. Recall: tan2x = peo anes 
1 — tan? x 


| 2 tan 2x ay oes ee 
(c) | sin Teal os dx = | sin “(sin 4x)dx 


2t 
= [ax dx =2x* +c. Recal sin 2x = a 
1+ tan x 


1 — tan? 
(d) [cos =) dx = { cos” (cos 2x) dx 
an? x 


_ a) ; 375 tan? x 
= |2xdx=x +c. Recall: cos 2x = ———.— 
1 + tan? x 


1 — tan? 
(e) | sin! (4) dx = | sin (cos 2x)dx 
= | sin-'[sin(F 2x) Jax E cos = sin(F 6) | 
> 2 ; , a 2 
=|(G 2x)dx =F x vr+e¢ 
2 2 


Example (17): To evaluate J = Joos mx cos nx dx, where m and n are positive integers and 
m#n. What will happen if m=n? 


Solution: We have the identity 


COS MX -COSNX = 


3 cos(m + n)x + cos(m — n)x] 


i=5 [cose pavaea { cos(m nx dy 


A ee +n)x _ sin(m— a 


tc. (sincem n, as given 
2 m+n I m—n I ( # ) g& ) 


When m=n, cos(m — n)x =cos0=1, and therefore, its integral is x. 


Also, cos(m + n)x = cos 2mx, and its integral is (sin 2mx)/(2m). Thus, we get 


1 | sin 2mx 
l= +x! +¢ 
2 2m 


INTRODUCTION 


Also, note that when m=n, 


| cos mx cos nx dx = { cos? mx dx 


1 2. 1 
-| eS OTT ig it cos 2s) 


2 2 
1 ae) sin 2mx i ene 
2 2m 


Exercise 
Integrate the following with respect to x: 


3 —2sinx 
(1) —.,— 


cos? x 


Ans. 3 tanx —2secx+c 


1 —cos2x 


2) tan! , /———_ 
see 1+ cos 2x 


Ans. 4 
ns. — Cc 
2 


(3)V1 + sin 2x 


Ans. sinx—cosx+c 


(4) V1 +cos 2x 
Ans. J2 sinx+c 


1 
V1+cos2x 


1 
Ans. galos|tan(5 =) tC 


(5) 


(6) tan! 


cos 2x — sin 2x 
cos 2x + sin 2x 


Ans ee rte 
“ 4 


1 — tan? 3x 


q\ i 
SU ener oe 


1 
Ans. =sin 6x 
[Hint: (1 — tan? 3x) /(1 + tan? 3x) = cos 6x] 
(8) 1 —tan3x\° 
1 + tan3x 
T 


3x) x+e 
4 
[Hint: ((1 — tan 3x)/(1 + tan 3x))* = tan?((/4) — 3x) = sec?((x/4) — 3x) — 1] 


Ans. : tan( 
3 
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(9) sin x- sin 2x-sin 3x 


cos6x cos2x cos4x 
ns. ee 4 


24 8 6 


[Hint: 
sin A - sin B = (1/2)[cos(A — B) — cos(A + B)] 
or sin 3x - sin x = sin 3x - cos((z/2) — x) = (1/2)[sin(2x + (2/2)) + sin(4x — (2/2))]] 


true for identities like, sin mx-sinnx, where m and n are distinct positive integers. 


and sin mx-cos nx, where m and n are distinct positive integers. 


Remark: In this chapter, we have been able to integrate functions such as sin~' (sin x), 
cos! (cos x), tan”! (tanx), and so on, because they can be reduced to simple algebraic 
functions in the standard form. 


On the other hand, by using the methods learnt so far, it is not possible to integrate inverse 


trigonometric functions (i.e., sin’! x, cos! x, tan”! x, etc.). Integration of these functions is 
discussed later under the method of integration by parts in Chapters 4a and 4b. 


2.2 SOME IMPORTANT INTEGRALS INVOLVING sinx AND cosx 


Certain trigonometric and algebraic manipulations are required to convert the following types 
of integrals into standard forms. 


2.2.1 Integrals of the Form 


: sin x 

(i) le ba 

“3 Si (x — a) 

(ii) \rne $a) dx, 

.... {sin(x — a) 
(iii) \= o=5) dx, 
ww | 1 F 

@ sin(x — a)cos(x — b) ™ 

1 
(v) \ ox + a)cos(x + b) dx, and so on 


Example (18): Evaluate f=" ~dx =I (say) 


sin(x+a) 


Method: We express the variable x (in the numerator) in terms of the variable (x + a), which is 
in the denominator. 


SOME IMPORTANT INTEGRALS INVOLVING sin x AND cos x 


Thus, x =(x+a) — g® 


. j= +a)-cosa—cos(x+a)- sind 4. 


sin(x + a) 
= cosa | dx — sina | cot(x + a)dx 


=x cos a — (sina)log|sin(x + a)] + ¢ Ans. 


(Note that cosa and sina are constants.) 


Example (19): Evaluate [ epee dx =I (say) 


Note: x — a=(x+a) — 2a 


dx 


oe | Te a 


_ (7s + a)-cos 2a — cos(x + a) - sin 2a on 
cos(x + a) 


I=cos 2a |tan(x + a)dx — sin 2a | ax 
= cos 2a- log[sec(x + a)] — sin2a-x +c Ans. 


Now, show that | sin(x — a) ay 
sin(x + a) 


= (cos 2a)x — (sin 2a)log[sin(x + a)] +c 


Example (20): Evaluate [ESE dx =I (say) 


Note: x -—a=(x—5b)+b-a 


=(x—b)+(b-a) 
_ fsin[(x — b) + (b—a)] ig 
| sin(x — b) d 
= [=e — b)-cos(b — a) + cos(x — b) - sin(b — a) ane 
sin(x — b) 


=cos(b—a) | dx + sin(b a) | eor(x — bax 


= cos(b — a)-x + sin(b — a) - log{sin(x — b)] + ¢ Ans. 


sin(x cos (xa) cos (xt f 
sin(xta) gy pee ) dx, or pes 4) dx, no such adjustments are needed. 
sinx C%s J cose O%> OF J Sin x 


© Note that for evaluating f 
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cos(x — a) 
cos(x — b) 
= xcos(b — a) — sin(b — a)log[sec(x — b)] + ¢ 


Now, show that | dx 


= xcos(b — a) + sin(b — a)log|cos(x — b)] + ¢ 
Example (21): Evaluate { ———+__ dx = 1 (say) 


J sin(x—a) -cos(x—b) 


Note: In such cases, we observe that (x — a) — (x — b)=(b — a), which is a constant. 


1 
Now consider sin(x — a) -cos(x — b) ee 
1 cos(b — a) 
~ sin(x — a) -cos(x —b) cos(b — a) 
1 cos(b — a) 


cos(b — a) sin(x — a) - cos(x — b) 


es 1 fate —a)—(x—b)| 


cos(b — a) } sin(x — a) -cos(x — b) 


1 [ae — a)cos(x — b) + sin(x — a)sin(x — b) 
= : dx 
cos(b — a) sin(x — a) -cos(x — b) 
1 
mea) fleor(x a) + tan(x — b)|dx 
1 ; 
Sab So) log{sin(x — a)| + log[sec(x — 5)]] + ¢ 
= — + log sin(x — a) — log eos(x — b)] + 
= ab =a) og sin(x — a) — log cos(x — c 
= sec(b — a) }lo me) | 4 c Ans 
L 5 Cos(x —b)| | 
Example (22): Evaluate J S7yge0quan 4 
Note: (x +a) — (x+b)=(a — b) 
1 sin(a — b) 


id 
cones cos(x + a)cos(x +b) sin(a — b) 


Tn this case, we multiply the integrand by the number (cos(b — a) /cos(b — a))(= 1) and then expand the N” by 
expressing it suitably. Here, we should not multiply the integrand by (sin(b — a)/sin(b — a))(= 1). However, if the 
integrand contains the product sin(x—a)-sin(x — b) or cos(x—a)-cos(x — b), we must choose the quantity 
(sin(b — a)/sin(b — a))(= 1) for multiplying with the integrand. These choices are important for converting the integrand 
into standard form. Check this. 


INTEGRALS OF THE FORM f (dx/(a sin x + b cos x)), WHERE a, b € r 


= 1 sin[(x + a) — (x + b)| 53 
sin(a — b) Fee + a)-cos(x + b) 


dx 


o 1 =e + a)-cos(x + b) — cos(x + a)sin(x + b) 
sin(a — b) cos(x + a)-cos(x + b) 


= cosec(a — b) | [tan(x + a) — tan(x + b)|dx 


= cosec(a — b)[log sec(x + a) — log sec(x + b)] + 


Now, evaluate the following integrals: 
(1) | d 
cos(x — a)sin(x — 5) sg 
sin(x — “ 


cos(x —a)| | 


Ans. [sec(b alos] 


1 
2) le — a)cos(x — b) o 


ns. [cosec a)|lo [eos 6) Cc 
ene (boa) |log Lcos(x — “) 
1 
@) \aaw — a)sin(x — b) oF 
ns. |cosec a)\lo. [sin(x iz ) + C 
il (6 — a)}log [ sin(x — 2 


2.3. INTEGRALS OF THE FORM {(dx/(asinx + 5 cosx)), WHERE a, b er 


Method: Consider the expression: asin x + bcos x. 
This can be converted into a single trigonometric quantity. 


Puta =rcosaandb=rsina. 


Then, 7? =a? +h +. r=Va+6 and a =tan!(b/a) 
asinx + bcosx =rsinxcosa+rcosx sina 


= r(sin x cos a + cos x sina) 
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=rsin(x +a), wherer anda are defined above. 
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| dx =| dx 
asinx+bcosx rjJjsin(x+a) 


1 
= ~ | eosee(x + a)dx') 
r 
1 x+a 
= —log|tan( )| +e 
r 2 
aioe ater + 
= log |tan{>+5(@ c 


1 5 are eee) 
JVeip fan (3+ Stan °)| +c Ans. 


Now, let us consider some expressions of the form asin x + bcos x, and convert them into a 
single trigonometric quantity. 


asinx + bcosx E (say) 
——— sa 
va? + b? : 


Put a=rcosa and b=rsina 


er ae ey en 


(i) 


and 
b 
qa=tan “— 
a 
ge a es) 
r 

where 
_b 
qa=tan — 
a 


acosx+bsinx 


(ii) J@iP =E (say) 


Put a=rsina and b=rcosa 


rP=a+b 6 r=Ve+h 


‘) We know that 
Jcosec x dx = log(cosec x — cot x) + ¢ (i) 
x 4s 
=log(tan =) +c (ii) 
It is always better to use form (ii) of the integral, since it is convenient to write. Also, it is easier to compute. Recall that in 
evaluating {cosec x dx, we have to use the method of substitution. 


INTEGRALS OF THE FORM f (dx/(a sin x + b cos x)), WHERE a, b € r 


and 


= ———— = sin(x + a) 


where 


a = tan”! ; (Note this) 


(iii) xcosa+V1— x? sina=E (say) 
Putx=sint «. V1l—x?=cost 


x x 
and tan f = —=———_-,_ ¢ = tan”! —— 
V1 — x? V1 — x2 
E=sintcosa+costsina 
= sin(t+ a) 
where 
t= tan! 
1— x? 


(iv) sin iad —E (say) 


We know that sin = = ne = cos 
4 4 


v2 
; T 7 
E=sinx-cos—+ cos x- sin— 
4 4 
=sin (x + ) 


To evaluate integrals of the type, [=] (say) 


J asinx+b cos x 


Example (23): de 


J 2 cos x+3 sin x 


Consider the expression 2 cos x +3 sin x. 
Let2 =rsinaand3 =rcosa 
P=2?43 5. r=V449=V13 


and tn a “ a@=tan t= 


dx 
rsinacosx+rcosasinx 


1 dx 1 
= - = — | cosec(x + a)dx 
rjsin(a+x) r 
1 X+@ 
= ; 8 [tan +c 


— : log | tan Be agste +¢ Ans 
mee rr ais aie) 3 , 
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Example (24): 
1 


dx 
ores sin x | aie (1/2)sin x) 


dx 


il | dx ol | dx 
JV2)sin(z/4+x) V2) sin((x + 7/4) 


= | cosee(se + m/A)av E [cosee.xdx = tog(tan3) 


= Frlog|tan(5 =) | tC Ans. 


1 
E le (25): dx =I] 
same >) IF cos x — 12 sinx (say) 


Method (ID: Let 5=r sin a and 12=rcosa 


P=54+(12)? 3 r=V25+ 144 = V169 = 13 
as 4 2 


qa=tan ~ — 


17 12 


and tana = 


1 1 1 
= - dx = — | cosec(a — x)dx 
sin( r 


r a— x) 


_1, F (a=a)I, 1, [i e yy 
log )tan-— + ¢=—log|tan(=—5)| +e 


1 1 
= —log|tan{ —tan™! 2 e tC Ans. 
13 2 12 2 


Method (ID: Let 5=r cos a and 12=r sina 


r=S412 3 r=V169= 13 
and tana =12/5 +, a=tan! 12/5'8 


l 1 (9) 
= - —— dx 
r } cos x cosa@ — sin x sina 


© cosA-cos B — sinA-sin B=cos(A + B) 
Jsec x dx = log|tan(3 + 4)] +c 
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1 
Example (26): |; aE Ee dx =I (say) 


Consider the expression 2 cos x +3 sin x 


Method (I): Let 2=r sin a and 3=r cosa 


eS a8 ok PIS 
and tan a = 2/3 eta 28 
1 d. 1 d 1 
I= | ee | = | coseo(x + a)dx 
rjsin(a+x) rJjsin(xt+a) fr 


1 (x + a) 
=-—log|t 
slog tan 5) J+ 


= : log | tan pr oe +c Ans 
“VB RD 3 ; 


Method (ID): Let 2=r cos a and 3=r sina 


Peo es = By 2 fav 
and tana=3/2 +, a=tan'3/2 
r=2| dx 
r }cosacosx+sinasinx — 
1 d 
— | da : . dx 
r J cosxcosa-+ sin x sina 
=;| dx 
~ 7 J cos(x — @) 
1 
= =| see(x - ajax 
r 
=Flos[tan(*F"+9)] 
- og| tan ae LC 


Remark: Observe that the integral is in simpler form, if the expression (a sin x +b cos x) in 
question is expressed in the form sin(a + x) instead of cos(a + x). 


2.3.1 Converting the Non-Standard Formats to the Standard form of the Integral 
(dx /(a sin x + b cos x)) 


Certain integrals can be expressed in the form{(dx/a sin x + bcos x). By identifying such 
integrals, we can easily integrate them as done in the above solved examples. Such examples 
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are important. One such example is given below, which may be evaluated. 


| sec x x=| dx 
J/3+tanx /3 cos x + sin x 
: lo [tan(5 +2) +c Ans 
7 ae ae Oe 


The following integrals involving trigonometric functions, sinx and cosx, appear to be 
simple, but they cannot be converted to the standard form(s) by trigonometric and algebraic 
manipulations 


dx dx dx 
a+bsinx’ a+bcosx’ asinx + bcosx+c 


where a, b, and c are integers. (These integrals should not be confused with those discussed in 
Section 2.3). 

We shall introduce a very simple substitution, which can be uniformly used in evaluating all 
such integrals. But, as a prerequisite, it is necessary to first establish the following standard 
integrals, since the above integrals are reduced to quadratic algebraic functions, due to 
substitution: 


1 1 1 (X\ | 
(1) Cre a (=) LC 


1 1 x-a 
(2) [ger = Zoe) te, x>a 


1 1 at+x 
(3) \z == 5, 108( 


Using these standard integrals, we can also evaluate integrals of the form 
J(dx/(ax? + bx +c). 
Details are discussed in Chapter 3b. 


a— xX. 


3a Integration by Substitution: 
Change of Variable of Integration 


3a.1 INTRODUCTION 


So far we have evaluated integrals of functions, which are of standard forms and those, which 
can be reduced to standard forms by simple algebraic operations or trigonometric simplifi- 
cation methods including the use of trigonometric identities. Many integrals cannot be reduced 
to standard forms by these methods. We must, therefore, learn other techniques of integration. 
In this chapter, we shall discuss the method of substitution, which is applicable in reducing to 
standard forms, the integrals involving composite functions. It will be observed that this method 
involves change of variable of integration as against the earlier methods, wherein the variable of 
integration remains unchanged. Before introducing the theorem which governs the rule of 
integration by substitution, let us recall the chain rule for differentiation, as applied to a power 
of a function. If u=f(x) is a differentiable function and r is a rational number, then 
d _ _(r+l1)ju" du, d 


. =u. is rational, —1 
ala Get. as u Gy (el) (ris rational,r 4 —1) 


ax r+1 


: (2 a) = [fay fa” 


From the above result, we obtain the following important rule for indefinite integrals. 


3a.2 GENERALIZED POWER RULE 


Let f be a differentiable function and “r’” be a rational number other than “—1”. Then 


r+1 
[irc f'(x)dx = fey + c,(rrational,r 4 —1) 
r 
Note that, in the above statement, we have simply used the definition of an antiderivative (or an 
integral). 
Let us apply the above rule for evaluating the following integrals. 


3a-Integration by substitution (Change of variable of integration) 


| roy x 
“ Tt follows that f [f(x)]’f’(x)dx = a +c, (r rational, r# —1). In particular, { x"dx = i 
: r : n 


teonA-l. 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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Example (1): Find 


(a) f (x3 + 2x)? (3x2 + 2)dx 
(b) f sin!? x cos x dx 


Solution: 


(a) To evaluate { (x? + 2x)” (3x2 + 2)dx, 


d 
we observe that A (x3 2x) = 3x? + 2. 
Eg 


Let fx) = x7 + 2x, 
of! (x) = 3x7 +2. 
Thus, by the above theorem, 


[8 + 2x2? + 2)4x = [Leo -foax 
_ [fo 
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(b) To evaluate J sin!” x cos x dx, we observe that (d/dx)(sin x) =cos x. 
Let f(x) = sin x, then f’(x)=cos x. Thus, 


[sin x cos x dx = [Urcol?r@ax 


Toor’ 
Sgt 


13 


Now, we can see why Leibniz used the differential dx in his notation { ...dx. If we putu=f(x), 
then du =f’(x)dx. Therefore, the conclusion of result (1) is that 


r+ 
fw du = ~ i +c, r 4-1, whichis the ordinary power rule, with “u” as the variable. 
r 


Thus, the generalized power rule is just the ordinary power rule applied to functions. But in 
applying the power rule to functions, we must make sure that we have du to go with uw’. 

In the integral of Example 1(a), the function fay =08 + 2x) and its differential f’(x) 
dx = (3x" + 2)dx, both appear in the element of integration. Similarly, in Example 1(b) the 
function sin x and its differential cos xdx both appear in the element of integration. 
Such integrals are easily expressed in the standard form(s) by substituting f(x)=u and 
replacing f’(x)dx by du. 

The following examples will make this point clearer. 

Example (2): Evaluate the following integrals: 


(a) fQet+ 6x)° (6x2 + 12)dx 


(d) { (2x + 3)cos(x? + 3x)dx 
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(a) To evaluate f (x* + 6x) (6x? + 12)dx 
Let °° +6x=u 
(3x7 + 6)dx = du 
(6x7 + 12)dx = 2(3x7 + 6)dx = 2du. 


or + 6x) (6x? + 12)dx = fie - 2du 
6 6 
2|uau g\e tC f + 2¢ 
6 3 


vu 


=—-+k. 
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Here, two things must be noted about our solution. 
(i) Note that (6x? + 12)dx = 2du (instead of “du”). The factor 2 could be moved in 
front of the integral sign as shown above. 
(ii) The constant “2c” obtained above is still an arbitrary constant and we may 
call it k. 
(b) To evaluate f (x? + 4)'°x dx 
Let x°+4=u 
2x dx = du 
x dx= 5 du. Thus, 


(c) To evaluate f (5 + 3): x? dx 


Let +3 =u, ..x-dx=du 

Here, the method illustrated in (a) and (b) fails because x” dx = x(x dx) = x du, and x 
cannot be passed in front of the integral sign (that can be done only with a constant 
factor). However, by ordinary algebra, we can express the given integral, as 


x? : 2 x4 2 2 
\(G+3) x ax = |(3 3x 9) x dx 
IG 3x4 9x?) dx 
4 


(d) To evaluate f (2x + 3)cos(x? + 3x)dx 
If we put x7 + 3x =u, then we get (2x + 3)dx = du. 
By using these relations, the given integral transforms to { cos udu. Note that this 
integral is not a power function. However, formally we get 


fax + 3)cos(x? + 3x)dx = feos udu 
= sinu+c 
= sin(x? + 3x) +e 
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Remark: We observe that the method of substitution, introduced above for power functions, 
extends for beyond that use. Now, we introduce the theorem, which governs the rule of 
integration by substitution. 


3a.3 THEOREM 


If x= (0) is a differentiable function of t and f[@(2)] exists, then 


dx 
[rosax = [rt - F - ar = [rloo]o(oat 
Proof: It is given that 
x= (ft) is a differentiable function of ¢. 
dx 1 
eee t 
= (0) 
es | Fe ene (1) 
ace, ; d 
.. By definition of an integral. qf) = f(x), (2) 
Now, by chain rule, we have 
d d dx 
ap C= Gel Pa. 


F(x) = [roy ar, 
or fr(ajae = fro dt (3) 
friowleoa a 
= \¢'(t)dt| dx, 
= $'(t) 


Note (1): We have seen that if x = $(f) is a differentiable function of ¢ and f[¢(Z)] exists then, 


dx 


fronax = free qi dt 


= [rle]ooar 


From this statement, we see that if in [ f(x)dx, we substitute x = ¢(4), then “dx” gets replaced 
by $'(dd¢. Thus, if x= (0), then dx = ¢/()dt. 


® Tn the case of any composite function y = f(x) = f[4(d)] the role of independent variable is played by the function (1) 
and we have seen that its differential [i.e., ¢/(f)d¢] replaces the differential dx. 
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Note (2): Again consider the result (3). We have 
[rlocle'(ar = [rojax, where o(0) = x 


Now, interchanging the roles of x and t, we get, 


friocs)}o'wax = frroar, 


or t=6(x), «. ¢'(x)dx =dt 


3a.3.1_ Corollaries from the Rule of Integration by Substitution 


Observe that the integrand on left-hand side of Equation (4) is complicated. In this integrand, we 
have f[d(x)] (as a part of the integrand), which is a function of a function. If we substitute 
o(x) = t, then $’(x)dx gets replaced by dt. Thus, the substitution ¢(x) = t simplifies the integrand. 

The new integral with changed variable may be in the standard form. In using this method, it 
is important to recognize the form f[¢(x)]-¢’(x) in the integrand. (In other words, it is helpful to 
decide the most convenient substitution, if we can identify a function and its derivative in the 
integrand). Only then can we find a suitable substitution, viz. (x) = t. Essentially, this method 
of integration reduces to finding out what kind of substitution has to be performed for the 
given integrand. 

Also, remember that the differential ¢’(x)dx may at times be expressed in the form k-dt, 
where k is a constant. Using the rule of integration by substitution, given by (4), we can easily 
prove the following results. 


Corollary (1): [ irc)" - f'(x)dx = 


Corollary (2): 


F(x) | —— 
(or “wpe "7 


Corollary (3): | Fe) dx = 2V/f(x) +c 


Corollary (4): ees dx = log,[ f(x)]+¢, f(x) >0 


Corollary (5): je -f'(x)dx =e! $e 


Corollary (6): |e - f'(x)dx 
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Corollary (7): If [resjax = 6(2), then [Flax pdx = Met b) bg 


Note: These corollaries should be treated as individual problems and not as formulas. When 
solving problems we must use only the standard formulas, which are necessary for writing the 
integral(s), in the new variable “‘?’”’ (say). Later on ¢ must be replaced by f(x) while writing the 
final result(s). 

To get a feel, how simple it is to establish these corollaries, we prove Corollaries (2), (4), (6), 
and (7). 


f(x) 1 


jor G=pyere 


Corollary (2): | 


Proof: Let J = Fecrae 


Put f(y=t o. f'(x) dx=dt 


~ 
I 
es 
3/1 
I 
—- 
~ 
= 
ion 
~ 


1 1 
SG ea oe 
= a +c, n 1 Ans 
(n— Df)” 


f'(x) 
F(x) 


Corollary (4): | dx = log,|f(x)| +¢ 


Here, it is convenient to put f(x) = 1, so that, f’(x)dx = dt, 


IS > {* 


fo 7 = log.|t| = logelf(x)| +e Ans. 


Corollary (6): a! () . f'(x)dx 


Proof: Let = fal - f!(x)dx 
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Putfxy=t .. f'(x)dx=dt 


a d') 
vi ar tC tc Ans. 
log,a log.a 


Nip TON a 


Corollary (7): If [rosax = (x), then [flax +5 7 


Proof: It is given that 


Let [f(ax + b)dx =1 
Put ax+b=t 
a dx = dt. 
dx = (1/a)dt 
1 1 1 
1= [r(o zat == [P(e = 2010, by (5) 


=id(ax+b)+e Ans. 


3a.3.2 Importance of Corollary (7) 


49 


The result of Corollary (7) tells us that corresponding to every standard integral of the 
type f(x)dx,we can at once write one more standard result for{ f(ax + b)dx. In fact, 


flax + b) is an extended form of f(x). Here, we must remember two important things: 


(i) If x in f(x) is replaced by a linear expression (ax + b), then the corresponding integral is 
expressed by writing the linear expression in place of x in the standard formula divided 
by the coefficient of x. Note that if x in f(x) is replaced by any expression other than the 
linear one, then we do not get any standard result. Check this. 

(ii) The integrals of such extended forms are also treated as standard results and hence 
they can be used as formulas. 


Now, we give a list of some standard results, for extended forms. 


3a.3.2.1 Standard Results for Extended Forms 


(1) fsin(ax + b)dx = —4cos(ax + b) + 

(2) fcos(ax + b)dx = tsin(ax + b) +¢ 

(3) fsec*(ax + b)dx = ttan(ax + b) + 

(4) fcosec?(ax + b)dx = —lcot(ax +b) +¢ 

(5) fsec(ax + b)tan(ax + b)dx = tsec(ax + b) +¢ 


(6) Jcosec(ax + b)cot(ax + b)dx = —4cosec(ax + b) + ¢ 


a 
(7) f etody = nee? +¢ 


(8) fmetbdx=1. "46 m>0 [see Corollary (6) 


a log,m 
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1 b n+l 
! ate Le eee 


1 1 
(10) | ar = Foe, (ax +b), (ax+b)>0 


(9) J (ax + b)"dx = 


3a.3.3. Importance of Corollary (4) 
Corollary (4) helps in finding the integrals of tan x, cot x, sec x, and cosec x. 


in x 


(1) Jtan.xax = | dx =I (say) 


OS X 


Method (1): Put cos x=¢ 
—sin x dx=dt 
or sin x dx = —dt 


dt 
I | ; log,t = log,t7! 


= log,(cos x)! = log,(sec x) +e, secx >0 


J tan x dx = log,|sec x| + c9) | Ans. 


cos X 
2 txdx = dx =I] 
(2) fcotx dx j= x (say) 


Put sin x=t 
cos x dx=dt 


dt ‘ : 
T= ie log,t = log,(sinx) +¢, sinx >0 


f cot x = log, |sin x] +c} Ans. 


(3) Jcosec x dx = [ova =I (say) 


1 
i \saay - cos(x/2) ad 


sec? (x/2) 


Dividing N' and D" by cos? * we get J = [Faron 


acc sec2(x/2) 4 a 
tan(x/2) 


® Method (2) sec x tan x 


Sec Xx 


Jian vax = 


Sec X 


dx 


= log,(secx) +c, secx>0 
= log,|secx|+c¢ Ans. 


“ Here, we have expressed “cosec x” in the form (sec?(x/2))/(2tan(x/2)), which is convenient for integration by the 
method of substitution. (It can also be expressed in other useful forms.) 
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x 
tan—=t 
Method (1): Put 


x x 
= log, (tan) +c, tan; >0 


“. fcosec x dx = log, 


tan +c) Ans. 


(4) | sec xdx = | dx =I (say) 


COS X 


1 
= d 
| coxa — sin? (x/2) . 
Dividing N* and D" by cos?(x/2), we get 


sec? (x/2) 
ag | 1 — tan?(x/2) 


Method (1): Put tan(x/2) = t “.  48ec?(x/2) - dx = dt 


1 (l-a+(14+2) 
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2 


1 
1 1 Note that { = 
= ||——+——dr, 1+t 1-t 1-2 


We shall learn about this technique, later. 
= log,(1 + ¢) —log,(1— ft) +c 


recom 

= lee Fe 

ay 1+ tan(x/2)] _ tan(x/2) + tan(7/4) 
F - a ¢ F —tan(x/2) - tan(z/4) 


= log,|tan((x/2) + (n/4))) +e [--tan(n/4) = 1] 


©) Method (2): Jeosee Say J x(cosec x - > x) dx 
cosec x — cot x 


= — cosec x cot x 
x 


cosec x — cot x 


d/d. sec X — cot x 
|: Aa ISS 20a * is log, (cosec x — cot x) + ¢ 


cosec x — cot x 


«. J cosec x dx = log, |cosec x — cot x| + ¢ 


Further note that 


1 cosx 1—cosx 
cosec x — cot x = — - - 
sinx  sinx sin x 
1 — [1 — 2sin?(x/2)] 2 sin?(x/2) 
2sin(x/2) + cos(x/2) 2 sin(x/2) - cos(x/2) 
x 
=tan=. 


2 


~1-P 
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xX oT 6) 
sec x dx = log,|tan G + =) | +c Ans. 


Note: The four integrals obtained above are treated as standard integrals. Hence, we add the 
following results to our list of standard formulae. 


(1) f tan x dx = log,|sec x| + c = log(sec x) +¢ 
(2) fcotx dx = log,|sin x| + ¢ = log(sin x) + ¢!7) 
(3) [eosec x dx = log(cosec x — cot x) +¢ 
x 
= log tan) +¢ 
(4) [sec x dx = log(sec x + tan x) + ¢ 
x 1 
a log(tan(> +7) ) +e 
Further, in view of the Corollary (7) 


ie. Fen he ee | aR pees ae as) 
a 
We also have the following standard results: 


(1A)f tan(ax + b)dx = Llog(sec(ax + b)) + ¢ 


(1B)f cot(ax + b)dx = +log(sin(ax + b)) +c 


(IC) feosec(ax + b)dx = “Tog («an (= ‘) re 


= 7 log(cosec(ax + b) —cot(ax + b)) +e 


1 ax+b on 
ID = | 
(1D) [seotar + b)dx a log tan( 5 *)| c 


= 7 loslsec(ax + b) + tan(ax + b)| +c 


© Method (2): | gant atc! | “eee as 
Sec X an X 


sec? x + sec x tan x (d/dx)(sec x + tan x) 
sec x + tan x (sec x + tan x) 
= log,|sec x + tan x| + ¢ 
1 sinx 1+ sinx 
Further, note that sec x + tan x t 
cosx  cosx cos x 


sin?(x/2) + cos?(x/2) + 2 sin(x/2) - cos(x/2)  (cos(x/2) + sin(x/2))° 
cos?(x/2) — sin? (x/2) cos?(x/2) — sin?(x/2) 


cos(x/2) + sin(x/2) 1 +tan(x/2) es 
cos(x/2) — sin(x/2) 1 — tan(x/2) 


 Tmportant Note: Here onwards, we agree to use the notation log[@(x)] to mean log.Id(x)I. This is done for saving time 
and effort. However, the importance of the base “e” and that of the symbol for absolute value must always be remembered. 
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3a.3.4 Some Solved Examples 


In using the method of substitution, it is important to see carefully the form of the element of 
integration. Usually, we make a substitution for a function whose derivative also occurs in the 
integrand. This will be clear from the following examples. 


Example (3): Find J = { x?sin x4 dx 
Put x*=1 
4x? dx =dt Mx dxdt 
‘i ssn tdt 
4 
1 4 
= q {60s thtc= ~ Zoos x +c Ans. 


: sin x 
Example (4): Find J = Fae 
1+cosx 
Put 1+cosx=t 


—sin x dx=dt ., sin x dx = —dt 


dt iets 
0. 
t eee 


= —log(1+cosx)+c Ans. 


cos(log x) 4 
——=—dx 


Example (5): Find J = | 
x 


Put log x=t .. (/x) dx=dt 
I= feos rar = sint+c 


= sin(logx)+c Ans. 
1 
dx 
x log x[log(log x)] 
1 1 


-—-dx=dt 
logx x 


Example (6): Find J = | 


Put log (log x)=t 


1.e. dx = dt 


*xlog x 


dt 
I= [F = logt+c = logilog(logx)]+.c Ans. 


Example (7): Find J = [x a* dx 


Put x°=¢ v. 2x dx=dt 
x dx=!/ dt 
1 1 f 
fool @dee c 
2 2 loga 
1a 
=x a c Ans. 


a loga 
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2sinx - 
Example (8): Evaluate J = ji 
sin” x + cos4 x 


Method (1) Dividing N' and D' by cos*x, we get 


2 sin x - cos x 
5 cos* x 
I ferro x 


~_* dx. sin x 1 
tant x+1 ™ =2 . 


cosx cos? x 


= 2tanx - sec? x 


Now, put tan’*x=f .°, 2 tan x sec*x dx=df 


dt 
[= Fees =tan7)}¢+c=tan7|(tan? x) +c Ans. 
1+? 


Method (2) 
2 sin x cos x 2 sin x cos x 
I=]|- Z v= Se ED 3 dx 
sin’ x + cos* x (sin* x)” + (1 — sin? x) 
Put sin?-x=f ..2 sin x cos x dx=dt 


=| dt =| dt 

Pala P+1—-2r+/ 
Consider 27? — 2+ 1 
= 2(P —t+(1/2)) 


-| dt = dt adh 1 
IEE a Pa) [es OF 


2 | dt 
2J (¢— (1/2)) + (1/2) 


i k=O); 
=o = ee 


1 
c= stan '(2r— I)+e 


1 
= ztan”'(2 sin?x—1)+c Ans. 


xe! as ex! 
Example (9): Evaluate J = |e 
xe els. ex 
Put x°+e*=t¢ 
(e x°!+.e*) dx=drt 
e (x° }+e*"}) dx=dt [Note this step] 


lfdt 1 1 
1=2| ? = jlogt | c= Tlog(x" te“)+e 


THEOREM 55 


4 a: 
Example (10): Evaluate J = | s -dx 
7—3e 
Put(7 —3e*) =t 
pa lete sie “ —3e%dx =dt 
7—-3e 1 
* e*dx = —x=dt 
4 x 
- 3 los(7 —3e")+c Ans. 
Next, observe that the integral J = J = t= dx can also be expressed in a form that is 
convenient for substitution. 
1 e*+1 
We have, e* + e-* = e* 4 ae « : 
ex e* 
x x 
l= | = | f x= | e x dx 
ev +e-* e2x +1 1+ (e*) 
Now, pute*=t .. e* dx=dt 


dt 
i | =tan!t+c=tan'(e*)+c Ans. 


Similarly, J sex dx = Jaca, which is of the same form as in the Example (8). 


Now, look at the following integral which appears to be of similar type, but it cannot be 
integrated so easily. 


1 
E le (11): =| ———d. 
xample (11) |= Xx 
1 : 
Eeerske [Here, N* is a constant and D’ is of the form(ae* + b)| 
(Note that here no substitution is possible without changing the integrand, as shown below.) 


In such cases, we divide N' and D' by e”, so that we get 


I= Sraud, which is now of the type at Example (8). 


Now put 3e *+4=¢ 
—3e * dx=dt 
e \dx=—-1/3 dt 


eh fe Moats 
ate F 3 gla 


1 
= — 3 los(3e™ +4)+c Ans. 


Remark: Note that, it is comparatively simpler to evaluate the integral Sxcerdx, than to 


evaluate the integral [ a4 OX. 
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2% — ] 


Example (12): Evaluate J = os x 


Method (1): In such cases, we may break up the integral into two parts: one of the type at 
Example (10) and the other of the type at Example (11), or else divide N’ and D" by half the 
power given to “e”. 
Dividing N' and D' by e*, we get 
x soe 
I= | <—* ay 
e* te 


Put (e*+e*)=t .«.(e°—e *)dx=dt 


dt 
T= [F=toge +c =logie*—e*) +c Ans. 


= I, — Ih (say). 
Consider J, 


Put e*+1=1..2e dx=dt.. e* dx ='hdt 


lfdt 1 1 
oA | logt+c = zlog(e™ +1)4+¢ 


Consider J, = | dx = | 
e2 


Put 1te°?*=t., —2e-?* dx=dt 


= log(e*+e-*) +c Ans. 


Let us solve one more example of the above type. 


e*—1 


Example (13): Evaluate J = | dx 
‘ 


x + 1 
Dividing N' and D' by e*”, we get 


ex/2 _ e x/2 
T= Jas a: 7) dx 
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Now, put e**? +e"? = (ee? —e*”) dx =2dt 
dt 
I=2 Fe aes 
= 2log(e/* +e-*/?) +e Ans. 
4h 
To evaluate & dx. 
cex+d 


ae*+b 
ce*+d 
be easily evaluated by breaking it into two parts as explained in Example (12), Method (2). 
However, there is a simpler method (which is more general and applicable to many other 
integrals) as explained in Example 14. 


3e* + 5 
= 7 dx 


Note: Examples (12) and (13) are special cases of [ dx. Of course, this type of integral can 


Example (14): Evaluate J = | 


2e* 


We express, 


48) 
N' = A(D') + B{ —D' 
(D') + (= ) 


ie., 3e* + 5 = A(2e* + 7) + B(2e*) 
= (A+ B)2e* + 7A. 


d i 
7 — (2e* + 7) = 2e* 
dx 


Now, comparing terms and their coefficients, on both sides we get A = 5/7 and hence B = 11/14. 


;|a "al 2e* 
I= dx 4 : x 
TJ 2e%+7 14 J 2e° +7 


Jax | pce mee 


7 14 2e* + 7 
> x | Hilog(2e" +7)+c Ans. 
Example (15): Find J = [Sea (9) 
Put /x=t .. Riva ae T= 2a 
T= 2|sin ar =-—2cost+c 


=—2cos/x+c Ans. 


‘) N" = numerator and D' = denominator. 

© Remark: It is because of the function /x, that these integrals are easily evaluated. If we replace \/x by x, then the new 
functions cannot be integrated by substitution. Even the integrals f sin /x dx and f cos \/x dx, and so on, cannot be 
evaluated by this method. Later on, it will be shown that the integrals sin \/x dx and [ cos \/x dx can be evaluated by the 
method of “integration by parts”, to be studied later. 
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Now, evaluate the following integrals: 


(i) | oan 


x 
Ans. 2eV* + ¢ 
(ii) [eax 
Vx 
Ans. 2sin,/x+c 
(iii) | tam VX 4 
Jx 
Ans. 2[tan\/x — /x] +c 
(iv) | sec’ VX 4 
x 
Ans. 2tan/x+c 
(v) [= Vv ay 
Jx 
Ans. 2 log/sec,/x + tan/x] + ¢ 


Exercise 


Integrate the following with respect to x: 


Sin = 2 
(i pe [ora 


V1 — x? 
er eth) 3 
ees (sin x) i 
3 
| cule 
2) °" |T+e 
Ans. tan !x*+¢ 
[= | —_,——_d 
3) \; sin? (log x) 


Ans. —cot (log x) +c 
(4, l= fe cos(e*)d 
Ans. sin(e“)+c 


2: 
6) r= [Seas 


| 3 
Ans. (any Cc 
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(6) y= ie * sec? x dx 


Ans. e@"*+¢ 


(7) t= |e 
Vx2—5x+ 13 


Ans. 2x2 —5x+13+¢c 


tan=' x? 


(8) = |-a 
1+x4 


4 
Ans. e" * +¢ 


sin 2x 
@) «rs | ay 
3 sin? x + 5 cos? x 


1 
Ans. — 3 los(s —2sin? x) +¢ 


(10) | cos 2x a 


sin? x + cos? x + 2 sin x cos x 


1 
Ans. 5 los(1 + sin2x) +c 


sin 2x 
ay r=] dx 
@ cos? x + b? sin? x 
1 2 ro VON ed 
Ans. po gles + (b* — a’)sin” x] +¢ 
1 
(2) r= | ax 
ev+1 
e* 
Ans. —log(1 a ] 
ns og(1+e*)+c or oe() +¢ 
Oy) 7 
t= 344 
1 —2x 
Ans. ~ glos(3e ~+4)+¢ 


Jer + 
(14) he sl sx 


Note: Solutions to the above problems are available at the end of this chapter. 
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3a.4 TOEVALUATE INTEGRALS OF THE FORM | ¢81*+00s« dx, WHEREA, B, 
C, AND D ARE CONSTANT 


These integrals are handled as the integrals of the form [((ae* + b)/(ce* + d))dx. 


sin x + 2. cos x 
3sinx + 4cosx 


Example (16): To find / = | 


we express N' = A(D") + Be (D") 


d 
dx 


d 
D5 [3 sinx + 4 cos x] = 3cos x — 4sinx 
x 


Now, sin x+ 2cos x=A(3 sin x +4cos x)+ B(3 cos x — 4sin x) 
= (3A—4B) sin x + (44 + 3B) cos x. 


Equating coefficients on both sides, we get 
3A—4B=1 (i) 
4A + 3B=2 (ii) 


(i) x 3: 9A — 12B=3 
(ii) x 4: 16A+12B=8 


Now (ii) x 3: 12A+9B = 
and (i) x 4: 12A—16B=4 


2B? Baa 
se = [ax | 2 leaner sinx +4 cos x) | P 
25 25 3 sin x + 4 cos x) 
ee ieee sine race ae: & 
= 55% + z5log(3 sinx +4cosx) +e Ans. 
Example (17): Find 1 = | ay 
7 ° ~ Jl+tanx 
1 cos Xx 


Consider = : : 
1+tanx 14 (sinx/cosx) cosx-+sinx 
We express N' = A(D') + B d/dx (D') 
d 
dx 


d 
(D') = q (cos x + sin x) = —sin x + cos x 
x 
= cos x — sinx 


Let cos x = A(cos x + sin x) + B(cos x—sin x) =(A+B) cos x + (A —B) sin x 


“9 Note: Value of B could also be found by putting the value of A in any of the Equations (i) or (ii). 
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Equating coefficients, on both sides, we get 


A+B=1 (6)| . a ee aah eee 
A BDH oF v 2A=1 .. A=1/2 and 2B=1 .. B=1/2 
p= [CBMeosss sin x) + (1/2)(cos x — sin x) | 
cos x + sin x 
Put cosx+sinx=t ., (cos x—sin x) dx=dt 


es res eee 
2 a poe ee eS 


Peel . 
= 57 + zlog(cos x + sinx) +c Ans. 


Now evaluate the following integrals: 


1 
i) | ————d 
@ ln m 
1 


1 
Ans. a 7 log(sin x+cosx)+c¢ 


1 
(ii) = 
3+ 2tanx 


3 2 
Ans. B* + qq es3 cosx+2sinx)+c¢ 


... [3sinx+4cosx 
(iii), | ———_____ dx 
2 sin x + cos x 


Ans. 2x + log(2 sin x + cos x) +c 


Information in Advance: We can also handle the integrals of the form 
J((at+bcosx+ csinx)/(a+Bcosx + ysinx))dx. Here, we shall express the N' (ie., 
a+bcosx-+csin x) as /(D") + m((d/dx)of D") + n, where /, m, n will be found by comparing 
the coefficients of corresponding terms (i.e., cos x, sin x, and constant terms). By this method, the 
given integral reduces to the sum of three integrals. The first two integrals can be easily evaluated, 
whereas the third integral is of the form [(n/(a@ + B cos x + y sin x))dx. We shall learn about 
this integral in the next chapter. Obviously, evaluation of such integrals is time consuming. 


Solutions to the Problems of the Exercise 


. (sin! x)? 
. (1): Find J = | ——— —dx 
Q. (1) |= 
1 
Put sinc'x=t «, dx = dt 


3 Safe 93 
I [ear : LC ns) +c Ans. 
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F 2. 
Q. (2): Find = | sax 


2x 
1 + (x?) 


Put 2 =t ©. 2xdx=dt 


=tan'x°+c Ans. 


1 
. (3): Find J = | —_.———d. 
Be OeEn | samen “ 


Putlogx=t .. (l/x)dx=dt 


dt > 
I= |—,— = |cosec tdt = —cott+ c 
sin’ ¢ 


=-—cot(logx) +c Ans. 
Q. (4): Find J = { e* cos(e*)dx 
PutQ=t ..Qdx=dt 
l= feos rar = sint+c 


= sin(e*)+c Ans. 


Now evaluate the following integrals: 
. 1 
(i lana 
V1—x?- sin"! x 
Ans. log(sin™!x) +c 
2. 
(ii) |_— se 


1—x4 


dx 


Ans. sin”! x2 +¢ 


1 in 2 
(iii) |_— Seay 
Vxt+ sin? x 
Ans. 2Vx+sin?x+c 
I 2 
Q. (5): Find J = [Seas 
x 
Put log x=t .. (/x)dx=dt 


3 
t= [Pa=Z+e 
3 


l 3 
os) +c Ans. 
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Now evaluate the following integrals: 


.. [log(x+ 1) —logx 
(i) eee ) dx 
—llog(x + 1) — log x} 


Ans. LC 
2 


[Hint: Put log(x + 1) — log x = ¢] 


1 ] 
(ii) [eet an Wee aes, 
xX 
2 
dene (ogx tay ahs 


(Hint: Put log x + x = ¢] 


i blog) 
(ii) [= + blog x) 42 
x 
Ans. a: cos(a+ blog x) +c 


(Hint: Put (a+ 6 log x)= 4] 


Q. (6): Find J = [eo * sec? x dx 


Puttanx=t .. sec?xdx=dt 


Sol fear etc=e™*1¢ Ans. 


x — 
Q. (7): Find J = [———« 
Vx2—5x+ 13 
Put x7—5x+13=¢t ©, (2x—5)dx=dt 


dt 7/2 
I | te=2V/x2-5x4+134+¢ 


Q. (8): Find J = [>a 


Put tan7! x? = 


Ans. 
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sin 2x 


Q. (9): Find J = | 


3 sin?x + 5 cos2x 


I =| 2 sin x - cos x 
3 sin?x + 5(1 — sin*x) 
= Ss - COS X 
~ J 5 —2sin2x 


Method (1): Put 5 — 2 sin?x = 


—4 sin x-cosx dx =dt 


1 

2sinx -cosxdx = —=dt 
1 {dt I 5 
ale 222 


1 
=- 5 los(s —2sin’x)+c¢ Ans. 


Method (2): Put 3 sin?x + 5cos’x =f 
[6sin x cos x — 10 cos x sin x]dx = dt 


or —4 sin x cos x dx=dt 


or —2 sin 2x dx =df or sin 2x dx = —'h dt 
|< 1 Al 
0. c 
a ae a 


1 
=- zlos(3 sin’x + 5cos*x)+e¢ Ans. 


Note: We have seen above that 3 sin’x +5 cos*x = 5—2 sin°x. 


2 
Q. (10): Find 1 = | = a dx 
sin’x + cos2x + 2 sin x cos x 
r=[= cos 2x d 
x 
sin?x + cos?x + 2 sin x cos x 
— cos 2x “+ sin?’x + cos?x = | and 
i sin 2x 2 sin x cos x = sin 2x 
cos 2x cos?x — sin?x 
7 dx = ——~ dx 
(sin x + cos x) (cos x + sin x) 
-|(_—— ee a 
cos X + sin x cos X + sin x 


= loglcosx+sinx]+c Ans. 


1—tanx T 1 
Also J = tan( x) dx log [sec( x)| tc Ans. 
1+ tanx 4 4 


TO EVALUATE INTEGRALS OF THE FORM 


Put 1+sin 2x=t “. 2cos 2x dx=dt “. Cos 2x dx =} dt 


2 ogi oe tenon en, A 
5 | > = lost t= slog(l + sin2x) +c Ans. 


Q. (11): Find J = | Gas dx 


a cos?x + b? sin?x 


Consider a? cos?x + b? sin?x 


=a’ (1 —sin?x) +5? sin*x 


= a’ +(b’—a’) sin*x 


| 2sinx - cosxdx 


a + (b? — a2)sin?x 


Put a? + (b* — a’) sin?x = 1 


(b* — a’) 2 sin x cos x - dx =dt 


2 sin x cos x dx = ———-dt 


1 [de 1 
(b? — a’) | t (b% —a?) 


=p : 5 log {[a + (b? —a’)sin?x] +c] Ans. 
—a 


logt+c 


2 


Note: We may also put, a@ cos*x +b? sin’x=t 


Then [—2a? cos x - sin x +257 sin x - cos x] dx = dt 


(2 sin x cos x) - (b? — a’) dx =dt 


1 
or sin 2x saat (rear 


Q. (12): Evaluate J = ft, dx 


ex+1 


Dividing N" and D' by e*, we get 
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Further simplification 


1 
l= Woe(1+5) c 
lo ee c=lo a LC 
é e & ex+1)- 


Q. (13): Evaluate J = Sse dx 


Dividing N' and D' by e** 


e72x 
I= eet 
Put 3e°*+4=1 
—6e?* dx =dt 
e > dx=—1/6 dt 


1 {dt 1 
I= =-—-slogt+c 


6) t 6 


1 
=- glog(3e"** +4)+c Ans. 


Q. (14): Evaluate J = [3 +3dx 


d 
We express N' = A(D‘) + Be (D‘) 
Ps 


d d 
D _ 4 x =—4 x 
qe a ee 
Let 20+ 3 =A(44Q+5)+ B(4Q) 
= (4A+4B)Q+5A 
Equating coefficients on both sides, we get 
5A =3 
A=3/5 
3 
4| = 4B =2 
(5) * 
3 1 
pie ey ; Sree 
st 2 
1 = 
B 3. 36... 1 
2. 5 10 10 
ee eee ia) — (1/10) (4e’ ve 
4e* +5 
3 1 { (d/dx)(4e* + 5) 
==]d d 
:| is wo 4x45 °° 
3 1 a ; 
5% 79 log(4e +5)+c Ans. 


3b Further Integration by 
Substitution: Additional 
Standard Integrals 


3b.1 INTRODUCTION 


We know that the method of integration by substitution aims at reducing an integral to a 
standard form (as in the case of other methods). In fact, there is no definite rule for choosing a 
substitution that should convert the given integral to a standard form. However, as we have 
seen in the previous Chapter 3a, if the integrand is a function of a function [i.e., f[b(x)]] and 
the derivative of ¢(x) also appears in the integrand, so that the element of integration is in the 
form f[(x)] ¢’(x) dx, then it is convenient to choose the substitution ¢(x) = ¢. 

With this substitution, we get ¢’(x) dx = dt, and the variable of integration is changed from x 
to t. The new integral in ¢ is expected to be easier for integration. Also, it is sometimes 
convenient to choose a change of variable (from x to 7) by the substitution x = f(t), where f(t) 
must be some suitable, trigonometric, algebraic, or hyperbolic function. This statement will be 
clear from the following trigonometric (and algebraic) substitutions. 

[Here, we shall not be considering the hyperbolic substitutions though they are equally 
convenient for this purpose. We have discussed the hyperbolic functions at length in Chapter 23 
of differential Calculus (i.e. Part I]. 


3b.1.1  Trigonometric Substitutions 
The following integrals can be easily evaluated by trigonometric substitutions as indicated 


below: 


(i) If the integrand involves Va?—x?, then put x=a sin f or x=a cos ¢. 
(ii) If the integrand involves Va? + x? or a + x°, then put x=a tan ¢. 
(iii) If the integrand involves V x2—a?, then put x =a sec f. 


The idea behind these substitutions is to get rid of the square root sign by using trigonometric 
identities: 1 — cos*t = sin’t, tan t + 1=sect and sec*t—1= tan7?, as required. 


3b-Further integration by substitution 
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3b.2 SPECIAL CASES OF INTEGRALS AND PROOF FOR STANDARD 
INTEGRALS 


There are many other function(s) that can be reduced to the standard forms by substitutions. For 
example, consider the following functions listed in three batches: 


1 1 1 
x? +a?’ x2-a?’ a?— x? 
1 1 1 1 
Vette) Vx? =a?) VP x? x? 0? 


Batch (II) Vx? + a2, Vx?—a?, and Va2—x?2 


Batch (1) 


Batch (II) 


It is useful to consider the integrals involving the above functions in the batches as listed 
above. (It will be found helpful in remembering the standard formulae conveniently, in the 
order they are developed.) Now, we proceed to obtain the formulas for the integrals of 
Batch (I). 


1 1 4x 1 
Integral (1) lan dx = 7 tan (-) + ol) 
1 
Method (1): Let J = ey dx 
x2 
Consider x? +a? = a? iS + | 
a 
2 
er reaiew bree 
a a 


x 1 
Put -=t “. —-dx=dt “. dx=adt 
a a 
l= =| adt =| dt 
@j1+P ajil+e 


1 44 1 1 (Xx 
= -tan “¢+c=-tan (=)+e 
a a a 


1 1 
dx = —-tan7! Z +c Ans. 
x2 + a2 a a 


Note that, this result is more general than the result: {(1/(1+.x?))dx = tan-'x+., which follows the form 
(d/dx)(tan~! x) = 1/(1+.°). Both these integrals are treated as standard formulas. 
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1 
Method (2): Let J = Ferra 


Put xXx=at .. dx=adt. Also as 
a 


gr 1 enna adt 
° eCe+a- a(t? +1) 


1 dt 1 dt 
~ ajP@+1 ajl+e 


dx 


Method (3): Let J = 
ethod (3) e aa 


Let x = atant “. dx =asec?tdt 


x 
Also, tan ¢ t=tan!— 
a 


(Te asec*t dt = asec*t ; 
, a@tan?t + a? a?(tan?t+ 1) 


1 24 1 1 
= |= dt = farmsr+e (1) 


a sect a 


1 (xX 
—tan (=) ae 
a a 


Note: To obtain the above result, we expressed the given integral in the standard form 
J(1/(1+#)) dz by using the method of substitution. In the Methods (1) and (2), we used the 
same substitution in two different ways, but in Method (3) we used a different substitution which 
converted the given integral into another standard form. 


1 1 x-a 
Integral (2) ug dx = 7G log ae te,x >a 


. 1 1 1 1 1 
Consider a a 
xa? (x-a)\(x+a) 2a|x-a x+a 
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1 1 1 
ee dx 
2a) |x-a x+a 


= [log (x—a)—log (x +.a)] +c 


1 (4) 
= log te 
2a x+a 


(2) 
1 x 
[ae Fa g (= ) +e,x >a 
1 1 xa 
dx =— 1 
a [ax ami eae x+al | 
1 1 at+x 
a | 
Integral (3) Face dx 7a log (—) te, Xx<a 
Suppose, J | dx = | ! dx 
a a—x? (a—x)(a+ x) 
Ke _ A, B 
: (a—x)(a+x) a—-x | a+x 
1 = A(a+ x) + B(a—x) 
This is an identity, and hence true for any value of x. To find the numbers A and B: 
Put x=a, we get 1=2a-A_ ..A= (1/2a) 
Now, put x=—a, we get 1=2a-B_ .. B= (1/2a) 
; Lt 1 ee re. 
"@—x2 (a—x)(a+x) 2ala—x * atx 
1 1 1 
T= | Jex 
2aj|a-x a+x 
1 
= 7, los (a x)-(—1)+log(a+ x)] +¢ 
1 
ae [log (a+ x)—log (a—x)] +¢ 
1 1 at+x 
\anw aes 2a log | a re (3) 
Note: Integral (3) can be deduced from Integral (2) by observing that Jas =-{(25 and 
log |GEz| = —los [F54l- 


Note that —log 


x-a \ 
(0) 
xa & 


a odie | — z tog, 
a+x 


a+x 
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Remark: We are now in a position to evaluate integrals of the form, 


l= dx 
~ Jaxt+bx+e 
To express this integral in the standard form, we express the quadratic expression ax” + bx + ¢ 
in the form of sum or difference of two squares and then apply one of the above three formulas, 


as applicable. For this purpose, we consider the following three cases. 


Case (1): When the coefficient of x7 is plus one. 


Example (i): x? + 6x+10 = x74+2(3)-x+9+1 
= («e$3) 41 


dx dx _1({xt+3 
5) = 5) 7 = tan BC 
2246x410 J (x43 41 1 


Example (ii): x? + 4x—5 = x? +2(2)-x+4-9 


= (+27) 
| dx -| dx ol \ (x+2)-3 | 
ees I Geo aay 23° @+2)43" 


=Fog( 2-2) 40, x51 A 
= 608 Pay Cc, x ns. 


Similarly, x2—4x + 8 = x2—2(2)x +444 = (x—2)? + (2)° 


A 
A 


Now consider x?—12 = x?—(2V3)* 


dx dx I 4) 
eo = = lo be, x > 273 
la Peary. 43 (Se 
ae a ay al -ce,x>a 
| aa da xtaJ) 


Case (2): When the coefficient of x? is minus one. 
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Example (i): 1—x—x? [x? +x-]] 


7 dx 


| dx | 
Pox SD (y5/2) e+ 0/2))? 


+ C 


Be oi V5/2+(x+(1/2)) 
2(V5/2) ? \ V5/2-(x+ (1/2) 
Diy. V54+ (2x+1) 
Wa V5—(2x + 1) 


fis J/54+14+2x 
0) 
J5 7 V/5—1—2x 


tc Ans. 


Example (ii): 15 + 4x—x? = —[x?—4x—15] 
= —[x?—2(2) x +4-4-15] 
= —[(x-2)?-(V19)?] = (v15)?— (G2 


(Note that negative sign of x° is absorbed in the final expression.) 


7 | eS 7 TF 


ar V19+ (x-2)| | 
219° | /19—(x—2) 
Sn V19—2+x] | 
as | Geo tc Ans. 


Case (3): When the coefficient of x” is some constant “a” (other than +1). 


Method: After making the coefficient of x° unity, we express the quadratic expression as sum 
or difference of two squares. 


Example (i): 3x2 +2x +7= a(x a :) 


SPECIAL CASES OF INTEGRALS AND PROOF FOR STANDARD INTEGRALS 73 


I= | dx = ;| dx 
Be O47 3) (x4 (1/3))? + (25/3) 


Lol gi er 3) 
3 2/5 2/5/3 


1 
= —— tan! (= “) +c Ans. 
2/5 


3 
Similarly, 4—3x—2x? = 2]. 4% | 


Z PF (+ 3) 


[Note that the negative sign (of —2x*) is absorbed in the final expression. Finally, 2 is kept 
outside the bracket and not —2.] 


Remark: In the quadratic expression, if the coefficient of x? is a positive number then, it 
reduces to the forms v” + k? and if the coefficient of x” is a negative number, then it reduces to 
the form k? — v’, where v is in the form (ax + b) and k is a constant. 


Note: We have seen that 
[rosax = o(x)=> [fax + b)dx = * (ax +b). 


Thus, it is possible to write the corresponding integrals directly, without reducing the 
integrand to the standard form. Accordingly, one may write the following: 


re fee ete emer ae 
(i) ln lone 2|30" - 


ay _, (2x " 
= gan 3 c 


w Jara lage =3 lay Gas) | 
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(iii) | 1 ax=| 1 w=3] 1 tos (322")] o 
9—4x2 (3)°—(2x)? 2 |(2) (3) 3-2x 
aa toe(55") 6 
12 3—2x 


{Hint 1: We will shortly show that when the final answer obtained by the above method, there is a 
possibility of committing mistake, unknowingly. ] 

[Hint 2: Besides, it will be seen from the integrals at (b) and (c) below that the student may 
commit an even more serious mistake, if he is not careful about the standard integrals in 
question. Now we will show, how the mistakes can creep in.] 

Consider, 


1 ais 1 4 —1 yxy, 
(a) 442 x (+2 x 5 tan (5) + C 


With this result, one may be tempted to write, 


1 
(b) f= # tan "(sin x) +e, (why?) 
1+ sin°x 


Similarly, it will be wrong to write 


(c) | : dx cere (ows) LC 


4+5cos? x 2 


It is easy to see why the results of (b) and (c) above are wrong. 

Recall that the standard form is {(1/(a® +x*))dx = (1/a)tan7!(x/a) +c, wherein the 
function x? appears (without any coefficient). Naturally x? cannot be replaced by any other 
function in this formula. (A similar statement is applicable for other standard results.) 

This suggests that the given integral be first converted to standard form, before writing the 
final answer. 

Now, we consider some special cases of the integrals of Batch I, and those that can 
be expressed in these forms. We classify such integrals in three types: Type (a), Type (b), and 
Type(c). 

Type (a): Integrals of the form(s) fs or fo and those that can be reduced to these 
forms. 


For this purpose consider the following exercise. 


Exercise (1) 
(i) | dx 
3x27 
1 ( V3x—V7 ) 
log +e 
2721 V3x+ V7 


Ans. 


© There are number of integrals involving algebraic, exponential, or trigonometric functions, which can be reduced to one 
of the three standard integrals of Batch (I). This will be clear from the problems listed in the given exercise. 


SPECIAL CASES OF INTEGRALS AND PROOF FOR STANDARD INTEGRALS 75 


(ii) dx 
9—4x? 
1 34 2x 
Ans. —l 
8 og (34>*) ss 


We emphasize that for computing such integrals, it is always necessary to make the 
coefficient of x” as 1 or (—1), so that the given integral can be expressed in the standard 


form, that is,: 
dx ag dx 
x2 a Kk k —x? 


Now we consider exercise (iii), 


Let us evaluate ee 
9x? —25 


Lak r=[ dx =| dx 
97-25} (3x)’—(5)" 


Note that the integral on the right-hand side is not in standard form, but the reader is tempted to 


write the integral as Bey log (53) +c, which is wrong. 


This mistake can be avoided if we substitute 3x = 1, so that 3dx= dt, and we get J = 1/3 
J dt/(?—S*). Now, this is in the standard form, and its value is 1/30 log ((3x—5)/(3x+5)) +e. 


Note that, E = s|a-g = : am log (=3)]| . 


Such mistake(s) can also be easily avoided by making the coefficient of x? as unity, as 
mentioned above. 


Consider 9x2—25 = afi | 7 ofr (2) ] 
ia li a 5 B oy a SS) a 
= wle(5o53) ha. “ahs. 


(Observe that method of substitution indicated above is more convenient.) 
Now we consider the following problems of the Exercise (1) from (iv). 
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(v) | cos Xx ah 


9—sin?x 
1 } 

Ans. —log Ss +¢ 
6 3-—sin x 


2 


[Hint : cos? x = 1—sin? x.] 


wit) {ay 
14+3* 


(ix) | sec? x 
= — dx 
25-16 tan? x 


1 5+4t 
Ans. loe( s =) tC 


40 5—4 tan x 
(x) | dx 

@ sin? x +b? cos? x 
re 1 Aes (“ tan *) 

ns. an re 

ab Nae atl 

(xi) | ee 
1+sin? x 


1 
Ans. —=tan7! [v2 tan x| +¢ 
V2 
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(xii) | dx 
4+5cos? x 
re 1 re 2 tan x 
ns. —tan 
6 3 


It is easy to show that the integrals at (ix)—(xii) are of the same type and can be evaluated in the 
same way. To understand this, it is proposed to evaluate the Jast integral. 


dx 
Let J = | ———_— 
4+5cos? x 


Write 4 = 4(sin2x + cos*x) = 4sin2x + 4cos7x. 


r= | dx (A) 


4 sin? x +9 cos? x 


Dividing N" and D' by cos”x, we get 


= | sec? x dx _ | sec? x dx 
Atan? x +9 (2 tan x) + (3)° 


We put 2 tanx =f “. 2sec*x dx = dt 


| dt 1 F 4 , 
hs z= tan tC 
2 2 + (3) 2 |3 3 


Note: Looking at the integrals at (A) and (B), and comparing their forms with those at (ix)—(xii) 
of Exercise (1), it is easy to note that all these integrals are of the same type and hence, they can 
be evaluated by the same method. 

Type (b): Integrals of the form i Peceaicee: and those which can be reduced to this form by 
substitution. [It is useful to be clear that all such integrals are finally reduced to the Type (a).] 


Example: Let us evaluate the following integral: 


dx 
a 
ae 


2 8 
Consider 8—6x—9x? = af. x 
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Exercise (2) 


Evaluate the following integrals: 
i ee 
3x2 +2x+7 


i 1 ree (= “) 
ns. an Cc 
V20 20} 


(ii) | a 
3-10 x—25 x? 
1 3+5x 
Ans. ] 
ce 0 on( 75) +4 
(iii) | ev dx 
ex+ter+tl 
1 2e* +1 
Ans. tan! LC 
v3 ( v3 ) 
(iv) | cos x dx 
9 sin? x + 12sinx+5 
1 3t 
Ans. 3 tan ( >) + C 
(v) Feces 
1+3(x—5)* 


Ans. Sain! [v3(x-5)] +¢ 


(vi) | sec? x dx 
2 tan? x+6tanx+5 


Ans. tan '(2tanx+3)+¢ 


SPECIAL CASES OF INTEGRALS AND PROOF FOR STANDARD INTEGRALS 79 


(vii) | sec? x dx (tenn 


sec? x—3 tanx+ 1 


Ans. lo MAUR? +¢ 
& tan x—1 


(viii) | dx 


2 cos? x +2 sin x-cos x + sin? x 


Ans. tan7'(tanx+1)+c¢ 


(ix) | dx 


A sin? x + 9 cos? x 


A ' _, /2tanx 2 
ns. gtan 3 Cc 


(x) | dx 
8 sin? x+ 12sinx+1 


1 
Ans. gin (3 sinx+2)+c 


Let us evaluate the integral at (viii). 


d 
Let | - ae =p 
2 cos? x + 2 sin x cos x + sin* x 


Dividing N' and D' by cos”x, we get 


=| sec? x dx =| sec? x dx 
2+2 tan x-+ tan? x tan? x +2 tanx+2 
Put tanx = ¢ “sec? x dx = dt 
dt 
I= |>——~ 
?+2t+2 
dt 
= [ar tet) +e 
(t+1)°+1 


= tan !(tanx+1)+c Ans. 


It is useful to remember that an integral of the form, J = { dx/(a + sin 2x + c cos 2x), where 
a, b, and c are integers, which can always be reduced to a standard form, by the method of 
substitution. Depending on the integers a, b, and c, the standard form of the integral are obtained 
and accordingly the final answer. As an example, consider the following integral: 


i= | a (P) 


3 sin2x+2cos2x+3 
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Put sin 2x = 2 sin x cos x 
cos 2x = cos?x—sin?x 
and, 3 = 3(sin?x + cos?x) 
We get, 
dx 


= | 
6 sin x-cos x + 2(cos? x—sin? x) + 3 cos? x +3 sin? x 


| dx 
sin? x +6 sin x- cos x +5 cos? x 


Dividing N' and D' by cos”x, we get 


sec? x 
IT = 
late (Q) 


Now, puttanx=f .°, sec? xdx=dt 
We get, 


: (1+3)"-(2) 
oA] stn 


=> 
1 tanx+1 
caer log tC Ans. 


tanx+5 


Note: We have shown above that an integral J where a, b, and c are integers, can 


always be reduced to the form as listed in Batch I. 

With a view to express any given integral of the form (P), to the standard form, we shall 
always use the same trigonometric identities (as shown above). Also, we shall use the 
substitution tan x =f to maintain uniformity in our approach. 


dx 
a+bcos x 


Type (c): Now we will show that the integrals of the form [ 
be reduced to the forms of Batch (1). 


and {—*— can also 
Method: For integrating these functions of sin x and cos x, we make use of the following 
identities: 
: _ x x 
sinx = 2sin=-cos— 
2 2 


K-62 558 ; 
cos x = cos” 5 —sin’ Bi and for constant a” we write, 


x 9X 
a = a| cos + sin 
2 2 


to express the denominator in the desired form. 
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Finally, by dividing N‘ and D* by cos” (x/2), we express the given integral in the form (See 
chapter 3a example on pg. 51) { f(tan(x/2))sec?(x/2)dx, and then put tan(x/2) = f, to convert 
it to the form [(dt)/(AP + Br+c), as in the solved examples above. 


Remark: This method is also applicable for evaluating integrals of the form 
J(dx)/(asin x + bcos x) in which there is no separate constant term. However, there is an 
alternate simpler method available, in which the expression asin x + bcos xis converted into a 
single trigonometric quantity r sin (x + a), where r= Va?+b? anda = tan7!(b/a). We 
have introduced this alternate method in Chapter 2. Recall that, (in Chapter 2) we did not use the 
method of substitution for evaluating such integrals. Besides, that method is simpler than 
the method of substitution discussed here. Now, it is proposed to evaluate the integral 
[J dx/(4 sin x + 3 cos x)] by both the methods for comparison. 


dx 
4sinx+3cos x 


Solution: Let J = | 


Method (1): Put sinx =2 sin “OSS, and 


Oe, eee, 

cos X = cos” — —sin” ~ 

2 2 
dx 


a F sin (x/2) cos (x/2) +3 cos?(x/2)—3 sin? (x/2) 


Dividing N' and D‘, by cos” - we get 


F -| sec?(x/2)dx 
8 tan(x/2) + 3—3 tan?(x/2) 


2 sec?(x/2)dx 
FE +8 tan(x/2)—3 tan?(x/2) 


1 
Put tan==t , <sec? ~ dy = dt 
2 2 


| 2dt 
I= | ———_ 
3481-37 


Consider 3481-37 ale s! | 
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poe | dt 

2 
34 (43/3) °—(t-(4/3))° 
3) ae eae) 


~ 3[2° Vas? \ 78/3)-0-14/3)) J | 
~ l V43—44:30\ | 
Jaa 8 (aS) te Ans. 


dx 


Method (ID: T luate | ————____ 
etod Mt) @ evaluate oo 


Consider 4 sin x + 3 cos x=E (say) 


Let 4=rcosa and 3=rsina 


E=rsinxcosa+rcosx sina 


=rsin(x+q@), wherer = 4° +37 =5 


dx 1 
l= - = |-—cosec (x + @) 
rsin(x+a) r 


1 x+a 
= = log [tan ( )|+e 
= zlog|tan(= +5 tan!3)/+e A 
= g log |tan| 5 + 5 tan 7 c Ans. 


Observe that Method (ID) is simpler than Method (1), and less time consuming. 
Now, let us solve some problems of Type (c). 
dx 
1+2sinx+3cosx 


Example (1): Evaluate J = | 


Solution: Consider 1 + 2 sin x + 3 cos x 


: x 2% 
We write 1 = cos? 3 + sin? 3 


: . Xx x 

2sin = x4sin — -cos~, 
2 2 

9X 


2 


and 3.c0s.x = 3 cos? 3 sin 


dx 
ars Vecen +4 sin (x/2) - cos(x/2)—2 sin?(x/2) 


Dividing N' and D" by cos? sf we get 


= sec?(x/2)dx 
F +4 tan (x/2)—2 tan?(x/2) 


Put Gn a4 ee: 2X dx = dt 
u a 5 oe 9 ee aan 


7_ (2a dt 
4+44t-27 2+2t-7 


SPECIAL CASES OF INTEGRALS AND PROOF FOR STANDARD INTEGRALS 


Now consider, 


2+2t-P = —[P-2t+ 1-3] 


[(=1?=(v3)"| = [(v3)"-(-1] 


- dt ee ne V3+1-1 
. lars wa (a) 


1 ; (a) 
= (0) +e 
23 e J/3+1-t 


ol ie (3-1) + tan(x/2) 
2V3 z (V3 + 1)—tan(x/2) 


Example (2): Evaluate f ——1—— dx = I (say) 


cos a+ cos X 


For convenience, let us put cos a =a, 


ps dx 
a a+cos x 


. 9X 1 9X 

We write cos x = cos“ ——sin 3 
x x 

and a = acos’ 2 


+ a sin 


I -| dx 
(1 +a) cos?(x/2)—(1—a) sin?(x/2) 


Dividing N' and D' by cos? x, we get 


= sec?(x/2)dx 
‘ Pear cers 


1 D 
Put tan-==? .. 53sec? > dx = di so that sec? 5 dx = 2d1 


r= | 2d¢ — | dr 
(l+a)-(1-a)? = (1a) } ((1+4)/(1—a))-? 
2 | dt 
(1-4) } ((YT¥a)/(V1—a))-P 
1 /I-a if (a 
2Vira * \(VI+a)/(Vi-a-0 


2 
(Vi=a)" 
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om 1 fog (Vv1+a)/(V1—a+ t) ue) 
1—a? (V1+a)/(V1—a-2) 


1 is pean 
Viceosta: = | cot(e/2)—tan(x/2) 


ol és cot(a/2) + tan(x/2) te. ote 
aa Saal ens: 


1+cosacos x 
Example (3): Evaluate ] = | ————————_dx 
cos a + COS x 


Here, we write 1=sin? a + cos* a [Imp. step] 


sin’a + cos? a +cos @ cos x d 
= x 
cos a@+cos x 


sin? a + cos a(cos a + cos x) d 
= x 
COS @ + COS Xx 
7) 1 
= sin’ a | ——————_dx+ | cosadx 
cos a+ cos x 
2 1 
= sin’ a | ——————_dx + x cosa 
cos a+ cos x 


Note that we have already evaluated the first integral in the previous Example (2). 


1 a alee (Sasser) rene] * 


+(cosa)-x+c Ans. 


= sina log (<< a ee) 


cot(a/2)—tan(a/2) 


3b.3 SOME NEW INTEGRALS 


(i) Now we are in a position to consider for evaluation, the integrals of the form {((px + q)/ 
(ax? + bx +.c))dx. Here, the N’is a linear polynomial and D'is a quadratic polynomial. In 
this case, we express the numerator in the form [A((d/dx) of denominator) + B], where A 
and B are constants. In other words, we express 


| px+q a | 2ax +b age | dx 
ax? +bx+c ax? +bx+c ax? +bx+c 


1/2 

1/2 
@) fia [1+ cos a (20s? (a/2)-1) cos? a a 
Since a = cos a, we get scare s T=(1=2 sine) Sn cot 5 
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The first integral on the right-hand side is of the form [((f’(x))/(f(x)))dx = log | f(x)| + 
a= log|ax? +bx+ c| +c, and we know how to integrate the second integral. 


(ii) We can also evaluate the integrals of the form {((f(x)) /(ax? + bx + c))dx, where f(x) is 
a polynomial of degree 2.” 


In this case, we divide the numerator by denominator, separate out the quotient and reduce the 
remaining to the following form 


K| px+q 
ax? +bx+x 


1 


d K | —.———_d. 
ne ee ja ‘s 


ms 2 <¢ * . 
For example, {*+#++*+" dx = f |xt+1+ 2% | dx, which can be easily integrated, as 
J TX =35x+6 . 5x +6 y nles 


we know. 


Remark: In the integral of the form{((px + q)/(ax* + bx + x))dx, if the quadratic polyno- 
mial in the denominator (i.e., ax? + bx + c) has two distinct linear factors, then we can 
evaluate the integral by the method of partial fractions. For example, it can be shown that 


(x +7) /(x? + 8x + 15) = (2/(x+3))-(1/(x4 5))° 


3b.4 FOUR MORE STANDARD INTEGRALS 


5dx = log(x + Vx? 


2 1 
@ ln 


8 
Ts) 
wn" 
io’ 


1 
(ii) [pee = loo (x 1 V/ x2 @) Le 
x*-a 
eae 1 1 
(iil) \a=e sin ( ) LC 
; 1 1 x 
(iv) |\aser= sec! - LC 


Now, we shall prove the above standard integrals, using the method of substitution. 


(i) To prove that | = log [x + \/ x? 4 | tC 
x2 + a2 
dx 
Solution: Let _— =f 
Vxe2+a2 
Put x = atant “. dx =asec? tdt 


=| asec’ tdt =| sec? t 
Va? tan t+ a Vtan2 t+1 


“ We shall restrict ourselves to the cases where the denominator is a quadratic polynomial, irrespective of whether it has 
linear factors or not. 

©) The (two) terms on the right-hand side are called the partial fractions of the given rational function. In algebra book, 
methods are discussed for finding the partial fractions provided they exist. [We have already used the method of partial 
fractions (earlier in this chapter) for evaluating the integrals [(1/(x?—a?))dx and [(1/(a?—x?))dx.] 
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2 

t 

r= |= ar= [sec rar [-- tan* +1 = sec? Z| 
sect 


= log|tant+ sec ¢] +k 


x 
X=atant .. tant=—- and 
is x, Vx? +a Ge a 
8 a” a JVx2+a2 
sec t = ————— 
a 


24 ge 
= . | +4 log|x + Vx? + a7] -loga+k 


= log [x + Vx? +. a?] +c, where c is an arbitrary constant. 


{Here (-log a) and k both are absorbed in arbitrary constant c.] 
Thus, 


d 
| = oe [x + x24 | tc Ans. 


Vxr+a 


‘ dx 
(ii) To prove that \ Ss = log [x 


dx 


Solution: Let |= =I 
Fy eae) 


Put x = asect “. dx =asect-tant-dt 


I= > 


asec ttant 
| dt 
x 


Va sec? t—aq2 *-tan2x +1 = sec 


asec t- tant : 2y—1 = tan? 
-| at= | sec rar “.sec~x—1 = tan’x 
Va? tan? t 
I = log|sec t+ tan ¢] +c 
“"x=asect .. sect=(x/a)and 
aie (x/a) 
log Fe J/x2— G2 
a a tan ¢ = ———— 
a 


x+ Vx?—a? 
= log - tC 
= log [ Vx? @| logat+e 
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(Here again the constant “—log a” is absorbed in the arbitrary constant c.) 


Thus, 


dx 
Ss = log) x + V x2 | te Ans. 
fee 


Remark: The above result can also be obtained from the result (i) by replacing a by -a. 


a dx . x 
(iii) To prove that | = sin! LC 
K / 2 — x2 a 
. dx 
Solution: Let —— = / 
a/g2— x2 
Put x = asint “. dx=acostdt 
acos tdt acos t . 1x 
r= | === | dt for ttc=sin !—+c¢ 
@—a? sin’ t acost a 
dx ; x 
Thus, | = sin }— + 
“ / aq? — x2 a 


This result can also be obtained by using the substitution x =a-t. We get dx =a dt. 


| dx -| adt -| dt 
Va—x? Vae—a P V1—- 


1 


1* 


ee . 1% woes 
= sin t+c=sin bef vr = sin 
a 


[The reader may convince himself to note that the substitution x = a-tis not applicable in 
cases (i) and (ii).] 


1 1 x 
iv) J/= dx = -sec!= + ¢ 
ey) eer a a! 
Put x = asect “. dx =asect -tantdt 
asec t- tant 
[= | dt 
asec tVa2 sec? t—a? 
lf tane 1 1 "sect =x/a 
= dt = dt=-—-t+c 
aJ sec? t—1 a a t = sec”! (x/a) 


1 (xX 
= sec (=)+e 
a a 


© Note that, this formula is the more general form of the result [(1/(xVx?—1))dx = sec~! x +c, which follows from 
(d/dx)(sec™! x) = (1/xvx?—-1). 
Note that, this formula is the more general form of the result [(1/(xVx?—1))dx = sec! x + ¢, which follows from 


(d/dx)(sec™! x) = (1/xVx?-1). 
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Solved Examples 
Evaluate the following: 


Example (1): | dx = 
V5+4x—-x? 


Consider 5+4x—x? (x’—4x—S) 
= —[x?—2(2)x+4-9] 
= —[(x-2)?-37] = [B*—(-2)’] 


d —2 
l= | is = sin (5 ) tc Ans. 
22) 


Example (2): | 2 cos x dx 


V4—sin? x 


Put sinx =f “. cosxdx = dt 


2 dt dt 
=) are :) Qy-# 


; : 
= 2|sin~' 6) +c=2-sin7! (=) +c Ans. 


Example (3): J e =] 

Consider 2x—x* = —[x?—23] 
= —[x?-2x+ 1-1] = —[(x-1)?-(1)] 
= [(1)’-@-1)] 


Example (4): | vex Sealy 
We have, i | Jer eee | e* 
Vettes ep de 
| 2x oe e*+4e* 
- dx 9 08+ (4/e") 
iy 
er+4 _ (e?* + 4) /e* 


(It is clear how the numerator becomes free from square root.) 
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Now put e* = ¢ v. e*dx=dt 
dt 3 
i — = log |r Ve4 | be 
P+ (2) 
= logfe* + Ve* +4] +c Ans. 


Example (5): | sin x dx=l 
Vcos 2x 
Saw Note that 
We have, J = S« cos 2x = 2cos? x—1 
V2cos? x-1 = (V2cosx)*—1 


sin x 


a (/2cos x)?—1? 


dx 


Put V2cosx=t .. —V2sinxdx = dt 
1 dt 1 
I= — log|r+VP I]+e 
Alves Cl 
1 
I =- Felog|V2c0s.x+ V2.cos x1] +c 


1 
~ glos| v2 cosx+ Veos(2x)] +¢ Ans. 


dx 


Example (6): =! 
ple (6) V2x2+3x+4 


3 
Consider 2x*+3x+4= 2] a 


eaibier, 


dx 


I 
vi al V+ 3/4)?-W/23/2)? 


= Faire (s ) V+ G4)? vB/4"| +6 
A 


log} { x x? 2 400 te Ans. 
4 2 
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(Recall that after making the coefficient of x* unity, we express the quadratic expression as the 
sum or difference of two squares and then apply the required standard result.) 


Exercise (3) 


Evaluate the following integrals: 


(i) | cos x ay 
V1—A4sin? x 


Seren eer 
Ans. zsin (2sin x) +¢ 


{Hint: Put 2sin x = ¢, so that 2 cos x dx = df] 


(ii) | La 
Vv 2ax—x2 


x6 + 2x3 +2 
1 
Ans log|(x* +1) + Vx + 2x34 2] be 
; ca 4 
(iv) Tee x 
3 
Ans. =sin Lhe 
Solved Examples 
E le (7) | : d 
xample ——— dx = 
P xV3x2—2 
| 1 geal (a) 
v3 xy)? ( 2/3)? v3 2/3 
1 _1 (V3x 
= sec +c Ans 
(YA) 
Example (8) | : dx [Imp.] 
Pp. Gatco Pp 
1 
Let J= | dx 
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Here, if we put x” = 1, we get 2x dx = df. But 2x is not there in the N". Therefore, we multiply N" 
and D' by 2x and get. 


1 2x 
'=3| 2 ao 


Now putx? =f .. 2x dx=dt 


Exercise (4) 


Evaluate the following integrals: 


dx 
@) le V16x2—9 


(Hint: Put x = sec ¢] 


1 
(c) |" 
x3-Vx?-1 


1Vx2-1 
be 


2 x 


Ans : sec !x 4 
. 2 T 


Now we shall consider integrals of the type [ (px + q)/Vax* + bx + c)dx. 
Method: We find two constants A and B, such that 


px+q =A 


d 
qx tox te) +B 
x 


ie., px+q = A(2ax+b)+B 


Now, by equating coefficients of x and the constants on both sides, we find the values of A and B. 
We then express the given integral as follows: 


| PREG av=a| ims dv+B| : dx 
Vax-+bx+e Vax? +bx+e Vax-+bx+e 
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The first integral on the right-hand side is of the form{(f'(x)/./f(x))dx, which is easily 
integrated by putting f(x) =t, so that f(x) dx = dz, and we get 


"(x 1 / eal te 
[Fae |rcor Pp (ajax = 2 at ip + C Vit +c 
24 by4 {| 


and the second can be evaluated by expressing (ax?+bx+c) = alx b A 
as a sum or difference of twoas a sum or difference of two squares and applying the relevant 
standard formula applicable. 


Illustrative Examples 


4x+1 
Example (9): Evaluate —=-« = sa 
P x24+3x+2 (say) 
d 
Solution: Let 4x +1=A e (x? +3x4 2) +B 
Then 4x+1=A(2x+3)+B (4) 
= 2Ax + (3A +B) 


Equating the coefficients of x on both the sides of (4), we get 
2A=4 .. A=2 
Again, equating the constant terms on both sides of (4), we have 
3A+B=1 or 6+B=1 
B=-5 
Substituting the values of A and B in (4), we get 
(4x +1) = 2(2x+3)—5 


| 4x+1 54x =2| 2x +3 Ag 5| dx 
x 


243x Vx2+3x+2 Vx2+3x+2 
d/dx)(x? 2 2 
Now, 4=2{! ees, Vis | aos x 
x2 + 3x Vx2-+3x+2 
Put. 3° 439x427 ¢)° Getidead 
dt p/2 
I =2|—=2]e'? dt = 2} -— 
1 Ee | 1/2 +c 
= t/t+c 


= 4Vx*4+3x4+24+¢ 


Now, consider x°+3x+2 
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ay dx 
G35 ra 
? Perce: le (3/2))°—(1/2)" 


=suel (+5) 3) -G) ] +0 


3 
= Stog].x4 57 mares) + C2 


3 
T = 4Vx?+3x+2 Stog|x+ 54 Beata] +6 Ans. 


che ge 
Note that (x+ 5) -(3) =x 43x42]. 
2. 
Example (10): Evaluate | cad dx =1 (say) 
2x? +2x +5 


d 
Solution: Let2x+5 = a (2x? + 2x4 5) +B 


dx 
= A(4x+2)+B 
= 4Ax + (2A +B) 
4A=2 -, A='4 
and 2A+B=5 ., 2(1/2)+B=5 .. B=4 
[CBee a. 
V2x2 +2x+5 


1 4x+2 dx 
dx+4 
2) V2x2+2x+5 2x2 +2x+5 


Consider J; Put 2x?+2x+5=f wo. (4x 4+ 2) dx = dt 


lfde 1 1fe/2 
,==\|)—== cats — aie 
; er >| stra os 


i Is log [x4 PLe] +e 
and ( ale a)+\/(xtay (8) +e 
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‘| dx _ 4 dx 
V2) (xt (1/2)) + (3/2)? V2 ¥29 xt (1/2))? + (3/2) 


1 5 
~ 2V3ie|( ;) byfx2+x4 ; + C2 


1 
I = VETTES aoe [+3 xetx4 


h= 


Note that (x + (1/2))? + (3/2)? = x2 +x+(5/2) (and not 2x?+4+2x+5). 
Now we give below some integrals which can be expressed in the following form 


J (px + q)/ Vax? + bx + cdx. 


Example (11): Evaluate | dx = (say) 


‘ x+1 xXx+1 x 1”) 
Consider = : 
x+3 x+3 x41 
x+1 : x+1 
JV(xt3)(x+ 1) Vx? 44x43 


r= | x+1 ax=>| 2x+2 ae 


Vx? +4x43 2) Vx? +4x +3 
But : (x°+4x+3) =2x+4 

dx 

1 4+4)— 
l= |S 4)—2 fs 

2) Vx? +4x43 
1 2x+4 2 

= dx dx 
2 Vx2+4x+3 Vx?+4x+4-1 

_ | 2x+4 aa: | dx 
2) Vx2 44x43 (x-+2)2—(1)? 
1 

=5(2 x? +4x-+3) log |(x+2) 4 44x43] + 


© The basis behind the method is to release the numerator from the square-root sign. 
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Example (12): Evaluate | \ feeD Ayes (say) 
ax 
Consider Var ine 
a+x ee x. a-x 


= = 


I =| aia ax = | : dx +4 | ee dx 
[gla Soap” SD eg @aay? 
1 
= gusint 5 2Ve w+ 
a 
= jie +Va—x2+c¢ Ans. 
a 


Now evaluate the following integrals: 


. /x—2 
(i) | = 


Ans. vVx?—2x—log (x 1+ Vx? 2x.) a 


(ii) | / ax 


Ans. \/x2—12x + 35+ log [i 6) + /x2—12x4 35] be 


Observation: Evaluation of an integral of the type [((px + ¢)/(Wax* + bx + c))dx, is more 
time consuming. 


Note: With regards to the integrals of the functions Vx? + a?,v/x2—a?, and V‘a2— x? [of Batch 
(II1)], we can use the method of substitution, but as mentioned earlier, there is a simpler method 
(known as integration by parts introduced in Chapter 4b). We shall obtain the integrals of these 
functions, by both the methods in Chapter 4b. 


4a Integration by Parts 


4a.1 INTRODUCTION 


As yet, we have no technique for evaluating integrals like [ x cos x dx, which involve products of 
two functions. In this chapter, we give a method of integration that is useful in integrating certain 
products of two functions. 

We give below some more examples of the integrals (involving products of functions) to give 
an idea of the type of functions that we propose to handle in this chapter. 


> e* dx, fx cos x dx, | sin’! x dx, {cos x dx, [toe x dx, 
| (log x) dx, | sec’ x dx, | (sin7! x) dx, [sing dx, etc. 


The technique that we are going to discuss is one of the most widely used techniques of 
integration, known as Integration by Parts. It is obtained from the formula for derivative of the 
product of two functions just as the sum rule of integration is derived from the sum rule for 
differentiation. In fact, the operations of differentiation and antidifferentiation are closely 
related. Hence, it is natural that certain rules of integral Calculus follow from their counterparts 
in differential Calculus. 

A most surprising and interesting fact comes to light when we study (the first and the 
second) fundamental theorems of Calculus, to be introduced later in Chapter 6a. The concept 
of the Definite Integral (discussed later in Chapter 5) clearly tells that in the development of 
the idea of the definite integral, the concept of derivatives does not come into play. On the 
other hand, the fundamental theorems of Calculus prove that computation of Definite 
Integral(s) can be done very easily using antiderivative(s). [The method of computing 
definite integrals is otherwise a very complicated process and it cannot be applied to many 
functions. ] It is for this reason that the term ‘integral’, (picked up from the definite integral) is 
also used to stand for antiderivative. Accordingly, the process of computing both antide- 
rivative(s) and definite integral(s) is called integration. 


4a-Method of integration by parts (When the integrand is in the form of product of two functions) 
“© Generally, such integrals arise in practical applications of integration, namely computation of areas, volumes, and other 
quantities, using the concept of definite integral. 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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4a.2 OBTAINING THE RULE FOR INTEGRATION BY PARTS 


Let uw and v be functions of x possessing continuous derivatives. Then, we have 


d di 
uy [uw ” dx |r "dx (2) 
dx dx 
or by rearranging, we get 
dv du 
peal ap or, 3(A 
[ue Fede maw [vy Sax (3(A)) 


fucay=uey— [yay (3(B)) 


For computational purposes, a more convenient way of writing this formula is obtained, if we 
put, w=f(x) and v= g(x). Then, du=f’(x)dx and dv= g/(x)dx. [These relations may also 
be visualized in (3(A)), in view of the definition of differential(s) discussed in Chapter 16 
of Part I.] 

Using the above expressions for u, v, du, and dv, we can write equation (3(B)) in the form 


| £69)-#(6)-€x=F2)-a(2) - [elo -F'@) ax (3(C))® 


The formula (3(C)) expresses the integral [ f(x) - g/(x)-dx [=f u- dv] in terms of another 
integral [ g(x) -f’(x) -dx [=f v- du]. 


4a.2.1_ Important Notes for Proper Choice of First and Second Functions Needed for 
Applying the Rule of Integration by Parts 


Now, suppose we wish to evaluate { h(x) «dx, but cannot readily do so. If h(x) can be rewritten 
as the product of f(x) - g/(x), then (3(C)) tells us that, 


fits) -dx = | £00) -2'@x)-av 
(4) 
= f(s) -9(s) = [eas ejaw 


In addition, if f g(x) -f’(x) - dx can be readily evaluated, then { h(x) - dx can be evaluated by 
means of (4). 

It is useful to state the formula (3(C)) in words. For this purpose, we shall call the function 
Sx) as the first function and the function g’(x)dx as the second function. 


© The formula (3(C)) is the most convenient statement of the rule for our purpose. It defines the intergral of the product of 
two functions namely f(x) and g’(x). Note that the function g(x) [on the right-hand side of (3(C))] stands for f g/(x) - dx and 
it occurs twice. 
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Then, the rule defined by equation (3(C)) can be remembered in words, as follows: 


(Integral of the product of two functions) = (first function) x (integral of the 


second function) — [tccerivaive of first function) x (integral of the second 


function)]dx™ 


The important point to note is to select from the product f(x)-g’(x) [in the integrand 
h(x), the first and the second function, and the correct substitutions for the functions f(x) 
and g(x) dx. 

The selection of the functions has to be such that the integral { g(x) -f’(x)dx appearing 
on the right-hand side is no more difficult and preferably less difficult to integrate then the 
integral [ f(x) - g(x) - dx. 

The above discussion suggests that f(x) should be a function that is easy to differentiate 
and g’(x)dx should be chosen so that g(x) can be readily found by integration [or g(x) may be 
some standard integral, available in the table]. The method will be clearer once we see how it 
works in specific examples. 


Note (1): The method of integration by parts, is applicable only if one of the two functions in 
the given integral { h(x) - dx [=[ f(x) - g’(x) - dx] can be easily integrated. In fact, our ability 
to select such a function (i.e., the second function) correctly, will depend upon the integrand, 
and our experience. [This is so because in some problems, both the functions may be easily 
integrable whereas, in some others there may be only one function, and not a product of two]. 
These situations will become clearer shortly, as we proceed to solve problems. First, we list 
the standard indefinite integration formulas that will be needed frequently. 


Standard Indefinite Integration Formulas 


1. fk-dx=kx+c 

2. fx-dx=5xr+e 

3. Jotdx=*5 Fe, on 1,n€R 

4. fe'dx=e*+ce 

5. fatdx= oe +e (a>0) [- fa*-log.adx=a*+e (a>0)] 

6. f sinxdx =—cosx+c Chapter 1) 

7. fcosxdx =sinx+c Chapter 1) 

8. ftan x dx = log, |sec x| + c = log|sec x| + ¢ Chapter 3a) 

9. {cot xdx = log,|sec x| + ¢ = log|sec x| + c Chapter 3a) 
10. {sec x dx = log,|sec x + tan x| + c = log|tan($+4)| +c Chapter 3a) 
11. fcosec x dx = log,|cosec x — cot x| + ¢ = log|(tan¥)| + ¢ Chapter 3a) 
12. f sec? xdx =tanx +c Chapter 1) 


©) This method of evaluating h(x), by “splitting” the integrand h(x) into two parts f(x) and g’ (x), is known as “integration 
by parts”. 

“ Remember that in the formula (3(C)), selection of the second function g’(x) is very important since its integral [i-e., g 
(x)] appears twice on the right-hand side of the formula. 
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13. 
14. 
15. 


16. 
17. 
18. 


19. 
20. 


21. 
22. 
23. 
24. 
25. 
26. 


27. 


Now, we give some important notes and supporting illustrative examples. 


INTEGRATION BY PARTS 


J cosec” x dx = —cot x + ¢ 
fsecx-tanxdx = secx+c 

J cosec x- cot x dx = —cosec x + ¢ 

f =sin!x+c or —cos!x+c 

. V1—x2 

{pes =tanx+e or -cot!xt+e 

J 14x2 

dx. = -1 -1 
Javea = See XC «Or ~=——cosec x+c) 


Saipdx =ttan!(2) +c, (a0) 


J ae dx = 24 log Ge) re, xX<a 


= Hlog| | +c¢ 


: 1x 
Jee = sin *+c, (a>0) 


1) 
T= J Jade = je *+c¢, (a>0) 


SSS = log [x +0] +¢ 


J pBq = log] x x2 a] te, (x>a>0) 


J vx 4+ @ dx =4Vx? + a? 


J vx? - @ dx =4Vx? — a? $ log |x x? | Le 


2 eee 
fva@ —x? dx =fVa — x? +4 sin Ix1¢ 
F 2 2 a 


Chapter 1 
(Chapter 1 
Chapter 1 


) 
) 
) 
) 


Chapter 1 


Chapter 1) 
(Chapter 1) 


Chapter 3b) 


Chapter 3b) 


Chapter 3b) 
Chapter 3b) 
Chapter 3b) 
Chapter 3b) 
Chapter 4b) 


Chapter 4b) 


Chapter 4b) 


Note (2): Of the two functions in the integrand, if one function is a power function (i.e., x, x, 
x°,...) and the other function is easy to integrate, then we choose the other one as the second 
function. If power function is chosen as second function, then its index will keep on increasing 
when the rule of integration by parts is applied. As a result, the resulting integral so obtained 
will be more difficult to evaluate, than the given integral. 


Example (1): Evaluate J = f e* - x* dx 


Solution: Observe that the above integral cannot be solved by any of our previous 
methods. Further, the integrals of both the functions (i.e., x* and e*) are equally easy. 
However, since x? is a power function, in view of the Note (2) above, we choose e” as the 
second function. 
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Integrating by parts, we get 
T=x°-e - [2x -e%ax 


ferdx =e* 
= et —2]x-etay d 
(x) =1 


ack 


= x*-e* 2] re [t-e* a 


=x°-e*—-2xe*+2e% +c Ans. 


Now let us see what happens if we choose x°as the second function. 


3 
|x dx = 5 
Consider [= le) - (x?) dx, r 
—dx=e* 
dx 
Integrating by parts, we get 
3 3 
IT=e = fe —dx 
3 
1 1 
I= zo" — 5 le x? dx 


Observe that the resulting integral on right-hand side is more complicated than the given 
integral. This is due to our wrong choice of the second function. 


Example (2): Evaluate J = f x sec? x dx 


d 


qi =! 


Solution: 
aco = | x-sec? xdx 


sec? x dx = tan x 


Integrating by parts, we get 


I = x-tanx— [(1) tan xed = x-tan.x — ftan xd 


= x-tan x — log(sec x) + ¢ Ans. 


Example (3): Evaluate { x* e* dx 


Solution: Let J = fx? -e* dx 
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Integrating by parts, we get 


T=x3e* — [3 x7e* dx = x et — 3|xe dx 


= x3e*% —3 | “er 2|xe as| 


= x8e* — 3x°e* + 6 E e fave ax| 


e* — 3x2e* + 6xe* —6e* +¢ 


= e*[x3 — 3x? + 6x — 6] +e Ans. 


Note (3): In many cases, the formula for integrating by parts has to be applied more than 
once. Of course, the given integral is reduced to a simpler form but the new integral is such 
that it has to be evaluated by applying the rule repeatedly. Remember, that the rule of 
integration by parts will be useful only when the resulting integral (after applying the rule) is 
simpler than the integral being evaluated. This suggests that we make a proper choice of the 
second function every time. A wrong choice of the second function will complicate the 
situation [see Example (1)]. 


Example (4): Evaluate J = f x* cos x dx 


Solution: Observe that 


(i) The given integral cannot be evaluated by any of our previous methods. 


(ii) The integrals of both the parts (i.e., x” and cos x) are equally simple. But we should not 
choose x” as a second function. (Why?) 


Therefore, we choose 


x as first function, and 


cos x as second function. 


cos x dx = sinx 
Now, integrating by parts, we get 


I =x*-sinx — {(2xy¢sin x) dx 


d 


qn =! 


= x? sin x—2[xsin xdy 


| sin x dx = —cos x 
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Again, integrating by parts, the resulting integral, we get 


I = x2-sinx 2] x-( cos x) fa cos x) 


= x°-sinx + 2x cos x — 200s xax 


= x?-sinx + 2xcos x —2(sinx) +c 


= x* sinx + 2xcosx—2sinx+c Ans. 


Example (5): Evaluate J = { x? e~>* dx 


d 5 

ax” = 2x 
Solution: 7 — | x7e?* dx oy 

fe dx = = 


Integrating by parts, we get 


—2x —2x 1 : 
r= 2 =) [a ( S ) av see [xe ax 


Now consider 


d 
ova | 
xe >* dx ae 
—2x d eo 
e dx = 
—2 
Integrating by parts, we get 
—2x —2x 
frees dx =x a {i : dx 
—2 —2 
1 1 
=a ek +5|e> dx 
1 1 1 2 
I= se e 5% e ra LC Ans 
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Note (4): To evaluate integrals like { x-tan~! x dx, { x? log x dx, wherein the integrals of 
tan 'x and log x, and so on, are not known, and the other function is a power function, then 
we choose the power function as the second function. This choice (of the second function) 
helps in evaluating such integrals, which otherwise cannot be evaluated by any other 


method. 
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Example (6): Evaluate J = { x log x dx 


Solution: Observe that 


(i) The given integral cannot be evaluated by any of our previous methods. 


(ii) The integral of the function x is known (i.e., = x7/2) but integral of the other part, that is, 
log x is not known. Hence, we choose 


log x as first function, and 


x as second function. 


T= [tog x) - (x) dx 


Now, integrating by parts, we get 


x? 1 x? x 1 
I = (log x)- 5 “zax= log x 5 x dx 


2 2 2 2 
1 
ae log x s tC & log x a tC Ans. 
2 2\2 2 


Example (7): Evaluate J = f x? sin7! x dx 


Solution: Observe that 


(i) The given integral cannot be evaluated by any of our previous methods. 


(ii) The integral of the function sin™! x is not known but integral of the other function x” is 
known (i.e., = x°/3). Hence, we choose, 


sin~! x as first function, and 


x” as second function. 


©) For applying the rule of Integration by Parts it is useful to remember the rule in words. It adds to our further convenience 
if we write down d/dx of first function and the integral of the second function. This will be clearer when we solve problems. 


OBTAINING THE RULE FOR INTEGRATION BY PARTS 105 


Now, integrating by parts, we get 


I =(sin7! )-(5) laa G)« 


Putl- =f 


4 | xx ee oe ee 2 
=—-sin — = |———=dx 
3 3J V1 — x? v. 2xdx = —2tdt 
xdx = —tdt 
2 1((—?f) (-tdt : 
=> sin! x ;| a ie ssin x4 [(1 = Pyar 
3 1 Pp 
=F si x43 (1-5) +6 where t = (1 — x”)! 
1 1 
=~ .sin-! x 1 — x? (l—x)? +e Ans. 
3 3 9 


Solution: J] = [> tan7! x dx 


T= [can x)(x) dx 


Integrating by parts, we get 


x lf x er (1+x?)-1 

=—tan “x dx tan” x 
2) 1+ x? 2 2 1+ x2 

ue ain d 
= an x 5 Eee x 
moe ~ | tan“!x] + 

5 an x 5 x—tan x} +c 

2 

1 

= tan x o + —tan!x+¢ Ans 

2; 2 2 


Note (5): To evaluate the integrals [log x dx, f sin”! x dx, J tan! x dx, and so on, whose 
integrals are not known as standard results and that cannot be evaluated by any other 
method, we choose “1” (unity) as the second function. [Also, there are functions 
Vx? + a, Vx? — a2, and Va? — x?, which are easily integrated by parts, taking “1” as the 
second function, but we will not be considering these functions in this chapter. Integrals of 


106 INTEGRATION BY PARTS 


these functions are discussed in Chapter 4b, by two methods: by parts and by trigonometric 
substitutions]. 


Example (9): Evaluate f sin”! x dx 
Solution: 
Method (ID: 


Let J= fsin-' x dx 


1 
- 1 
— (sin x) = ———— 
(sin x) = Fs 
[= [(in- x) (1)dx 
[tax=x 
Integrating by parts, we get 
1 
I = (sin7! x) (x — | 
eS | =e 
x 
Consider |S 
V1 — x? 
Put 1-» =? v. —2xdx = 2rdt v. xdx=-—tdt 


| x dx |= | di ; nee 

Vv1— x? t 
T=x-sin'!' x+V1—x2 +c Ans. 

Method (ID): f sin"'xdx = (say) 


Put sin'x=¢ |. x=sint and dx=costdt 
d 
—(t)=1 
1 = [t-cos ar di 


Jcos tdt = sint 


— 
lI 


resin |(1)-sinedr= sins (—cos t) +¢ 


t-sint+cost= (sin~'x)x + V1 —x+¢ 
=xsin!x+V1l—x+¢ Ans. 


Example (10): Evaluate flog x dx 


Solution: Oe as flog Rae 


= flog x. (1)dx 
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On integrating by parts, we get 


I = (log x) - (x) — {(4) 9a = x-togs= fas 


x 


=x-logx—x+c Ans. 


Example (11): Evaluate f tan~! x dx 
Solution: 


Method (I): Let J = ftan~!x dx = f (tan™!x)(1)dx 
Integrating by parts, we get 


d 
I = (tan! x)(x) — |= (tan~!x) -(x)dx = x-tan7!x — |e 
. x 
Consider | dx 
14+ x2 
1 
Put 14+2x2=f «. 2xdx=dt «. xdx= 5a 


Bee A SM sy 
foe Oe eee 


=logVit+c=logV1+x2+¢ 
I=x-tan7! x —logV1+ 2x2 +¢ Ans. 


Method (ID): ftan"! xdx=J (say) 


Put tantx=?f |, tant=x 
1 
Tete = a v. dx = (1+ x7) dt = (1+ tan?s)dt 


I= [i (1 + tan?)dt = fra + sect — 1)dt = [t-sectrar 


Integrating by parts, we get 


d 

—(t)=1 

a) 

J sec?tdt = tan t 


= tetan — [(1) tan fdr = t-tan ¢— tog (see t) + ¢ 


= (tan7!x)- x —log(V1 + x7) +¢ 
xtan~'x —log(V1+x?)+c¢ — Ans. 


Note (6): Sometimes a simple substitution reduces the given integral into a form that can be 
easily integrated by parts. 
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Example (12): Evaluate { (sin! x)"dx =I (say) 


Solution: 


sin''x=t <. x=sint .~. dx=cosfdt 


£(e) 21 
I= [e -cos tdt 


cos tdt = sin t 
=f -sint— [2nsin tdt 


Consider {2 sin tdt 
d 
—(t)=1 
= 2[r- sint dt FP ) 
J sint dt = —cos t 


=2|s-¢ cos f) fan cos a 


= —2tcost + 2|c0s tdt 


= —2tcost+2sint+c 


T=? -sint + 2tcost — 2 sint +c 
= (sin~!x)”- x + 2sin'x( VI — x?) —2x+e 


oo (sin-!x)” + 2V1 — x2 sin-!x —2x+¢ Ans. 


VI-x 
Example (13): Evaluate f{sin/xdx =I (say) 
Solution: Put x= °. dx=2tdt ». Vx=t 


I= [isin t)(2tdt) = 2[0- as ae 
= 2] cos ft) fan cos par] “(0 =| 


Jf sin t dt = —cos t 


= —2tcost+ 2|c0s tdt = —2tcost + 2 sint+c 


= —2,/xcos/x+2sin/x+c Ans. 


OBTAINING THE RULE FOR INTEGRATION BY PARTS 
Example (14): Evaluate ftan~'\/xdx =I (say) 


Solution: Put x=? ©. dx=2tdt «. Vx=t 


T= [(can-'9)(2 dt) = 2{ tan" (nat 


-1 
—(tan7'1) = 
Sate ohe ee Tae 
1=2\ (tan 14 t 
(an (5) lisa) 5 | Pr 
tdt = — 
frar= 4 
14-1 
=P tants | ar =P tant — [>TO t 
1+2 142 


1 
= f-tan!t fou [pds Pon rant +e 


=(? +1)tan't—t+e=(x41)tan!Yx-J/x+cec — Ans. 


Miscellaneous Solved Examples 


Example (15): Evaluate f x?tan!(x?)dx 
Solution: J = f{ x?tan7!(x?)dx 


Put x =f |. 3x? dx=dt 


1 
l= [tan-"(x°) dx = 5 | tantra 
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Now, in order to integrate tan7! t, we take “1” as the second function, and proceed as 


follows: 


I= 5| (tan7'1) (1)d¢ 


Integrating by parts, we get 


1 1 
Now, consider = | —~dt 
3J1+f 
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1 
Put 14+? =u ., 2tdt=du «, tdt = 5 du 
| — 1 (a L, i Gaeys 
ogu c=-710 g 
(tap Gla 6 ae 


1 1 
I= 3t-tan”'r— = log(1 +P) +c wheret=x° 


1 
I ==x° -tan7!(x°) ~ glos(l +x°) +e Ans. 


Example (16): Evaluate fe" - sin 2x dx 


Solution: Let /= [em -sin 2x dx 


= 2]e™ - sin x- cos x dx 


Put sinx=t .. cosxdx=dt 
p= 2fel-rdr=2freta 
=2|r-e'— [(rjeray = 2t-e' —2e'+¢ 
= 2sin x-e%™* — Qe 4 ¢ = 2e™(sin x — 1) + Ans. 


Example (17): Evaluate Feet =I (say) 
1+ sinx 


x 1—sinx 


Solution: Consider — = : : ; 
l+sinx 1l1+sinx 1-—sinx 


X—xsinx x—xsinx 


1 — sin?x cos?x 


= xsec?x — x sec x- tan x 


l= [sect dx — [x sec x- tan x dx 


d 


Consider J, = |» sec? x dx dx 


J sec?x dx = tan x 


(x) =1 


= x-tanx— ftanxdx 


= x-tan x — log(sec x) + c 
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Now consider J = [> sec x- tan x dx 


Ib = x- sec x — [(a) -see.xax, [free xtan vax = sec x 


= x-sec x — log(sec x + tan x) + co 
[2h eG 


[x- tan x — log(sec x)] — [x- sec x — log(sec x + tan x)] + ¢ 


= x(tan x — sec x) + log(sec x + tan x) — log(sec x) +c¢ 


sec x + tan ae 


) 
= x(tan x — sec x) log| 
) 


= x(tan x — sec x 


Example (18): Evaluate { (log x)” dx 
Solution: 


Method (ID: 


Let | (tog x) dx =1= | (og x)* + (1)dx 


1 
Put logx=t “. —dx=dt 
x 
x=el o dx=x-dt=e'dt 
= [Pear= Pee ~ [aretar= Pe! -2]r-e— feta 


=? -e! —2te! + 2e' +c = (log x)” - (x) — 2log x(x) +2x +c 
= x(log x)’ — 2x logx+2x+c¢ Ans. 


Method (ID: 
d 1 
(log x)” = 2 log x- = 


I= | (log x)? - (1)dx dx 
! i 
ee 


log x. 


= (log x)? 
= x(log x) ~2[log xdx = x(log x)’ — 2 Joos x): (1) 
2 1 
= x(log x)” — 2|log x(x) — | — - xdx 
x 


= x(log x)? — 2x log x + 2fas 


= x(log x)” — 2x logx +2x+¢ Ans. 
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Example (19): Evaluate f x? e* dx 
Solution: Let 7 = [x e*' dx = fx: e* -xdx 


Put =f «. 2xdx=dt 


1 1 
T= [eer pul = 5 [r-e'ar 
2 2 


=5|re'—fay-e'ay =5lt-e'—el] +e 


1 
= [x?-e* | Le Ans. 


Remark: We should not forget about basic integration forms. For example, to evaluate the 
integral [x e* dx, the method of integration by parts is not needed. (Why). 


Example (20): Evaluate [ x" logxdx =I (say) 


(log x) =~ 
Solution: J = { (log x) (x")dx oid 
fe = n+1 
xn il ntl 
r= (logs) - [2 Bs 


n+l 1 
eal -log x — x" dx 
1 1 


n-4 n+ 
xrtl 1 xt! 

= -log x - —— - ——_ +c 
n+1 n- n+1 
xn xn 

= -logx LC Ans. 
ntt 8" Gea. 


Example (21): Evaluate J 2x sin 4x-cos- 2x dx 


Solution: Let / = fox sin 4x - cos 2x dx 
1, : 
= |2x- 5 [sin 6x + sin2x]dx 
= [x sin 6x dx + [x sin 2x dx 


Now, we can apply the method of Integration by Parts to each integral on right-hand side. 


‘) Check if this integral can be evaluated by simple substitution. 
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Remark: If the integrand were 2x-sin 2x-cos 2x, then it could be written as x[2 sin 2x- 
cos 2x] = x-sin 4x, which can be easily integrated by parts. 
Example (22): Evaluate { xcos?xdx =I (say) 


Here again we must use trigonometric identities to convert the integrand into some convenient 
form. 


We have cos 2x =2 cos’x— 1 


1 2, 1 2; 2 
2 Heos2x | = [s| + cos ‘ex=4 


1 
cos’ x = 5) 5 | sos 2x dx 


Note (7): Integrals like { sin! x - log x dx (where in both the functions cannot be integrated 
easily) cannot be evaluated by the method of integration by parts. 


4a.3 HELPFUL PICTURES CONNECTING INVERSE TRIGONOMETRIC 
FUNCTIONS WITH ORDINARY TRIGONOMETRIC FUNCTIONS 


In practice, inverse trigonometric functions are often combined with ordinary functions. 
Trigonometric substitutions, if successful, help in converting a troublesome integral in x 
to a simpler integral in t. However, the problem of translating back to an expression in x 
always remains. Such difficulties are easily overcome by drawing a suitable triangle 
based on the equation like x= sin ¢. In this case we can write sint=(x/1), and draw the 
required picture as done above. Similarly, the following pictures will be useful in other 
situations. 


Trigonometric substitutions: pictorial aids 


& Va2 + x2 4s ——_ 
vA cA - 
a a 


Va — x2 


x=asint x=atant x=asect 


Note (8): In Chapter 4b, we shall evaluate a class of integrals (involving a product of two 
functions) in which the given integral repeats itself on right-hand side. A repetition is also 
observed in the following example. 
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Example (23): Evaluate f sec? x dx 
Solution: Let J = f{ sec? x dx 


d 
— (sec x) = sec x tan x 


I= [sec x- sec? x dx dx 


sec?x dx = tan x 


d 
I =secx: [sects dx — lle (sec x) - ([sce*s ax) | dx 
x 


= sec x- tan x — [ (sve x tan x) - tan xdx 
= sec X- tan x — [sec x-tan?x dx = sec x- tan x — [sec x(sec?x — 1)dx 


= sec x- tan x — [see's dx + [sce xdx 


= sec x-tanx — J + log(sec x + tan x) 


21 = sec x- tan x + log(sec x + tan x) 


1 1 
ES 7 sec x: tan x +> log(sec x + tanx)+c Ans. 


Example (24): Evaluate [ x? a* dx 


d 

Ae (x?) = 2x 
Solution: Let J = { x? a* dx 7 - 

fa dx = 

loga 
Integrating by parts, we get 
, a“ | ae x2 aX y) | P 
Il=x x x xa’ dx 
loga loga loga loga 


2 4X 2 xX x 
_ xa ee fa) 5 a 
loga loga loga loga 


av 2x-a* 2 ¥ 

— 7 x |a dx 
loga (loga)’  (loga) 

2 xa 2x-a* 2 ax 
loga (loga)’ (loga)” [log a | 
x2aX 2x a* 2a* 

LC Ans 
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4a.4 RULE FOR PROPER CHOICE OF FIRST FUNCTION 


We know that the method of Integration By Parts is necessary when the integrand consists of 
a product of two different types of functions. If the integrand cannot be reduced to standard 
form by using method of substitution, trigonometric identities, or by algebraic/trigonometric 
simplification methods, then the simplest approach for integrating such a function is to 
select the second function (as discussed all throughout the chapter) and apply the method 
of integration by parts. 

However, there is another way for selecting the first and second function, which some authors 
suggest to be convenient for the students. If we denote Logarithmic, Inverse trigonometric, 
Algebraic, Trigonometric, and Exponential functions by their first alphabet respectively, then the 
first function is selected according to the letters of the group LIATE. 


Exercise 


Evaluate the following integrals: 


() Jew dx 


Ans. 2ev*[/x — I]+e 


(2) | cos x - log(sin x)dx 


Ans. sin x[log(sin x) — 1] +c 


(3) Fearne 
1+ cos 2x 


1 
Ans. 5 [x tan x — log(sec x)] + ¢ 


(4) | Xx sin x cos 2x dx 


A 1 cos 3x _ sin 3x ; 
ns. 5 x( cos x 3 b> sinx| +c 


(5) | xsin?xdx 


A xcos3x sin3x 3xcosx : oie 
ns. DD 36 rm +—sinx +c 


(6) | log(x? + 1)dx 


Ans. xlog(x? +1) —2x+2tan!x+ce 
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(7) [*e*ax 


x2 
l 1 
Ans. — ees 
x x 


(8) {cos xdx 
Ans. xcos-!x—V1—x2 +c 
(9) | cosy ax 
Ans. 2[/x siny/x + cos Vx] +¢ 
(10) | x?sinxax 
Ans. —x? cosx +2xsinx+2cosx+c 
(1) | xsinxcos dx 
Ans. 1/4[—x cos 2x” + (1/2)sin 2x] + c 
(12) fv tan7! x3 dx 


Ans. (x*/3)tan7! x? — (1/6)log(1 + x°) +c 


4b Further Integration by Parts: 
Where the Given Integral 
Reappears on the Right-Hand Side 


4b.1 INTRODUCTION 


There are certain integrals, which are slightly special in the sense that they reappear on 
the right-hand side (along with other terms) when the formula of Jntegration by Parts is 
applied. Some such examples are as follows: {e“* sinbx dx, fe cos bx, fa* sin bx dx, 
Ja® cos bx dx, [ Vx? + a? dx, f Vx? — a? dx, J Va — x? dx, and many more. 

For the purpose of applying the formula of Integration by Parts, these functions are similar to 
those considered in the previous Chapter 4a. 


Note: For evaluating [ e*” sin bx dx or { e*” cos bx dx (by parts), observe that, the functions e“* 


and sin bx (or cos bx) both, can be easily integrated, and so any of them can be chosen as the 
second function. However, experience suggests that the computation becomes somewhat simpler, 
if the trigonometric function [i.e., sin bx or cos bx] in the integrand, is chosen as the second 
function. This suggestion proves to be more useful when the numbers “a” and “b” appear as they 
are, and not given particular integral values. Now consider the following solved examples. 


Illustrative Examples 


Example (1): Evaluate [ e>* -cos 2x dx 


oh ay = 4 ex 
ion: = Parx, dx 
Solution: Let J = { e** - cos 2x dx, sin 2x 
fcos 2x dx = 


[= e. Se [30 sin 2x 4. 
2 2 


Hips 3 2. 
= se sin 2x —5 fe sin 2x ax { [sinaxax = 5 z= 
= I ox - sin2x 2 e* (=< oe 3e% gos?) dx 

2: 2: 2 2 


4b-Further integration by parts [Cases in which the given integral reappears as a resulting integral on the right-hand 
side (along with other terms), when the rule of integration by parts is applied] 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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1 : 3 9 
l= se sin 2+ Ze -c08 2x7 | e™ cos 2x dx 


1 3 9 
I =~e*-sin2x +e cos 2x et Cc 


3 

*-sin 2x +7e™ cos 2x +c 
1 

a | = 70" 2 sin 2x + 3 cos 2x] +¢ 


[= ae [2 sin 2x + 3 cos 2x] + ¢ Ans. 


Example (2): Evaluate { 2*- sin 6x dx 


d : 
2* = 2*-log2 


“ dx 
Solution: Let / = {2*- sin 6x dx, Z 
sin 6 dx = ap fee 
joe ( cos * Ie log? (- cos a) dx 
6 6 
2* log 2 in 6. 
= cos 6x “ [z - cos 6x dx, {feos 6x dx = = x 
2” log 2 i . i 
T= cos 6x + 8 * |2x. 2 = | 208 pe oy dx 
6 6 6 6 
7a ] log 2 

6 cos 6x a 2*- sin6 Oe ) I 


nace 1 x 
2; sin 6x — 72 cos 6x 


1 
I= ra 2* log 2 sin 6x — ra cos 6x 


x 
= ————.,, [log 2 sin 6x — 6 cos 6x] +c Ans. 
6° + (log 2) 


Example (3): Evaluate { a*- cos bx dx 


—a‘=a*-loga 


Solution: Let J = { a*-cos bx dx : 
' sin bx 


{cos bx dx = 


a. sin vo = [a tog a PN ax 
lo 


cos bx 


Ee ao -sin bx dx, { [sin bx ax = - 
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L's 1 b —cos b 
= po sin bx Beas. ( nat *) [a toga- C289 ay 


b b b 
2 
l= ia sin bx + nee a cos 6x — | a cos bx dx 


l log a) 
+ ow cos bx — ( _ I 


des 
a bx 4 
Be sin 0X 


log a)” 1 
( a I= 3 a sin bx + a cos bx 


b? + (log a)? Lng log 
p I=;a@ sin bx + R 


I+ 


a 
a‘ cos bx 


aX 


I =———__,, [hb sin bx + log acos bx] + ¢ Ans. 
P4 (ogay : | 


Example (4): Evaluate [ e?* cos? x dx 
Solution: Let J = fe?” cos? x dx 


Note: Here we must use the identity 


1 2 
cos 2x = 2cos? x — 1 a cos? x = 
fl 2 1 1 
r=[e| “ax = 5 [eax 5 |e eos 2x dx 
1 2x 1 1 ; 
=e0 Selle e?* cos 2x dx * T= —e* 4-1] e*cos 2x dx 
2: “2 2 4 ) 


Now, it is quite easy to find the integral (1/2) [ e?* cos 2x dx, as in Example (1). 


I =—e*(2 + sin2x + cos 2x] +c Ans. 
Example (5): Evaluate { sin(log x) dx =J (say) 
Solution: Put log x =f so that x =e’ 


1 
-—dx=dt or dx=xdt=e'dt 
x 


I = |(sin) ede = [e'-sin at 
| sin a = —cos ¢t 


I = e'-(—cos ft) fer cos f) dt 


= =e! cos 1+ [e! cos rd { [costar = sine 
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=—e!-cost+ le-sinr — [sina =-e'-cost+e'-sint—J 
t 
21 = e'sint—e'cost «. 1=S[sint cos ft] + ¢ 
xX,. 
T= 7 |sin(log x) — cos(log x)] + ¢ Ans. 
Example (6): Evaluate ler cos x dx 
d 
ae 2 ian J 
x 
Solution: Let J = Jer -cos x dx, 
{cos xax = sin x 
I=e~*-sinx — [(-e")sin vd 
=e*-sinx + [= -sin x dx {{sinseax = —cos x 
I=e™*-sinx +e ~-(-—cos x) if e *)- (—cos x)dx 
=e *-sinx —e *cosx — | e-%eos x dx 
=e ~*-sinx —e*cosx—I 
1 
21 =e *(sin x — cos x) 2 b= ze (sinx —cosx)+c¢ Ans. 


Example (7): Evaluate J e?* sin x cos x dx 


Solution: Let J = fer sin x cos x dx 
1 2x : 
== |e(2 sin x-cos x)dx 


1 
= s|e - sin 2x dx 
Now, it is very simple to evaluate the above integral. 
1 
go (sin 2x — cos 2x) +¢ Ans. 
4b.2 AN IMPORTANT RESULT: A COROLLARY TO 
INTEGRATION BY PARTS 
Statement: If f(x) is a differentiable function of x, then 


fers) + f'(a)]dx = e* f(x) +e 


This result is treated as a standard formula. 
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Remark: The above result suggests that in an integral of the form [ e* F(x)dx, if the 
function F(x) can be expressed in the form (f(x) + f'(x)], then we can directly write its 
integral using (1). 


Therefore, if we have to evaluate integrals of the form J e* F(x) dx [where F(x) is a 


combination of functions], then we must try to express F(x) in the form [f(x) + f’(x)], (if 
possible), and that is all. 


Now we shall prove the above result. 
To prove 


[e700 +F (lax =e"-f(s) +e 
where f(x) is a differentiable function of x. 


Proof: Consider left-hand side of the Equation (1) 


We have, LHS = fet F(x) +f'(a)] dx 
= ferece dx + fev) dx 


= [r9-e dx + [ree dx 


Applying the rule of Integrating by Parts to the integral { f(x) -e* dx. 
We get, 


d Ul 
I = f(x)-e&—- [re et dx+ [reper dx+c ay I ()) = f'(x)dx 


= f(x)-e* +c = RHS fear=e 
Method (2): The above result can also be proved by differentiating right-hand side of 


Equation (1). 
We have RHS = e*-f(x) + c. 


Now <le-f(x) + =e F(x) Hf)-€* 
=e [f'(x) +f(x)] = &[f(x) +f'(x)] = LHS 
Thus, we have proved the results, 
[ele +F (lax =e'f(x) +e 


Now we shall evaluate some integrals of this type. 


1+sinx 


Example (8): Evaluate [ e( 


Jav=1 (say) 


1+cosx 
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Solution: Consider aoe 
+ cosx 
_ 142sin(x/2)-cos(x/2) _ 1 ) sin(x/2) 
1+ 2cos*(x/2)—1 2 cos?(x/2)  cos(x/2) 
DA iis 2 T,X 
5 Sec 5 + tan> = tan> + 5 sec” 5 


2 2, 
IT=|\e Hie ee dx 
a a ame) 
e*| f(x) + f’(x)]dx 
=e*tan~+e Ans | LF) +0) 
=e*f(x) +c 
Bos 
Example (9): Evaluate | 5dx =I (say) 
x+1) 
1-1 
Solution: Consider us ge 5 
(x +1) (x + 1) 
x ST 1 
x+1 (x41) 
Let f(x) =——. Then f(x) 
e = en =— 
al Gly 
heat z= 
I= ]/e | dx 
xt+1° (x41) 


e* 


Sea Ans. c fees +f'(x)|dx = e* -f(x) +e 


Example (10): Evaluate | (S+tanx + sec” x)e*dx =J (say) 


Solution: J = fe [(5 + tan x) + sec” x]dx 
Let f(x) =5-+tanx wef! (x) = sec? x 
r= fells) +/' jax 


=e’ -f(x)+c=e%(5+4+tanx) +c Ans. 


+ ¥ 
Example (11): Evaluate edx=I/ 
x 
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Solution: Consider sas Z 
+1) 
_(@?-1)+2 > *-1 2 _x-1, 2 
(x +1)? (217 (x+ 1)? x+1 (£21) 
Q¥-1 | _@&+DM)-@-DW)_ 2 
Let AC) lore fo of ) (x +1)? bie 
x x—1 1 2 x 
1=|e (a) +l 
_ fetes) + fi'(x)]dx 


Example (12): je *(sinx-cosx+cosx)dx =I (say) 
Solution: /= [ee ~ cos x(sin + 1)dx 
= | e™ (sin x + 1)cos x dx 


Put sinx=t “. cosxdx = dt 


Let f(t)=t  f(j=1 


r= fetlAly +F'Wlar=e'-F(0) +e 
=e-ttc=e!-sint +c Ans. 

Example (13): fe [cot x + log(sinx)|dx =I (say) 

Solution: / = fe [log(sin x) + cot x]dx 
Let f(x) =log(sin x) 
1 

f(x) = Smx CO8* = cot x 
r= | ers) +F' x 


=e* f(x) +c = e* log(sinx) +¢ Ans. 
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Remark: The result: { e*[f(x) +f’(x)]dx = e* f(x) + ¢ where f(x) is any derivable func- 
tion of x, is very important. In this form of integral, the part { f'(x)e* dx cancels out when 
the part f(x)e*dx is integrated by parts. In all the examples given above, the same thing 
happens. 


4b.3 APPLICATION OF THE COROLLARY TO INTEGRATION BY PARTS 
TO INTEGRALS THAT CANNOT BE SOLVED OTHERWISE 


Now, we give below, some integrals of a different form, where also the same phenomenon 
occurs. 


Example (14): Evaluate _ ee 
1+cosx 
Solution: Let J = [z= 
1+cosx 


x + 2 sin(x/2) -cos(x/2) 
: | 2 cos?(x/2) a 


= * dx 4 | tan Sax 
2cos?(x/2) | 


1 
— | xsec* Fax | [tan ax (2) 
2: 2 2 


Now, we may integrate x sec?(x/2), taking sec’(x/2) as the second function or integrate tan 
(x/2) taking 1 as the second function. 


Substituting this value of 


| tan 5 dx in Equation (2), we get =x tan +¢ Ans. 


log x — 1 
Example (15): Evaluate [ree eax 
log x) 
logx —1 


Solution: Let 7 = | dx 


(log x)” 


APPLICATION OF THE COROLLARY TO INTEGRATION BY PARTS 


1 1 
I= | oe 5 dx | 3 dx 
(log x) (log x) 


1 1 
I= | dx | 5 dx 
log x (log x) 


1 
Consider \ieee®” - | og x)7!- (1)dx 


x | 1 
log x | (log x)* 


dx 


1 
Putting this value of lone in Equation (4), we get 
og x 


I x | 1 d | 1 
= x 
log x (log x)? (log x)° 


I 


+ C 


= — Ans. 
log x 


Now, we shall evaluate this integral by the method of substitution. 


Method of Substitution: 


it -1 
Solution: Let / - |= x 
(log x) 
Put logx—l=t “ logx=t+1 
x=et!+1=e-e! .. dx=e-e'dt, ['" eis a constan ¢] 
t t+1-1 
r=e| yeldt=e | +e’ dt 
(t+ 1) (t+ 1) 
1 1 
=e| 5|e dt 
t+1  (t+1) 
Let f= f@=-— 
€ =—— =—-——{, 
t+1 (t+1) 


\ +1, \ 


t= ele’ 


125 


126 FURTHER INTEGRATION BY PARTS 


i 
Example (16): Evaluate | "8 ax =I (say) 
[1 + log x] 


1+logx—-1 


dx 
[1 + log x]” 


Solution: J = | 


1 1 
1= |e” lima ©) 


Consider - fa + log x)7!- (1)dx 


(react 


= (1+ log x) *(x) — \- [1 + log x]! - x dx 


dx 
3 1-(1+ log x)~* 2 xdx 
~ 14+logx ee x 


x 1 
= 7 dx 
1+ log x (1 + log x) 


Putting this value in Equation (5), we get 


1 1 
I= . | 7 dx | x dx 
1+logx J (1+ log x) [1 + log x] 


x 
[= —_—_ Ans. 
iaalonse? © - 


4b.4 SIMPLER METHOD(S) FOR EVALUATING STANDARD INTEGRALS 


Now, we shall prove the following three standard results, by using the rule of integration by 
parts 
2 


Identity | x? + a? dx 5 x? + a 4 Slog] x + x24 @] +e 


2 


Identity (2) | v2 a dx 5 x2 — a Flos| x + Vx? | +e 


2 
Identity (3) | Ve ax = 3 Va A Ren eee 


2 a 


In the process of computing the above integrals, the following integrals are used. 


d 
(i) | paper = bog| x x? 4 | L¢ 
xta 


= dx = log| x x? | be 


(ii) |= 
Ve 


d 
(iii) * dy = sin“! (=) Le 
a = x2 a 
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Recall that these results were obtained in Chapter 3b and that they are also treated as standard 
results. Now we proceed to prove Identity (1), Identity (2), and Identity (3) by two methods: (a) 
by parts and(b) by substitution to compare and show that the method of integration by parts is 
comparatively simpler and less time consuming. 


2 


Example (17): | x? + a? dx e+a+4s log| x tf x24 | Fe 


2 
Solution: 
Let 1=| VP reas 
a 2 + @ 
=| x? + a2(1) dx d 


T=VxX24+a@-x | = ede ax VP a - | ax 


x? + a? 
24 @)—@ 


Vx24+ a2 


=x-V?4+a ie 


1 
3 2 2 2 2 2 
Il=x-Vx*+a | v= ra dx +a | rae 


=x-V¥x2+@—-1+a-logl/xt+ VP2+a] +e 
M=x-Vxe +e +a -log[xt+ Vx? +a] +c 


2 


I = Va +a +S log| x P+a| +e 


2 


Now, let us evaluate | Vx? + a* dx, using trigonometric substitution. 


Solution: Put x=atant -. dx = asec? tdt 


Ve+ 02 = Ve tan2 t+ @ = Va? sec? t= asect 


r= | x? 4 @ dx = | asec t-asec*t dt 
= a? [sec ra (6) 


To find J sec? ¢ dt, we resort to integration by parts, taking sec t as the first function and sec’ t 
as the second function. 
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d 
ai (sec t) = sec f- tant 
Now, | sec! tdt= [sec t- sec? t dt 
| sec? tdt = tant 
= sec f- tant — [(see tan) -tan t dt 
= sec f- tant — | seer-tan? tdt 
= sec f- tant — | sec t(sec? t — 1)dt 
= sec f- tant — | sec! tar [sec rar 
Shifting the term { sec? ¢ df to left-hand side, we get 


2 sec’ tdt = sec t-tant+ log(sec¢+ tant) + 


1 
| sec! tdt = 3 [sec t-tant+ log(sec ¢ + tan t)] + c 
2 
a | sec! tdt = 5 [sec t- tant + log(sec ¢ + tan f)] +c 
x 
where, tant =—, [x =atan fd] 
a 


and a? | sec? t dt = | x? + a? dx (7A) 


[see Equation (6) above] 


Va2 + x2 


x=atant 


Now, consider the right-hand side of Equation (7), we get 


Veta x xVxr4+a 


t-tant= 7B 
sec ¢- tan 7 - Z (7B) 
JR 
and log|sec ¢ + tan ¢] = log ze ‘| 
a a 


iy ong 
= log cE Nee ee log| x + Vx? + a?] — loga (7C) 
a 
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Using (7A), (7B), and (7C) in Equation (7), we get 


2 2 
x2 + a 5 log| x x? @] 5 logat+c| 
x a 
5 e+a 5 log x x2 @] tC 


Note that for evaluating [ Vx? + a? dx, by the above method (of substitution) is quite lengthy 
and time consuming. The simplest approach to integrate the above function is to use the rule of 
integration by parts, taking unity as the second function. 

2 


Example (18): | vx a@dx = sve a 3 log| x tVx2-a@} +e 
Solution: 
Let 1=|v# —a@dx 
4d fe 
=| x? — a?(1) dx dx 1 x 
= x= 
Wx? — a2 Vx? — a 
Integrating by parts, we get 
x x2 
l=vVx @-x—| xdx =x-Vx?2 — a | dx 
x2-a 2 @ 
2_ 02 2 
=x-V22— [e nae 
ee 


Now, let us evaluate J Vx? — a dx, using trigonometric substitution. 


2 
| vx dx =o V8 ae Flos x4 x? @| +e 
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Solution: Let [ Ve —a@dx =I 
Put x=asect .. dx =asecttant-dt 
r= | VP set a asec t-tan at 
=| a’(sec? t— 1)- asec t-tantdt 
= | atans-asee t-tans dt 
=a? secr-tan? rat =a | see (see? 1)at 
= a? | sec’ tdt — a | sec tdt (8) 


Now, to find f sec? ¢ dt we resort to integration by parts, taking sec fas the first function and sec”t 
as the second function. 


d 
ay (sec t) = sec f- tant 
| sec’ tdt= | sec -sec* tdt 


sec’ ¢ dt = tant 


= sec tant | sec tant tan ¢ dt 
= sec ¢- tant — [sec rtan’ t-dt 
= see tans [see ¢( sec? t — 1)dt 


= sec f- tant — seo! rdi+ | seer dt 


2 sec*rat = sec ttant+ [seer ar 


1 1 
[sec rar = see r-tan + 5 [see 
2 2, 


a a 
a | sec’ tar = Fsee t-tan 04+ 5] seer 


Using this result in Equation (8), we get 


a a 
I =Sseer-tan t+ | seers —o? | see rar 


al t-tant ie tdt 
=—sec t- tant — — | sec 
2 2 


a a“ 
=F sec t-tant — > log(sec ¢ + tan th+cy (9) 
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Now, consider x = asec t 


2 ae 


x 
sec f = — 
a 


a elx Vx-a 
—sec ft-tant = . 
2 2/a 


a a x x? — a? 
and —log|sec ¢ + tan ¢] = —log|—4 
2 2 a a 


2 2 
= Flos =F [le (x4 x? a) log a| 


x+ Vx? — “] 
a 


2 2 
= Flog] x4 x2 @| 5 los a 


Using (9A) and (9B) in (9), we get 


2 
I=5 x? — a Flog] x4 xa) +e Ans. 


2 
Example (19): To prove | ve 2 dx = 5 Ve x 4 Ssin“= 2 


Solution: 
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(9A) 


(9B) 
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Integrating by parts, we get 


Observation 

Here, it may be mentioned that this particular integral can also be easily evaluated by the 
method of substitution, without resorting to the method of integration by parts as will be clear 
from the following proof. 


Method of Substitution: 


x i . 1x 
Vie x? dx = 5 Va" x? 4 7 sin Le 
Solution: Let / = | va = ax 
Put x=asint .. dx=acostdt 
1= | Vee =a? sin® tacos 1dr = | acos t-a-cos ta 


cos 2t = 2cos? t— 1 

= a | cos? a l 
2 

cos t= 5 [cos 2t + 1] 


7 [cos2t+ 1 a a 
=a di=— cos 2¢ dt + — dt 


2: 
a [sin 2¢ a a [2sint-cost ae 
= 5) 5) 7! tC 5) 5) t 7! tC 
a a 
=z [sint-cos¢] + tte (10) 
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x 
poe) 
x=asint 
Now x=asint sin t = — t=sin bo 
ae) 
cost = 
a 


or | ve x? dx @—x?4 sin! (=) Le Ans. 


4b.5 TO EVALUATE J Vax? + bx + edx 
Now, we are in a position to evaluate integrals of the form [ Vax? + bx + c dx. For this purpose 


we express the quadratic expression ax” + bx + c as the sum or difference of two squares. 
Besides, we can also evaluate those integrals that can be reduced to this form. 


Illustrative Examples 
Example (20): Evaluate | V16 — 9x? dx 


Solution: Let J = fv 16 — 9x2 dx 


(1) 
I 4\? 
Consider 16 — 9x? = 9( . “) = 3 (3) -] 


I= | 32 [14/3 = | dx = 3] (4/3)? — x2 dx 


= F (4/3 +5 (5) se (7) 


2 3 


© [Va — x7 dx Va? — x? + “sin“! (2) a 


a 
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Example (21): Evaluate fx? Va° — x® dx 
Solution: Let J = fev a — x6 dx = fx (a3)? — (x3)? dx 


dt 
Put »°=f¢ o. 3x2dx=dt «. x’ dx == 


Example (22): Evaluate J cos x14 sin? x + 9 dx 


Solution: Let J = {cos xV/4 sin? x + 9 dx 


Put sinx=t “. cosxdt 


r=[ 4 4 9a =2| y/ + (3/2)°de 
-2[5 2 + (3/2)? 4 £(3) tox( 1/2 4 G/2)) 


tv4e+9 1/9 4°49 
=72 log| ¢-4 
2 2 2\4 2. 


War +9 9, (es) 7 
= T T 1 


+¢] 


fo) 
2 4 2 


ae a Rae slog (2.sin x + V4sin?x+9) +e Ans. 


2 


where c = c; — log2 


Example (23): Evaluate { 2x? + 2x + 5dx 
Solution: Let J = { 2x? + 2x + 5 dx 
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Consider 2x7 + 2x +5 


aan) 
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Note: This expression can be further simplified as given below. However, it can be left at this 


stage also, thus avoiding possible mistakes in the process of simplification. 


T=V/2 4 : Vi are 


(2x+1) V2x?4+2x+5 9 1 5 5 
rgloey (x +5) 4 Pe F | 4 


_ (2x4 I)V2x2 42x45 | v2, 
4 ae 


Example (24): To evaluate {(px + q)Vax* + bx+cdx =I (say) 


Method: We find two constants A and B such that 


d 
px+q=Az (ax? + bx 4 c) + B 


ie, px+q=(2aAx+Ab)+B 
px +q = 2aAx + (Ab +B) (11) 


1 
og| (x + 4/x2 +x 2 Fe Ans. 
2 2 


Equating coefficients of x and constants on both sides, we find A and B. Then, we use 


Equation (11) to substitute for (px + q) in the given integral, and get 


1=A [ax +8) Var bx cdv+B| ax? + bx + cdx 


The second integral on right-hand side is of the type, already considered above. The first integral 


is of the type f f’(x)\/f(x)dx that can be easily computed by substitution. 


2 
@) | v# +a dx ve +e+s log (x + Vx? 4 @)e 
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We put f(x) = ¢ v. f'(x)dx = dt 


[reovFejax = | veat = [ee a 


pr? 


=a ten sinl +e 


Exercise 


Evaluate the following integrals: 
(1) few sin 4x dx 


1 
e**(3 sin 4x — 4cos 4x) + ¢ 


Ans. = 
25 


(2) [s cos 3x dx 


Ans. —— [log 5 cos 3x + 3 sin 3x] + ¢ 
9 + (log 5) 


(3) fe sin? 3x dx 


1 2x 1 : 
Ans. ae 1 —~—(2cos 6x + 6sin6x)| +c 


20 
2—sin2x . 
4) 1 — cos 2x° 
Ans. —e*cotx+c 


lt+xt+x 24. 
5 tan x 
” | T+ ° 


Ans. xe" *+¢ 


Ans. 
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(8) | 3x? + 4x + 1 dx 


Ans. ee *) ve t4x+1 vee ; + 4/ x? 4 a i FC 


(9) | 8+ 2x — x2 dx 


—1 —1 
Ans. (~ V84+2x— x24 9 sin! ad LC 
2 2: 


(10) fo +3)V5—4x — x? dx 


1 2 2 
Ans. S457)" 4 aN V5 — 4x — x 4 ae pat a 
3 2 2 3 


5 Preparation for the Definite 
Integral: The Concept of Area 


5.1 INTRODUCTION 


We have an intuitive idea of area. It is a measure that tells us about the size of a region which is 
“the part of a plane” enclosed by a closed curve. Since the time of the ancient Greeks, 
mathematicians have attempted to calculate areas of plane regions. The most basic plane region 
is the rectangle whose area is the product: base x height (Figure 5.1a). 

The ancient Greeks used Euclidean geometry to compute the areas of parallelograms and 
triangles. They also knew how to compute the area of any polygon by partitioning it into 
triangles (Figure 5.1b). We know that area of a triangle is given by A = '4bh.“” In this section, 
we define the area of a region ina plane, if the region is bounded by a curve. For this purpose, it 
must be realized that the area of a polygon can be defined as the sum of the areas of triangles 
into which it is decomposed, and it can be proved that the area thus obtained is independent of 
how the polygon is decomposed into triangles. 

When we consider a region with a curved boundary, the problem of assigning the area is 
more difficult. It was Archimedes (about 287-212 BC), who provided the key to a solution by 
ingenious use of the “method of exhaustion”. With this method, he found the area of certain 
complex regions by inscribing larger and larger polygons of known area in such a region so that 
it would eventually be “exhausted.” 

Archimedes went further, considering circumscribed polygons as well. He showed that you 
get the same value for the area of the circle of radius 1 (%3.14159), whether you use inscribed or 
circumscribed polygons. The fact that the modern definition of area stems from Archimedes’ 
method of exhaustion is a tribute to his genius. 

In this chapter, we will use the problem of computing area to motivate the definition of what 
we will call the definite integral of a continuous function. Then, we will use the definite integral 
to define the area of a region. Finally, the fundamental theorem of integral Calculus will 
provide a simple method of computing many definite integrals, in terms of numbers that may 
represent various quantities (Figure 5.2). 


5-The definite integral (The concept of area, definite integral as an area, definite integral as limit of a sum, Riemann 
sums, and analytical definition of definite integral) 

© Now, we also know that if a, b, c are the lengths of sides of a triangle, then its area A is given by 
A= \/s(s — a)(s — b)(s — c), where s = (a+b + c)/2, the semiperimeter. 

©) These considerations are useful since we are laying the foundation that is necessary to motivate geometrically the 
definition of the definite integral. 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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Circumscribed polygons 


FIGURE 5.2 


Note: Before discussing the area of a plane region, we indicate why we use the terminology 
“measure of the area’. The word measure refers to a number (no units are included). For 
example, if the area of a triangle is 20 cm’, we say that the square-centimeter measure of the 
area of the triangle is 20. When the word measurement is applied, the units are included. Thus, 
the measurement of the area of the triangle is 20cm”. 


5.2 PREPARATION FOR THE DEFINITE INTEGRAL 


Consider now a region R in the plane as shown in Figure 5.3. It is bounded by the x-axis, the lines 
x =aand x = b, and the curve having the equation y = f(x), where f is a function continuous on 
the closed interval [a, 5]. 
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For simplicity, assume that all values taken by the function f are non-negative, so that the 
graph of the function is a curve above the x-axis. 

We wish to assign a number A to the measure of the area of R, and we use a limiting process 
similar to the one used in defining the area of a circle. The area of a circle is defined as the limit of 
the areas of inscribed regular polygons as the number of sides increases without bound. 

Now, let us consider the region R bounded by parabola f(x) = x’, the x-axis and the line x = 2 
(Figure 5.4). (Since R and Ro together comprise a triangle whose area is 4, finding the area 
of R is equivalent to finding the area of Ro.) 


AY 


FIGURE 5.4 


©) We realize intuitively that, whatever number is chosen to represent A, that number must be at least as great as the 
measure of area of any polygonal region contained in R, and it must be no greater than the measure of the area of any 
polygonal region containing R. 
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FIGURE 5.5 


We can define a polygonal region contained in R. For this purpose, we inscribe rectangles in 
the region R, as shown in Figure 5.5a and b. Then the sum of the areas of the rectangles is less 
than the area of R. 

Similarly, if we circumscribe rectangles about R, as in Figure 5.6a and b, then the sum of the 
areas of the rectangles is greater than the area of R. Of course, we can find the area of each 
rectangle as the product of its base and height. 


AY AY 


fla) 22 fix) =x" 


Vu 
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(a) (b) 
FIGURE 5.6 
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A crucial observation to make about this process is that as the bases of the rectangles 
become smaller and smaller, the sum of the areas of the rectangles appears to approach the 
area of R. This suggests that the area of R should be defined as the limit (in a sense to be clarified 
later) of the sum of the areas of inscribed or circumscribed rectangles. Our definition of area 
will be based on this idea. 

Our assertion thus far about the area of R has rested on the following three basic properties 
we expect area to possess: 


(1) The Rectangle Properties: The area of a rectangle is the product of its base and height. 
(This property is treated as the definition of area of a rectangle.) 

(2) The Addition Properties: The area of a region composed of several smaller regions 
that overlap in at most a line segment is the sum of the areas of the smaller 
regions. 

(3) The Comparison Property: The area of a region that contains a second region is at least 
as large as the area of the second region.© 


It is important to understand where each of these properties was employed in the preceding 
discussion. They will play a major role in the definition of area to be discussed. 

5.3. THE DEFINITE INTEGRAL AS AN AREA 

Consider a function y = f(x) which is continuous and positive in a closed interval [a, b]. We 
think of the function as represented by a curve, and consider the area of the region which is 


bounded above by the curve, at the sides by the straight lines x = a and x = b, and below by the 
portion of the x-axis between the points a and b (Figure 5.7). 


y=f) 


FIGURE 5.7 


‘ This is so because a line has only one dimension namely “length”, and it has no width. Thus, a line has no area. 
©) Tn other words, if two regions “A” and “B” are such that A contains B, then area of A is at least as large as the area of B. 
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FIGURE 5.8 


That there is a definite meaning in speaking of the area of this region is an assumption 
inspired by intuition. We denote the area of this region by F’ 2 and call it the definite integral of 
the function f(x) between the limits a and b. When we actually seek to assign a numerical value 
to this area, we find that we are, in general, unable to measure areas of such regions with curved 
boundaries. 

However, there is a way out. We adopt a method (based on Archimedes’ method of 
exhaustion), which as you will see applies to more complex regions. The method involves the 
summation of the areas of rectangles. 

The whole process is explained below through a very simple example. Consider a right 
triangle formed by the lines y=/f(x) =2x, y=0 (the x-axis), and x=1, as shown in the 
Figure 5.8. 

Let b = length of the base and / = length of the height, then, from geometry, the area A of 
the triangle is 


1 1 
A= 5x bxh=->x (1) x (2) = 1 square unit 


Next, we can also determine the area of this region by another method, as suggested in the 
discussion above. [We have chosen a simple function f(x) = 2x, to explain the method easily 
and simplify calculations for checking the results.] 

Let us divide the interval [0,1] on the x-axis into four subintervals of equal length Ax. This is 
done by equally spaced points x9 =0, x)= 1/4, x2 = 2/4, x3=3/4, and x4=4/4=1 (see 
Figure 5.9). Each subinterval has length Ax = 1/4. 

These subintervals determine four subregions: R1, Rz, R3, and Ry. With each subregion, 
we can associate a circumscribed rectangle (Figure 5.10); that is, a rectangle whose base 
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FIGURE 5.9 


is the corresponding subinterval and whose height is the maximum value of f on that 
subinterval. 

In this case, since fis an increasing function, the maximum value of f on each subinterval 
will occur when x is the right-hand end point of the subinterval. 

The areas of the circumscribed rectangles (Figure 5.10) associated with regions R,, Ro, R3, 
and R, are 1/4 f (1/4), 1/4 f (2/4), 1/4 f (3/4), and 1/4 f (4/4), respectively. The area of each 
rectangle is an approximation to the area of its corresponding subregion. 

Thus, the sum of the areas of the circumscribed rectangles, denoted by F'4 (upper sum), is an 
approximation to the area A of the triangle. 


rng) +H) #9) +#@) 
“1 6(G) 2G) +2Q) 26} so1=m 


Life 35-8. 241) 10S 
4|2'2°2°2 8 4 


Using sigma notation, we can write 


Obviously, F'4 is greater than the actual area of the triangle, since it includes areas of shaded 
regions that are not in the triangle (Figure 5.10). 
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Similarly, the areas of the four inscribed rectangles (Figure 5.11) associated with R1, Ro, R3, 
and R, are i f (0),4f (4).4 tf (3), and ; ft (3), respectively. Their sum, denoted by F'4 (/ower 
sum), is also an approximation to the area A of the triangle. 


z= dnoe'(*) (ete) 


Using sigma notation, we can write 


4 
Fg= yf Giayae 
i=1 


©) Since fis an increasing function, the minimum value of fon each subinterval will occur when x is the left-hand end point. 
In general, maximum or minimum values of a function, on each subinterval, may occur at any point in the subinterval. 
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FIGURE 5.11 


Clearly, F', is less than the area of the triangle because the rectangles do not account for that 
portion of the triangle, which is not shaded. Note that 


We say that F, is an approximation to A from below and F4 is an approximation to A 


from above. 
If [0,1] is divided into more subintervals, better approximations to A will occur. For example, 


let us use six subintervals of equal length Ax = 1/6. Then, the total area of six circumscribed 


rectangles (i.e., the upper sum) is given by 
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and, the total area of six inscribed rectangles (i.e., the lower sum) is given by 
1 (0) 4 1/1 1/2 1/3 1/4 1/5 
Ot le) tle) tale) tHe) TH 6 
2 2 + 2 24 2; a 2 2 

6 6 6 6 


ie) 


Note that F, <A < F6 and, with appropriate labeling, both F and F, will be of the form 
fo > [pprop § 6 


More generally, if we divide [0,1] into n subintervals of equal length Ax, then Ax = 1/n and 
the end points of the subintervals are x = 0, 1/n, 2/n,...,(m — 1)/nand n/n = 1 (see Figure 5.12). 
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FIGURE 5.12 


Fe = Sa), Fe= Se flov)ae. 
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The total area of 1 circumscribed rectangles is 


Fela) +5) tala) tt) 
LPO) AQ) 4Q)+-20], twee 
= 1243+...4n], (by taking out 2/n from each term) 
(| csi aye] es 


And for 7 inscribed rectangles, the total area determined by the subintervals is (see Figure 5.13) 


F, “1(0) +24(=) ta) tS) 


= = : since 1+2+...+(n—1) 
m2 n? 


From equations (1) and (2), we observe that both F’, and F,, are sums of the form $>f(x)Ax. 
From the nature of F., and F,, it is reasonable and indeed true to write F nsAs F,,. Asn 
becomes larger, F,, and F, become better approximations to A from below and from above, 
respectively. If we take the limit of F,, and F, asm — , co through positive integral values, we get 


now n-o Nn n—oo n 


=a 1 
lim F, = lim “—~= lim (1-2) = 1, and 


_ 1 1 
lim F, = lim "*~ = tim (1+2) =1 
n—-oo n—oo n n— oo n 
Since F,, and F,, both have the same common limit, we write 


lim F,, = lim F, =1 (3) 
noo n—0o 
and since F,, < A < F,, we take this common limit to be the area of the triangle. Thus we get, 
the area A = 1 square unit. This also agrees with our earlier finding. 

Mathematically, the sums F,, and F,,, as well as their common limit have a meaning, which 
is independent of area. For the function f(x) = 2x, over the interval [0, 1], we define the common 
limit of F, and F,, to be the definite integral of f(x) =2x, from x =0 to x =1. Symbolically 
we write this as 


[roar = i 2x dx = 1 (4) 


0 0 
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The numbers 0 and | appearing with the integral sign J in equation (4) are called the limits of 
integration; 0 is the lower limit and 1 is the upper limit. 
Two points must be mentioned about the definite integral: 


(i) Aside from any geometrical interpretation (such as area) it is nothing more than a real 
number. 


(ii) The definite integral is the limit of a sum of the form 57 f(x)Ax. 


The definite integral of a function f(x) over an interval from x =a to x = b, where a <b, is the 
common limit of the upper sum (i.e., F, ) and the lower sum (i.e., F.,, ), if it exists, and is written 
as ii (x) dx. In terms of the limiting process, we have )> f(x) Ax > i f(x) d(x). We take this 
limiting value as the definition of the definite integral. In particular, the definite integral also 
stands for the area under a curve, as discussed above. From a subdivision of the interval [a, b] 
into finite portions of the form Ax, the process of passage to the limit (as Ax — 0) is suggested 
by the use of the letter d in place of A. 


Note: It will be wrong to think that dx is an infinitely small quantity or an infinitesimal (i.e., a 
variable whose limit is 0) or that the definite integral i f(x) dx is the sum of an infinite number 
of infinitely small quantities. This type of thinking is quite misleading and it is a sign of being in 
the state of confusion. Hence, care must be taken to protect and preserve what we have carried 
out with precision. We now formally define the area in terms of the definite integral. 
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5.4 DEFINITION OF AREA IN TERMS OF THE DEFINITE INTEGRAL 


Definition: Let f be continuous and non-negative on [a, b], and let R be the region bounded 

above by the graph of f, below by the x-axis and on the left and right by the lines x = aand x= b. 

Then, we call R the region between the graph of f and the x-axis on [a, b], and the area of R is 
b 

defined by [”’ f(x)dx. 


We emphasize that in the notation for the definite integral f f(x)dx, dx has no independent 
meaning. It arose originally in connection with the concept of the differential (see Chapter 16 
of Part I). This expression will play a role later, when we develop special methods for 
computing definite integrals. The symbol J is an integral sign. The integral sign resembles 
the capital S, which is appropriate because the definite integral is the limit of asum. Note that, 
it is the same symbol we have been using to indicate the operation of antidifferentiation. The 
reason for the common symbol is that a theorem called the second fundamental theorem of 
the Calculus enables us to evaluate a definite integral by finding an antiderivative (which is 
also called an indefinite integral). 


We have seen in equation (3), that lim F, = lim F,,. 
+06 n—oo 


For an arbitrary function, this is not always true. The statement “the function f is inte- 
grable on the closed interval [a, b]” is synonymous with the statement “the definite integral of f 
from a to b exists”. The functions for which this is true are called integrable functions. 

We now go for more refined considerations, which permit us to separate the notion of 
definite integral from the simple intuitive idea of area. This is done in the analytical definition of 
the definite integral. It expresses the definite integral analytically in terms of the notion of a 
number only. We shall find that this definition is of great significance not only because it alone 
enables us to attain complete clarity in our concepts but also because its applications extend far 
beyond the calculation of areas. 


5.5. RIEMANN SUMS AND THE ANALYTICAL DEFINITION OF THE 
DEFINITE INTEGRAL 


Both Newton and Leibniz introduced early versions of this concept. However, it was Riemann 
who gave us the modern definition. In formulating this definition, we are guided by the ideas that 
we have discussed earlier in this section. First, we describe certain terms that will be used in the 
analytical definition of definite integral. 


(i) Partition: Let [a, b] be a closed interval. Let x9, x1, X2, X3,.--,X, be any (n + 1) points 
such that a= x9 <X1 <X2<X3 <<... < Xp < X=. 


Then, the set P= {Xo, X1, X2, X3, ..-, Xn} is called a partition of [a, 5]. 
Remarks: 


(a) Any partition P of [a, b] must contain the end points a and b so that it isa nonempty set. 
(b) A partition P of [a, b] containing (n + 1) points a= Xo, x1, X2, ..., X, such that 
A= X09 <X1<X2, ..., <X,=b divides the interval [a, b] into n parts or subintervals, 
[xo, X1]; [X1, X2], [%2, X3],- - «5 DXn-15 Xn], and X1—-X0, X2—-X 1, X3—X2, « - +» Np—-Xy_1, are called 
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FIGURE 5.14 


the lengths of the respective subintervals, given in order. Obviously, these lengths of 
subintervals need not be equal. 

(c) The simplest partition of [a, b] is {a, b}. If we go on adding more and more points to this 
partition then the lengths of the subintervals will go on decreasing. 


(ii) Norm of a Partition: Let P= {Xo, X1, Xo, ---, Xn | A= Xo < Xp < X72... << Xy, =H} bea 
partition of [a, b]. The greatest of the lengths x\—Xo, X2-X , - . -» X3-X2, «+ +s Xy-Xn_1, OF 
the subintervals formed by the partitions, is called the norm of the partition and is 
denoted by ||P|| (read as the norm of the partition P). Now, we describe the notion of a 
Riemann sum. 


5.5.1 Riemann Sums 


Consider a function f defined on a closed interval [a, b]. It may have both positive and negative 
values on the interval and it does not even need to be continuous. Its graph might look something 
like the one in Figure 5.14. 

Consider a partition P of the interval [a, b] into n subintervals (not necessarily of equal length) 
by means of points a= xg < x1 < X2 <<... < Xp < X,=b, and let Ax;=x;- x_) (ie N). 

On each subinterval [x;_1, x;], choose a perfectly arbitrary point X; (which could even be an 
end point of the subinterval). We call it a sample point for the ith subinterval. An example of 
this construction is shown in Figure 5.15, for n=6. 


6 
Now, form the sum Rp = 5° f(X,)Axj. 
i=l 


Ax, Ax» Ax3 Ax, Axs Ax6 
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FIGURE 5.15 
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A Riemann sum interpreted as an algebraic sum of areas 


6 
Y flax) Ax; = Ay + (Ag) + (Ag) + (Ay) + As + Ag 
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FIGURE 5.16 


We call R, a Riemann sum for f, corresponding to the partition P. Its geometric interpretation 
is shown in Figure 5.16. 

Note that, the contributions from the rectangles below the x-axis are the negatives of their 
areas. Thus, a Riemann sum is interpreted as an algebraic sum of areas.® 


6 
S F(R) AX = At + (—Ay) + (—A3) + (—A4) + As + Ao 


i=1 


Riemann sums corresponding to various choices of X),X2,...,X, can be different from one 
another. However, all Riemann sums must lie between the lower sum and the upper sum. An 
important feature of a Riemann sum )~)_, f(X;)A4; is that it approximates the definite integral 
[ f(x)dx. 
A fe pb ~c _ (9) 

Therefore, we write [/' f(x)dx = S7y_, f (Xi) AX. 

Suppose now that P, Ax; and X; have the meanings discussed above. Also, let ||P|| be the 
norm (i.e., the length of the longest subinterval of the partition P). Then, we give the following 
definition. 


5.5.2 Definition: The Definite Integral 


Let f be a function that is defined on the closed interval [a, b]. If limyp\_,o eS (%) Ax; 
exists, then we say that f is integrable on [a, b]. Moreover, A f(x)dx, [called the definite 
integral (or Riemann integral) of f from a to b], is then given by ‘ 


®) Riemann sums are named after the nineteenth century mathematician Georg Bernhard Riemann (1826-1866), who 
clarified the concept of the integral while employing such sums. The first formal definition of the integral is attributed to 
him. 

© For detailed discussion, see Calculus with Analytic Geometry (Alternate Edition) by Robert Ellis and Denny Gulick, 
Chapter 5. 

°° Calculus with Analytic Geometry (Fifth Edition) by Edwin J. Purcell and Dale Varberg (pp. 234-235), Prentice-Hall, 
Inc, New Jersey. 
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The heart of the definition is the above line. 


5.5.3 Concept of the Definite Integral 


The concept captured in the above equation grows out of our area of discussion. However, we 
have considerably modified the notion presented here. For example, 


(i) We now allow f to be negative on part or all of [a, b], 
(ii) We use partitions with subintervals that may be of unequal lengths, and 


(iii) We allow X; to be any point on the ith subinterval. 


Since we have made these changes, it is important fo state precisely how the definite integral 
relates to area. 


Note (1): In general, ips f(x)dx gives the signed area of the region trapped between the curve 
y=ftx) and the x-axis, on the interval [a, b], meaning that a plus sign is attached to areas of 
parts above the x-axis and a minus sign is attached to areas of parts below the x-axis. In symbols, 
i f(x)dx = Aup — Adown, Where Ayp and Agown are the areas corresponding to the + and — 
regions as shown in Figure 5.17. 


Note (2): The meaning of limit in the definition of the definite integral is more general than in 
earlier usage, and should be explained. 

The equality limy)p)) 9 >j_, f(X;)Ax; = L means that, corresponding to each ¢ > 0, there is 
ad >0,such that | 377, f(X;)Ax; — L| < e, for all Riemann sums y_, f (X;) Ax; for fon [a, 5], 
for which the norm ||P|| of the associated partition is less than 6. In this case, we say that the 
indicated limit exists and has the value L. 
Note (3): In the symbol te f(x)dx, most authors use the terminology “a”, as the Jower limit of 
integration and “‘b”, as the upper limit of integration, which is fine provided we realize that this 
usage of the word /imit has nothing to do with its more technical meaning. 


5.5.4 Further Modification in the Notion of Definite Integral: 
Removal of One More Restriction 


In our definition of iN f(x)dx, since f(x) is defined on the interval [a, b], we implicitly assumed 
that a<b. If we omit the condition a<b, and assume that a>b, we can still retain our 
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arithmetical definition of definite integral; the only change is that when we traverse the interval 
from a to b, the differences Ax, are negative. Thus, we get the following relation 


a 

[rear =-[r(pax (1 
b 

which holds for all values of a and b (a#b). From the above relation, it follows that 


[roan =0 (II) 


This must be treated as a definition. Our definition (of the definite integral) immediately gives 
the basic relation 


ss 
= 
cay 
a 
& 
+ 
cS 8 


Aaae= | flx)dx (1) 


fora<b<c (see Figure 5.18). 


Remark: By means of the preceding relations, we at once find that the equation (IID) is also 
true for any position of the point a, b, and c relative to one another. Also, we obtain a simple but 
important fundamental rule by considering the function c f(x), where c is a constant. From the 
definition of the definite integral, we immediately obtain, 


f(x)dx (IV) 


cS 
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If f(x) = d(x) + W(x) then, 


This can be easily proved from the definition of definite integral using Riemann sums. 
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5.5.5 An Important Remark About the Variable of Integration 


We have written the definite integral in the form f f(x)dx. For evaluating the integral, it does 
not matter whether we use the letter x or any other letter to denote the independent variable. The 
particular symbol we use for the variable of integration is therefore not important; instead of 
J, f(x) dx, we could as well write if f(t)dt or i f(u)du or any other expression. The importance 
of this remark will be realized shortly in applications, when we prove the second fundamental 
theorem of Calculus, in the next chapter. 


5.5.6 What Functions Are Integrable? 


Not every function is integrable. a: 
. 1/x* ifx40. .. . 
For example, the unbounded function f(x) = . in Figure 5.19, is not 

: 1 ifx=0 
integrable on [—2, 2]. 

1/x? ifx 40 

y=f(x) = 
1 ifx=0 


This is because the contribution of any Riemann sum for the subinterval containing x = 0 can 
be made arbitrarily large by choosing the corresponding sample point X;, sufficiently close to 
zero. In fact, this reasoning shows that “any function that is integrable on [a, b], must be 
bounded in the interval [a, b]’. In other words, there must exist a constant M such that 
[f(x)| <M for all x in [a, 5]. 


Remark: Even some bounded functions can fail to be integrable. For example, the function 


1 if xis rational 


f(x) = 


0 if xis irrational 


is not integrable on [0,1]. 


“D This is so because between any two real numbers, there are infinite number of rationals and also infinite number of 
irrationals. Hence, no matter how small the norm of partition (i.e., ||P||), the Riemann sum )>_, f(%;)Ax; cannot have a 
unique value. Of course, it can have the value either 0 or 1. 
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By all odds, the theorem given in Section 5.5.7 is the most important theorem about integrability 
of a function. 


5.5.7 Integrability Theorem 


If fis bounded on [a, b] and if it is continuous there, except at a finite number of points, then 
f is integrable on [a, b]. We do not prove it here. 
In particular, if f is continuous on the whole interval [a, b], it is integrable on [a, b}. 
As a consequence of this theorem, the following functions are integrable on every closed 
interval [a, b] 


(12) 


(1) Polynomial functions. 
(2) Sine and cosine functions. 


(3) Rational functions (provided the interval [a, 5] contains no points where denominator 
is 0). 


From the definition of the definite integral, iP f(x)dx, as the limit of a sum, we have 
n 
[rejax = fim SFE) (ay) 
b 


We know that, if fis integrable on [a, 5], then the limit on the right-hand side of equation (A) 
must exist. For the functions that we shall consider here, this limit will always exist. We now 
suggest the following so that the method for evaluating a definite integral, as the limit of a sum, 
is simplified to some extent. 

(i) We shall consider a convenient partition of [a, b], that is, choose X1, X2,X3,...,Xn inthe 
subintervals suitably as explained below, so that the limit of the sum on the right-hand side of 
equation (A) can be evaluated easily. The most convenient partition is that which divides [a, b] 
into subintervals of equal length, say h. Such a partition is called as a regular partition. 

If a=X9, X1, X2, X3, ---; X, =O are the points of division such that a= xg < x; < Xp < x3 
<6. Xp <x, =H, then x, — Xp = (xX, —D=hN, X.-— xX, =h, x3 -—X.=N, ..., Np —Xy yp =h. 

Hence, the points of subdivision are, a, a + h, a + 2h, a + 3h,...,a + nh. 

There are 1 subintervals in [a, b] each of length h. 

.. The sum of the lengths of these subintervals must be b — a. 


b-a 


nh=b—a he = ||P\| 


Now, as n — oo, h — 0 (ie., the length of each subinterval tends to zero, so that ||P|| — 0). 


(ii) We choose the points ¥1,X2,%3,.-.., Xn as the right-hand end point of each subinterval, 
in computing a sum.” 
Thus, X}) =a+h=x%,,X%. =a4+2h=%,%3 =at+ 3h=N3,...,X,7=a4+nh= Xp. 


2) Unfortunately, the proof of this theorem is not simple. We, therefore, accept the theorem without proof. For the proof of 
this theorem, advanced texts on Calculus may be referred to. 

“3 The meanings of P, ||P||, Ax;, and X; have already been explained earlier, in the text. 

“4 By choosing each subinterval Ax; of equal length, and the points ¥;,%2,X3,...,X, as the right-hand end point of each 
subinterval, helps in computing the sum )~7_, f(X;)Axj, easily. 
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Then, we have 


IIPIl-0< 


b 
[rosax = lim S°f(X)Ax, 
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= lim Soh -f(at rh), een 
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By using the formula (B), we can compute the definite integral PP f(x)dx, as the limit of 
a sum. 

For solving problems on “integral as the limit of a sum”, we shall require the following 
results, studied in earlier classes. 


— 
a 
Ray 

[on 

a 

I 

5 
CX 


() Y (ab) = Dat Ds, 


r=1 r=1 


n n 
(2) )° ka, =k >> a,, where k is a constant, independent of r. 


r=1 r=1 


(3) >> k =nk, where k is a constant. 


r=1 


. — n(n+l1) 
(4) r= 2 


(5) se r = n(n+1)(2n+1) 
3 _ (ntl)? 
(6) S P= Nn 4 
(7) IfS,, denotes the sum of first 1 terms of a G.P. whose first term is “a”? and common ratio is 
r, then 
1 _— pit 
a7"), ifr<1 
l-r 


ny 
and 5, =a(" )sifr> 
r—1 


Sn 


At this stage, we state the second fundamental theorem of Calculus, which links definite 
integral |" f(x)dx to the antiderivative of f(x). 


“S) Tf we choose the left-hand endpoint of each subinterval, then we will have the equation f? f(x)dx = 


b- b- 
lim ( A “) ae (« +(r—1) (—*)) , which is comparatively not so convenient. Of course, the result remains 


the same in both the cases. 
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It states that J? f(o)dx = $(b) — o(a), where f f(x)dx = 6(x) (which means ¢ is the 
antiderivative of f). 

The proof is not given here. It is introduced in Chapter 6a, and its applications are discussed 
in Chapter 7a of Part II. 


Remarks: 


(i) It is convenient to introduce a special symbol for ¢(b) — ¢(a). We write 
(6) ~ (a) = [60 


Thus, we have fP f(x)dx = [o(x)]? = o(b) — ofa). 


(11) The concepts of the slope of the tangent line (derivative) and the area of the curved 
region (definite integral) were known long back. Historically, the basic concepts of the 
definite integral were used by the ancient Greeks, principally Archimedes’ (287-212 
BC), more than 2000 years ago. That was many years before differential Calculus was 
discovered in the seventeenth century by Newton and Leibniz. The fact being that the 
concepts of derivatives and definite integral were known prior to the period of Newton 
and Leibniz, and that a number of mathematicians had contributed toward the 
development of the subject, the question is: Why then do Newton and Leibniz figure 
so prominently in the history of Calculus? 

They do so because they understood and exploited the intimate relationship that exists 
between antiderivatives and definite integrals. It is this relationship that enables us to 
compute easily the exact values of many definite integrals without ever using Riemann 
sums. This connection is so important that it is called the second fundamental theorem 
of Calculus. 


Now, we proceed to evaluate some definite integrals by two methods: first as the limit of a sum 
and second by applying the second fundamental theorem of Calculus, which provides a very 
simple method to calculate definite integrals. 


Illustrative Examples 
Example (1): Express Lis x dx as the limit of a sum and hence evaluate. 


Solution: Divide the interval [2,3] into equal parts. The length of each subinterval so obtained 
is ((3 — 2)/n) = (1/n), and the partition formed by the points is given by P = {2,(2 + (1/n)), 
(2+ (2/n)),...,(2+ ((2— 1)/n)), 3}. 


Method (I): Let the sample points X, = x, = (2+ (r/n)) (= 1, 2, 3, ..., 1) (i.e., we choose 
the right-hand endpoint of each subinterval as the sample point X, for computing the sum). 


(© Ty fact, based on the definition of area function A(x) (to be introduced in the next chapter), there are two basic 
fundamental theorems to be discussed later. To understand the (second) fundamental theorem we have to go through the 
(first) fundamental theorem of Calculus. 


160 PREPARATION FOR THE DEFINITE INTEGRAL: THE CONCEPT OF AREA 


Then, we have, 


a 


[rear = im So7() hh eee | eee 
f(x Oe acne , where x; Poe 7 ee 


.. Recall the Formula (B). We have 


[pers =tin (4) ¥r(a4 eS) 


r _ I< 
- Jar tim 02+) cep 


Example (2) Express fe (3x + 5)dx as the limit of a sum and hence evaluate. 


Solution: Divide the interval [0,2] into n equal parts. The length of each subinterval = 2-0 =? 
The partition so formed by the points, is given by 


majo) (PAG) el) see eaG) eta) 
={9.(165))- 2G) (9G) 4} 


Let ¥, =x, =O-+r- 2 ar [r = 1,2,3,...,n] (i.e., we choose the right-hand endpoint of 


each subinterval as the sample point X,, for computing the sum). 


Method (I): Now, we have by definition (i.e., the result “B”): 


oe eG 


a 


‘)) 
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where a= 0 and b=2 so that ((b — a)/n) = 2/n. 


-f @x+syax inc eS (o+r-2) 
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) sy Note that (n+ 1) =n( 142) 


= lim (1 "| | =6+10=16 Ans. 
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Method (II): Using the fundamental theorem of integral Calculus: 


2 


[ext sar= 5 +55] 


2 
, Where (3 5 + sx) is antiderivative of (3x + 5) 
0 


0 


2 
=6+10—0=16 Ans. 


(3-5 +50) (3.0 + 5.0) 


Example (3): Find Vi (x? + 1)dx as the limit of a sum. 


Solution: Divide the interval [0,2] into n equal parts. The length of each subinterval = 
((2 — 0)/n) = 2/n. The partition so formed by the points, is given by 


P= jo(ors)-(o+265)). (04265) }--(ore-0)).( 
=19.(16))- 2G) 9@))} 


LetX, = x,=0O+r (2) = ar, (i.e., we choose the right-hand endpoint of each subinterval as the 
sample point X,, for computing the sum). 


So 
3 
We ana 
SiN 
Nase 
Wa Se 
Snr 
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Method (I): We have by definition (i.e., the result (B)): 


[eee ee) 


Here a=0, b=2, f(=x° + 1,h 


Method (II): Using the second fundamental theorem of integral Calculus. 


3 
, where ( + x) is the antiderivative of (x* + 1) 


o 


Example (4): Evaluate ais e*dx, using the definition of a definite integral as the limit of 
a sum. 


Solution: Divide the interval [0,2] into n equal parts so that we get each subinterval of the 
length ((2 — 0)/n) = 2/n. Then, the partition formed by the points is given by P = {0, (2/n), 
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Method (I): Let X, = x, =0+r(2) =% 
We have by definition (1.e., the result “B’’) 


[etree en )) 


Here a= 0, b=2, fix) =e%, ((b — a)/n) = 2/n 


ll 
sO 
8 
SIN 
SY 
a 
S18 
Se 


2 
=] = 2r/n — eX 
jie » [eo f@) =e] 
a he fer" retin 4 6/4... 4 p2nin 
noon 


The sum in the square bracket is a geometric series with the first term =e” and the common 


: 4/ 
ratio (r’) = oF = e(4/n—2/n) — @2/n, 


1 
+ Thi Sn) = 2/n 
is sum (S,,) =e ae, 


= eh ae aes ~ 


J — e2/n 
en] — @) 
= 1 — e2/n 
2 2 2/n 
2 [(1 — e?) - e?/ 
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Put (2/n) = t on right-hand side and note that as n— co, t- 0 


We get 
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Method (II): Using the fundamental theorem of integral Calculus: 


2 
12 : : ane 
| e*dx = [e*]5, where e* is the antiderivative of e* 
0 

Fy 23:20 


=(e?—1) Ans. 


The four examples are meant to illustrate the theory behind the concept of definite integrals, as 
the limit of a sum. Also we have seen that by applying the second fundamental theorem of 
Calculus, we can compute, very easily, the exact values of these definite integrals without using 
Riemann sums. Hence, we now dispense with the terminology of antiderivatives and antidiffer- 
entiation and begin to call the expression J f(x)dx an indefinite integral—the term derived from 
the definite integral. Accordingly, the process of evaluating both an indefinite integral or the 
definite integralis called integration. This is what we had pointed out in Chapter 1 of this volume. 

In terms of the symbol for indefinite integrals, we may write the conclusion of the 


second fundamental theorem as: [ f(x)dx = [f f(x)dx] : 
a 


Note that, for applying the second fundamental theorem, an important requirement is to find 
the indefinite integral J f(x)dx, by using any suitable technique that we have learnt in previous 
chapters. 


Note: The distinction between an indefinite integral and the definite integral should be 
emphasized. The indefinite integral | f (x)dx represents (jointly) all functions whose derivative 
b 


is f(x). However, the definite integral J f(x)dx is anumber whose value depends on the function 
a 


f and the numbers a and b, and is defined as the limit of a Riemann sum. 
Remark: Note that the definition of the definite integral makes no reference to differentiation. 


Important Note: /ntegral Calculus (like the differential Calculus) has important applications 
in situations where the quantities involved vary. We know that the area of the rectangular region 
changes if one or both of its dimensions are changed. If we consider the shaded region of 
Figure 5.3, wherein the height [of the curve y = f(x)] varies as we travel across the region from 
left to right, then the area of the region R changes continuously. This is the type of situation 
where integral Calculus comes into play. More complicated situations are considered in Chapter 
8a of this book. 


6a The Fundamental Theorems 
of Calculus 


6a.1 INTRODUCTION 


Until now, the limiting processes of the derivative and definite integral have been considered 
as distinct concepts. We shall now bring these fundamental ideas together and establish 
the relationship that exists between them. As a result, definite integrals can be evaluated 
more efficiently. 

We have defined the definite integral Ni f(x)dx, as the limit of a sum and have had some 
practice in estimating the integral. Calculating definite integrals this way is always tedious, 
usually difficult, and sometimes impossible. 

Since evaluation of the definite integral 1 f(x)dx has a great ce of important 
applications, it is highly desirable to have an easy way to compute ie f(x 

The purpose of this section is to develop a general method for nie lig f(x)dx that 
does not necessitate computing various sums. The method will allow us to evaluate many 
(but ret all) of the definite integrals that arise in applications. It turns out that the exact value 
of Pr x)dx can be easily found if we can compute [f(x)dx [ie., if we can find the 
cae of f(x)]. 


6a.2 DEFINITE INTEGRALS 


In the previous chapter, we evaluated certain definite integrals using two methods: first- as the 
limit of a sum (which is based on the definition of definite integral) and second- by applying the 
second fundamental theorem of Calculus, for which it is only ca (as we will see shortly) 
that one should be able to compute J f(x)dx to evaluate Sef ( x)dx. 

Having experienced the convenience in estimating a values of definite integrals 
by the second method, one should appreciate the elegance and beauty of such easy 
computations.” 


The definite integral 6a-The fundamental theorems of the Calculus and their applications (Differentiation and 
integration as inverse processes and the MVT for integrals) 

“ Th fact, we have been able to evaluate a few definite integrals directly from the definition (as the limit of a sum) only 
because we have nice formulas for 1 + 2+ 3 +4 --- +n, 1° +2? +43?+4 --- +n’, and so on. 


© This method is of great practical importance, since it enables us to calculate not only areas, but also volumes, 
lengths of curves, centers of mass, moments of inertia, and so on, which are capable of being expressed in the form 


Def (x)Ax 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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Now, we shall show why antidifferentiation enables us to find the area under the 
graph of the function f(x). The trick is to consider the integral function JP f(x)dx (to be 
discussed shortly). Let Se f(x)dx = A(x), then we shall show that A’(x)=f(x), and this 
will remove the mystery. If the derivative of the integral function le f(x)dx is f(x), then 
surely to find A(x), we should find an antiderivative of f(x) [i.e., we must evaluate 
Sf(x)dx]. 

To understand the approach of Newton and Leibniz in developing the two theorems, we use 
the Integrability Theorem, which states that if fis continuous on [a, b], then fp f(x)dx exists. 
We begin our development of these theorems by discussing definite integrals having a variable 
upper limit. 

Let the function f be continuous on the closed interval [a, b]. Then, the value of the definite 
integral ii f(x)dx depends only onfand the numbers “a’ and “‘b”, and not on the symbol x, used 
here as the variable of integration. In other words, the definite integrals ih f(x)dx, ii f(t)dt, 
and p f(u)du, and so on, represent the same (closed) area from a to b (Figure 6a.1). For the 
present, we will assume that a< b. 

Let us now use the symbol x to represent a number in the closed interval [a, b]. Then, 
because f is continuous on [a, b], it is continuous on [a, x] and i f(x)dx exists. It represents 
the area enclosed by the graph of f and the x-axis, from a to x (Figure 6a.2). 

Furthermore, this definite integral is a unique number whose value depends on x, that is the 
upper limit of the integral. It is a new function of x (in the form of a definite integral, with a 
variable upper limit). We call it the area function and denote it by A(x). 

In order to use x as a variable in our discussion, we write it as an upper limit (of a definite 
integral) and replace the expression f(x)dx by the expression f(f)dt. Thus, we get the definite 
integral {*f(t)d¢ [in place of {* f(x)dx] that clearly indicates the upper limit x, avoiding 
the confusion with the variable of integration, which is now f. 


THE AREA OF FUNCTION A(x) 167 


AY 


y=fo Ae 


x 
A) = [fo at 
a 
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62.3 THE AREA OF FUNCTION A(x) 


We have defined ( f(x)dx as the area of the region bounded by the curve y=f(x), the 
ordinates x = a and x = b, and the x-axis (Figure 6a.1). Since x is a point in [a, b], JP F(x)dx 
represents the area of the shaded region in Figure 6a.2. Here, it is assumed that f(x) > 0 for 
x € [a, b]. 

Thus, A(x) defines a function of x which is the variable upper limit of the integral function 
fr f(x)dx, whose domain is all numbers in [a, b] and whose function value at any number x 
in [a, b] is given by 


A(x) = [flax (1) 


Note that, f is continuous on the interval [a, b] and since f(x) >0, its graph does not fall 
below the x-axis. 


6a.3.1 ‘First Fundamental Theorem of Calculus 


From the definition of the area function A(x), we state its two properties immediately: 


(x)dx = 0, since there is no area from a to a. 
(x)dx, represents the area from a to b. 
If x is increased by / units, then the area of the shaded region=A(x + /), as shown in 


Figure 6a.3. Hence, the difference of areas in Figures 6a.3 and 6a.2 will be A(x + h) — A(x), as 
shown by the area of the shaded region in Figure 6a.4. 
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AY 


FIGURE 6a.3 


The area of the shaded region in Figure 6a.4 is the same as the area of a rectangle in 
Figure 6a.5, whose base is h and height is some value y between f(x) and f(x + h). 
Thus, the area of this rectangle is, on the one hand, A(x + h)— A(x), and on the other 
hand it is h-y. 

Therefore, we have A(x + h) — A(x) =h-y or (A(x + h) — A(x))/(A) = ¥. 

As h — 0, then y approaches the number f(x) [as clear from Figure 6a.5], and so, 


lim a = f(x) (2) 


h-0 


But the left-hand side of (2) is merely the derivative of A(x). Thus, equation (2) becomes 
A'(x) =f (x). 


AY 
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FIGURE 6a.4 
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Note that equation (2) can also be expressed as 
Ala) = 5 [pojax=s00) (y) 


This result is a crucial equation and it is so important that it is called the first fundamental 
theorem of Calculus. 

We conclude that the area function A(x) has the additional property of having its derivative 
A'(x) as f(x). In other words, A(x) is an antiderivative of f(x). 


6a.3.2 The Background for the Second Fundamental Theorem 


Now, using the first fundamental theorem of Calculus, we try to understand the second 
fundamental theorem that is useful in evaluating definite integrals. Suppose (x) is any 
antiderivative of f(x), then we have ¢/(x) =f (x). 

Since both A(x) and ¢(x) are antiderivatives of the same function, we conclude that they 
must differ by a constant c. 


* A(x) — (x) = € 3) 
or A(x) = (x) +c 


Let us apply the property (i) of A(x) to equation (3).° 
Since A(a) = 0, evaluating both sides of equation (3), when x =a, we get 


0= d(a)+C 
C= -9(a) 


©) This equation supports our observation that we made, as property (i) of the area function A(x), defined on [a, ], that 


A(a) = fFlaax =0 
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Thus, equation (3) becomes 
A(x) = (x) — $(4) (4) 


Note that, equation (4) defines the area function A(x), in terms of an antiderivative (x), of 
the given function f(x). 
If x=5, then from equation (4), we get 


A(b) = $() — 6(4) (5) 


But recall that A(d) is the area from a to b (Figure 6a.6). 


Since the area of this region can also be obtained as the limit of a sum, we can also refer to it 
by Pr f(x)dx. Hence, 


[roax = 4(6) — 4(a) (7) 


Equation (7) expresses the relationship between a definite integral f f(x)dx and the difference 
o(b) — d(a), where ¢ is an antiderivative of f(x). It implies that, to find f P x)dx it is sufficient 
to find an antiderivative of f(x) [say ¢(x)], and subtract its value at the lower limit “a” from its 
value at the upper limit “b”. 

Our result can be stated more generally as follows. 


& Recall ae ad is the area under f from a to b [property (ii) of A(x)], that is A(b) = fo tax = ¢(b) — ¢(a), 
where $(x) = [f(x 
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6a.3.3 Second Fundamental Theorem of Integral Calculus 


If f is continuous on the interval (a, b] and ¢(x) is any antiderivative of f(x) there, then 


[roax = $(b) — d(a) (nm) 


Remark: It is crucial that we understand the distinction between a definite integral and an 
indefinite integral. The definite integral P f(x)dx is anumber defined to be the limit of a sum. 
The fundamental theorem says that an antiderivative of f(x) [i.e., J f(x)dx], which is related 
to the differentiation process, and can be used to determine the limit Ai f(x)dx 


Note: The above discussion is very useful for understanding the meaning of the second 
fundamental theorem of integral Calculus. However, it is not the proof of the theorem. We 
shall now prove this theorem, using the definition of a definite integral, as the limit of a sum. 


6a.4 STATEMENT AND PROOF OF THE SECOND FUNDAMENTAL 
THEOREM OF CALCULUS 


Let f be continuous on [a, 5] and let ¢ be any antiderivative of f there. Then, 


Proof: Let P be an arbitrary partition of [a, b] given by 
P= {a=X9 <X1 <2 < + SX <%= 5D} 


[Note that ¢(a) = @(x9) and 6(6) = 6(x,).] 
Then, by using the standard “subtract and add” trick, we get 


$(b) — O(a) = O(Xn) — O(%n-1) + G(Xn-1) + +++ + O(X1) — G(%0) 


By the mean value theorem for first derivatives applied to ¢, on the interval [x;_1, xj], 
(xi) — b(xi-1) = 0 (Xi) (x; — x11) = (Xi) Ax: for some choice of X; in the open 
interval (x;_1, X;). 


©) Using this theorem, it is Hi to prove that ies \dx = — Sef ( x)dx. If de f(x)dx is looked upon as an area under the 
curve y=f(x) from a to b IFC x)dx, then must be ae as ie area with 2 same magnitude, but opposite in sign. 
© Note: We give below, for convenience, the statement of the MVT for first derivatives: If f is continuous on a closed 
interval [a, b] and differentiable on its interior (a, 5), then there is at least one point c in (a, b) where : fO)-F(0) zh (@) _ 


P(e) or f(b) -f(@) =f"): (6-4). 
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Thus, 


n 


$(b) — 0(a) = SOF R) Ax 


i=1 


On the left-hand side we have a constant; and on the right-hand side we have a Riemann sum for 
the function f on [a, 6}. 
When we take limits of both sides as \IP\| > 0, we obtain 


o(b) — = lim > S(Xi)AX: 


\|P|| 0 4= 
b 


= "j f(x)dx By definition of the definite integral 


a 


(Proved) 


Note (1): The first fundamental theorem of the Calculus says that, if a function f is 
continuous on [a, b] and x is an arbitrary point in [a, 5], then the definite integral iis f(t)dt 
is a function of the variable upper limit x, and its derivation is given by 


[revax] =r00) (1m) 


In other words, the derivative of a definite integral is f(t)dt, with respect to its variable upper 
limit x, is the integrand evaluated at the upper limit. (Note our use of t rather then x as the 
dummy variable to avoid confusion with the upper limit.) 

One theoretical consequence of this theorem is that every continuous function f has an 
antiderivative ¢, given by 


x 


6(x) = [rea 


a 


In other words, for any continuous function f we can always write its antiderivative as 
xX . . . . . . 

f - (2)de. a As this fact is not helpful in getting a nice formula for any particular 

antiderivative.” 


6a.5 DIFFERENTIATING A DEFINITE INTEGRAL WITH RESPECT TO A 
VARIABLE UPPER LIMIT 


Now as an application of result (III), we give below a variety of problems involving 
differentiation of a definite integral function, with respect to a variable upper limit. The result 
(IID implies that to compute (d/dx) ) SP f(t)dt, we do not require to compute J f(x)dx. (Why?) 


Shortly in Chapter 6b, we will show that the special integral function {" ide, (x >0), defines the function In x 
(i.e., log. x), and this further indicates the power of Calculus. 
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2 
Example (1): Find 4 | f* ? di] 
Solution: We can find this derivative in two ways. 


(a) Hard Way: that is, by evaluating the integral and then taking the derivative. 


(b) Easy Way: By the result (1D 


Example (2): Find a yen i 


Solution: Note that in this example, it is not possible to find the indefinite integral of 
(3/2 /,/P +17) (why?). Therefore, we cannot solve this problem by first evaluating the 
integral. However, by using the result (I), it is a trivial problem. 


alt ~2 ale 
| dt} = Ans. 
dx J VP +17 Vx2+17 


Example (3): Find 4 [ tan’ ¢ cos tdi] 


Solution: Observe that in this problem x is the lower limit, rather than the upper limit. We 
handle this difficulty as follows: 


4 x 
d d 
— [tan? tcostdt| =— = ft’ tcos tdt 
d dx 
4 


X 
x 


r x 
=—-— [tan? ros rd 
dx 
4 


= —tan? x- cos x Ans. 


Example (4): Find {| f° (37 — 1)a¢| 
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Solution: Now, we have a new complication; the upper limit is x*rather than x. In order to 
apply the result (I), we need x there. This problem is handled by the Chain Rule. We may think of 
the expression in brackets as 


u 
[ae —1)dt, where u = x? 
0 


By Chain Rule, the derivative of this composite function, with respect to x is 


= (3x7 — 1)(2x) = 6x3 — 2x Ans. 


Example (5): Find £| f). V? +210] 


Solution: Here, we first interchange limits and then use the result (I) in conjunction with the 
Chain Rule. 


5 2X 
d d 
[ve 2dt}| =— [ves 2dt 
dx dx 
x. 5 


= —,/(2x)? +2- « (2x) 


V4x2 +2-(2) = -2V4x7+2 Ans. 


6a.5.1 Differentiation and Integration as Inverse Processes 


The first fundamental theorem of Calculus tells that 


where f f(t)dt = ¢(1).© 

This formula tells us that if we start with a continuous function f, integrate it to 
obtain [." f(t)dt, and then differentiate, the result is the original function f. Thus, the differ- 
entiation has nullified the integration. On the other hand, if we start with a function F (having 
a continuous derivative), first differentiate F to get F’, and then integrate F’(x) (from a to x), 
we obtain {* F’(t)dv. 


® Note that £ [[" f(Qd¢] = £[¢(x) — 6(@)] = (x) =f() 
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But, by the second fundamental theorem of Calculus, 


So we obtain the original function F altered by at most a constant [F(a)]. 

This time the integration has essentially nullified the differentiation. 

Thus, the two basic processes of Calculus, differentiation and integration, are inverses 
of each other. Furthermore, whenever we know the derivative F’ of a function F, (Il) gives an 
integration formula. 

For example, we know already that 


—sin x = cos x 
dx 


Therefore, (V) tells us that 


x 
‘ . 71 
[ cos td sin. sin? 


n/4 


= sinx = sinx 


“IS 


Similarly, we have 


d 2 
—tan x = sec” x 
dx 


x 
2 1 
sec’ tdt = tan x tan] = tan x 1 
1/4 


In physics, the velocity of a particle moving along a straight line is the derivative of the position 
function. If we use 


t for the independent variable representing time, 
f for the position function, 
v for velocity, and 


s for variable of integration 


Then we can write 


t 
F(t) = F(00) = | spas ) 
1 
In (L) the number fg is arbitrary, and it plays the same role as “a” in (V) above. In applications, 


to is usually a special instant of time. When to is the moment at which motion begins, it is called 
the initial time. 
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The acceleration “a’ of a particle is the derivative of the velocity. Hence, we obtain 


t 


an | a(oyas (M) 


to 


6a.5.2 The Mean Value Theorem for Definite Integrals (or Simply Integrals) 


We have already studied the mean value theorem (MVT) for derivatives in Chapter 20 of Part I, 
and observed that it plays an important role in Calculus. There is a theorem by the same name for 
integrals. Although, the MVT for definite integrals is not as attractive as the MVT for 
derivatives (due to its fewer applications), it is still worth knowing. Geometrically, it says 
that (in Figure 6a.7), the area under the curve is equal to the area of the shaded rectangle, where 


66? 


c’ is some number, in [a, b]. 


6a.5.2.1 Theorem: (Mean Value Theorem for Integrals) If f is continuous on [a, b], there 
is a number between a and 5, such that 


Proof: Let 


FIGURE 6a.7 
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Then, we can say that F is differentiable at each x € [a, b], and that 
F'(x) =f (x) (B) 


(From the first fundamental theorem of Calculus.) 
By the mean value theorem for derivatives, applied to F, there is a point c in (a, b) such 
that 


F(b) — F(a) = F'(c)(b— a) (C) 
that is, 
b 
[roar 0 = F'(c)(b—a) (D) 
b a 
F(b) = [rea and F(a) = [rea =0 


But by (A), we have F’(c) =f(c). 
Using this relation in (D), we get 


b 


[roa —0=f(c)(b-a) (Proved) (E) 


a 


Note that, if we solve (E) for f(c), we get 


The number an f(t)dt)/(b — a) is called the mean value (or average value) of fon [a, b]. To see 
why it has this name, consider a regular partition 


Pi xo <x1p << ++: <M =d 


with Ax = (b—a)/n. 
The average of the n values f(x )f(x2) ...f (Xn) is 


F(x) +f (2) + 0 +F(%n) _ ec 


= 


178 THE FUNDAMENTAL THEOREMS OF CALCULUS 


The sum in the last expression is a Riemann Sum for f on [a, 6], and therefore approaches 
fP foddx as Nn > 00. 

Thus, (? f(x)dx)/(b — a) appears as the natural extension of the familiar notion of 
average value. (It is also called the arithmetic mean value of a function.) We now define the 
arithmetic mean value of a function. 


6a.5.2.2_ The Arithmetic Mean Value of a Function 


Definition: The arithmetic mean value (or simply, the mean) y,, of a continuous function 
y=f(x) on the interval [a, b] is the ratio of the definite integral of this function (from a to b) to 
the length of the interval: 


_ P f(x)dx 
aa a 


(Justification to this definition is already given in the MVT for integral in Section 6a.5.2.1.) 
Now, we shall prove the following theorem using the mean value theorem for integrals. 


6a.5.2.3 Theorem: An Integral with Variable Upper Limit is an Antiderivative of its 
Integrand Note that this is the statement of the first fundamental theorem of Calculus.” 


Proof: Given an integral function I(x) = {* f(x)dx, with variable upper limit x. 


x , 


To prove [rosax = f(x) (VI) 


a 


Let us give an increment Ax to x. Then, the new value of the function /(x) is given by 


x+Ax 


I(x + Ax) = | rosax 


a 
Let, 
AI = I(x + Ax) — I(x) 
xtAx 


= [ rtsyar— [poses 


a 


Now, expressing the first integral on the right-hand side by breaking the integral, we get 


AI = [joes + “(eon - [risa 
7 Poot 


ad 


© We have already proved the theorem, using the definition of area function A(x) = Se f(Odt. Now, we shall prove it, 
simply by using the definition of the definite integral and the mean value theorem for integrals. 
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According to the mean value theorem for integrals, the above integral is presentable as 


Al = f(é)(¥F AX — x) = f()Ax (vu) 


where & is a point lying between x and (x + Ax) 
By the definition of the derivative, by using (VII) we have 


tim ah = tim [AX 
Ax-0Ax Ax-0 Ax 
= lim fC) 


But if Ax— 0, the x + Ax tends to x, and therefore € — x, which implies, since f(x) is a 
continuous function, that 


lim f() = lim f(é) = f(x) (VIII) 


Ax 0 Ex 


since f is a continuous function. This is what we wanted to prove. 


6a.5.3 Geometrical Interpretation of MVT 
From the theorem (d/dx) f* f(z)dt = f(x), it follows that 


Now, we can give the geometrical interpretations of the above statements of the theorem. 
[The geometrical interpretation of the theorem (d/dx) P f(t)dt = f(x) was discussed in 
Section 6a.3.1.] Here we explain it once more. 


x 


Let I(x) = [rea 


a 


The function /(x) expresses the variable area of the curvilinear trapezoid with variable base 
[a, x] bounded by the curve y=f (x). 

The assertion of the theorem implies that the derivative of the area of the trapezoid with 
respect to the abscissa x is equal to the ordinate of the line segment AB [=f (x)] bounding 
the trapezoid, which represents the height of the graph at x. In other words, the differential 
of the area of the trapezoid is equal to the area of the rectangle ABDE with sides equal, 
respectively, to the base of the trapezoid and fo the ordinate of the line y = f(x) at the point x 
(Figure 6a.8). 


Note (2): The practical importance of the integral Calculus as well as of differential Calculus, 
lies in its ability to handle situations in which quantities are varying continuously. 


(1 Note that as x varies in [a, x], the area I(x) varies. 
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AY 


FIGURE 6a.8 


This can easily be visualized by considering the graph of a continuous function y =f (x), 
with f(x) > 0, on a closed interval [a, 5]. The graph of any such function obviously lies above 
the x-axis. If it is different from a straight line, then the slope of the tangent line to the curve 
(which is the derivative of f) varies continuously with x € [a, b], and for any value of x (say x), 
it can be easily computed using differential Calculus (Figure 6a.9). 

Also, the area of the curved region below the graph of y = f(x) and above the x-axis (i.e., the 
definite integral of f) from a to x (a< x <b), varies continuously with x € [a, b] and is given 
by A(x) = f* f(x)dx, and for any value x (say x), it can be easily computed using integral 
Calculus (Figure 6a.10). 


Remark: Because of the connection between definite integrals and antiderivatives, it is 
logical to use the integral sign “f ” in the notation { f(x)dx for an antiderivative. Now it must 
also be clear that we may dispense with the terminology of derivatives and antidifferentiation, 
and begin to call the expression J f(x)dx as an indefinite integral (which is the term derived 
from the concept of the definite integral). Once this idea is clear, the process of evaluating an 


y=f@ 


b 


a 


FIGURE 6a.9 
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AY 


y =f) aS 


Vu 


b 


FIGURE 6a.10 


indefinite integral [ f(x)dx and the definite integral 1 f(x)dx are identical from computation 
point of view. Of course, the two concepts are entirely different. It is for this reason that the 
process of evaluating an indefinite integral |{ f(x)dx]or the definite integral sr f (x)dx| is 
called integration. 

The distinction between an indefinite integral and a definite integral should be emphasized. 


(i) The indefinite integral { f(x)dx represents all functions whose derivative is fix). 


However, the definite integral f? f(x)dx] is a number whose value depends on the 
function f and the numbers a and b, and it is defined as the limit of a Riemann Sum. 


Remark: We emphasize that the definition of the definite integral makes no reference 
to differentiation. 


Thus, we can differentiate both an indefinite integral and the definite integral in the form 
J f(ddt. Of course, (d/dx) [? f(dat = 0, always [Why?]. 


(ii) The indefinite integral involves an arbitrary constant c. 
For instance f x? dx = 7 +¢ 
The arbitrary constant c, as we know, is called constant of integration. 


In applying the second fundamental theorem of Calculus to evaluate a definite 
integral, we do not need to include the arbitrary constant c in the expression g(x), 
because the theorem permits us to select any antiderivative, including the one for 
which c=0. 


Note (3): The second fundamental theorem of Calculus provides a key method to find the 
definite integral with the aid of antiderivatives. It links the process of integration with that of 
differentiation. For this reason, some authors call this theorem the fundamental theorem of 
integral Calculus. Some authors also call it the Newton—Leibniz Theorem, because they were 
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the first to establish a relationship between integration and differentiation, thus making 
possible the rule for evaluating definite integrals, avoiding summation. 

It is only after this theorem was established, that the definite integral acquired its 
present significance. It greatly expanded the field of the applications of the definite integral, 
because mathematics obtained a general method for solving various problems of a 
particular type, and so could considerably extend the range of applications of the definite 
integrals to technology, mechanics, astronomy, and so on. This is better appreciated when 
the theorem is applied to compute not only areas, but also quantities like volumes, length of 
curves, centers of mass, moments of inertia, and so on, which are capable of being 
expressed in the form 


x=b 
SFC) Ax) 


Archimedes (287-212 BC) must be regarded as one of the greatest mathematicians of recorded 
history, for this work alone, which was nearly 2000 years ahead of his time. [Refer to Chapter 5, 
Section 5.1.1.] 

When Newton (1642-1727) and Leibniz (1616-1716) appeared on the scene, it was the 
natural time for Calculus to be developed, as evidenced by their simultaneous, but independent 
achievements in the field. 

Newton and Leibniz had the analytic geometry of Fermat (1601-1665) and Descartes 
(1596-1650) on which to build Calculus. This was not available to Archimedes. 


“) Differentiation and integration arose from apparently unrelated problems of geometry. The problem of the tangent line 
led us to derivatives and the problem of area to integration. It was only after mathematicians had worked for centuries with 
derivatives and integrals separately, that Isaac Barrow (1630-1677), who was Newton’s teacher, discovered and proved the 
Fundamental Theorem of Calculus. His proof was completely geometric, and his terminology far different from ours. 
Beginning with the work of Newton and Leibniz, the theorem grew in importance, eventually becoming the cornerstone for 
the study of integration.Calculus with Analytic Geometry (Alternate Edition) by Robert Ellis and Denny Gulick (p. 263), 
HBJ Publishes, USA, 1988. 


6b The Integral Function 
i 1 dt, (x > 0) 
Identified as Inx or log, x 


6b.1 INTRODUCTION 


The definition of the logarithmic function that we encountered in algebra was based on 
exponents, and the properties of logarithms were then proved from corresponding properties 
of exponents. It is useful to review these properties and revise how we learned them in our 
algebra course. 

One property of exponents is 


a-@ =a (1) 
Let us discuss the following cases: 


(i) If the exponents x and y are positive integers and if a is any real number, then (1) 
follows from the definition of positive integer exponent and mathematical induction. 


(ii) If the exponents are allowed to be any integer, either positive, negative, or zero, and 
a#0, then (1) will hold if zero exponent and negative integer exponent are defined by 


and 
a"=—, n>0 (2) 
(iii) If the exponents are rational numbers and a > 0, then (1) holds when a’ is defined by 


qin — wWqn (3) 


(iv) It is not quite so simple to define a‘ when x is an irrational number. 
For example, what is meant by av”? Stated simply, we use an approximation method. 
First, a? is approximately a!+ = a’/5 = \/a’, which is defined. 


x 


6b-The logarithm defined using Calculus. The integral function St fdr, (x > 0) identified as natural logarithm In x 
or log,x and the definition of natural exponential function exp(x) or e* as inverse of In x. 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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t 


Better approximations are a!4! = '%Yq!4T and a'+'4. In this way, the meaning of aY” 
becomes clear. 


Based on the assumption that a“ exists if a is any positive number and x is any real number, we 
agreed to write the equation 


a*=N (4) 


where a is any positive number except 1 and N is any positive number. The definition of the 
logarithmic function was then based on the above equation, which can be solved for x, and x is 
uniquely determined by 


x = log, N (5) 


From this definition (of the logarithmic function) and properties of exponents, the following 
properties of logarithms were proved 


log, 1 =0 (I) 

log, m:n = log, m+ log,n (IL) 
m 

log, oo log, m—log,n (IID) 

log, m" = nlog,m (IV) 

log,a=1 (V) 


The power of Calculus, both that of derivatives and integrals has been amply demonstrated. 
Shortly, we shall be defining the logarithmic function as an integral, indicating one more 
application of Calculus. 

We begin by observing a peculiar gap in our knowledge of derivatives. 


Here we ask the question: /s there no function whose derivative is (1/x)? Alternatively, is there 
no function that equals{(1/x)dx? We will most certainly reach this conclusion if we restrict 
our attention to the functions studied so far. However, we are about to launch the process of 
defining a new function to fill the gap noticed above. 

For the time being, we just accept the fact that we are going to define a new function and 
study its properties. 

Recall the formula { x" dx = ((x"*')/(n + 1)) +¢, n 4 -1. This formula does not hold 
when n= —1. To evaluate J x"dx for n=—1, we need a function whose derivative is 1/x. 

In other words, to evaluate [(1/x)dx, we must obtain a function ¢(x) such that 
(d/dx)$(x) = (1/x). Then, obviously, we can say that [(1/x)dx = ¢(x). However, we are 
neither aware of any such function nor are we able to guess it. Of course, in Chapter 13a of Part I, 
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FIGURE 6b.1 


we have indicated that (d/dx)log, x = (1/x). Now the question is: Can we obtain this function 
by any other method and establish that “log, x” is the only function whose derivative is 1/x? In 
this chapter, we shall prove this. 

The first fundamental theorem of Calculus (discussed in Chapter 6a) gives us one such 
method. It is (the definite integral) 


66? 


where “a” can be any real number having the same sign as x“? 
To interpret such a function, we consider the special case of this function denoted by 


x 
1 
Inx [ar (i) 
1 


Let R, be the region bounded by the curve y = 1/t, by the t-axis, on the left by the line t= 1, and 
on the right by the line t= x, where x > 1. This region R, is shown in Figure 6b.1. 

The measure of the area of R, is a function of x; call it A(x) and define it as a definite integral 
as given by 


A(x) 


oleate? 
sale 
a 
S 


Now, consider this integral if 0 < x < 1. It can be easily shown (using the second fundamental 
theorem of Calculus) that 


“© Now, what remains is to assign a name to this function. 
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FIGURE 6b.2 


From the above, it follows that the integral {Fa /t)dt represents the measure of the area of 
region R>, bounded by the curve y = 1/t, and the t-axis, on the left by line t= x, and on the right 
by the line t= 1. 

Thus, the integral aba (1/t)dr is the negative of the measure of the area of the region Ry shown 
in Figure 6b.2. If x = 1, the integral iC (1/t)dt becomes vat (1/t)dt, which equals zero. (By 
definition, see Chapter 5, Section 5.5.4.) 

In this case, the left and right boundaries of the region are the same and so the measure of the 
area is 0. (This fact can also be proved using the second fundamental theorem of Calculus.) 

Thus, the integral feel /t)dt, for x >0 can be interpreted in terms of the measure of the 
area of a region. The value of this integral depends on (the upper limit x) and is used to 
define the natural logarithmic function, denoted by In x. We write, 


xX 
1 
nx = [Par x>0 
1 


(Though, we have given the name natural logarithmic function to In x, we have to justify this 
name. For this purpose, we must check whether In x satisfies all the properties of logarithms, as 
listed in Section 6b.1.1.) 


6b.2. DEFINITION OF NATURAL LOGARITHMIC FUNCTION 


The natural logarithmic function is defined by 
x 
1 
Inx = 7a x>0 
1 


The domain of the natural logarithmic function is the set of all positive numbers. We read “In x” 
as “the natural logarithm of x”. 


©) Note that, here x varies in the interval (0, x), from 1 to 0. The area to the left of the ordinate ¢ = 1 is taken as negative 
(so that, it is represented by a negative number) and that to the right of line t= 1, is taken as positive. 
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6b.3. THE CALCULUS OF Inx 


From the first fundamental theorem of Calculus, we have 


x 
d d 1 1 
(In x) = [ja = 
1 


dx dx 


Thus, In x is a differentiable function with 


d 1 8 
ae (In x) = . (ii) 


Since (1/x) > 0 for x > 0, we also conclude that In x is strictly increasing. 
We know that corresponding to each differentiation formula, there is an integration 
formula. Thus from (ii), we can write 


1 as 
—dx=Inx+C (iii) 
x 
which is the indefinite integral form of (ii). 
[It must be clearly understood that, whereas the function In x is defined by the definite 
integral f,(1/t)dt, x > 0, the indefinite integral form of In x is given by equation (iii).] 


From the result (11) and the chain rule, we have the following theorem 


Theorem (A): If u is a differentiable function of x and u(x) > 0, then 


d ld 
=a wes 
an) ia 


Example (1): Find f’(x) if f(x) = In(5x” — 2x +7) 


Solution: From Theorem (A), 


1 
"(x) = 10 2 
f'X) = Sa 5, 79 (10% — 2) 
10x — 
fis ate Z Ans 
5x2 —2x+7 


Example (2): Find f’(x) if f(x) =In(sin x), sin x > 0 


Solution: Using Theorem (A), we get 


d 1 d 
Ga intsin x)] = ere qn (sin x) 
cos X . 
=> =cotx, sinx >0 Ans. 
sin x 
d 1 
Example (3): Show that —In|x]| =—, x0 
dx x 
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Solution: Here we have to consider two cases. 


(a) Ifx>0, |x|=x, and so 
d d 1 
gy (nla) a qn ln x)= - 
(b) Ifx <0, |x|=-—x, and so 
d d 1 d 
re (In|x|) = ae (In(—x)) = =e ax) [Note that forx <0, — x > 0] 


= (4)c-0 = Ae. 


1 
| dx =In|x| +c, x40 
x 


Example (3) tells that 


This result fills the long-standing gap in the power rule for integration. If r is any rational 
number then, we can now write 


r+ 


u : 
| wu = eno ifr A-1 


Inful+c, ifr=—-1 


d 
Example (4): Find [In(x? — x — 2)] 
Xx 


Solution: This problem makes sense, provided x°* — x —2>0. 

Now x? — x—2=(x+1)(x —2), which is positive provided both the factors are either 
negative or positive. This condition is satisfied provided x < — 1 or x > 2. Thus, the domain of 
In(x? — x — 2) is (—c0, —1) U(2, 00). On this domain, 


daaps 2x -1 
ac [In(x* — x — 2)] ae) Ans. 


Now we show that the natural logarithmic function obeys the properties of logarithms that we 
learnt in algebra, and listed in Section 6b.1. [This will also justify the name given to the function 
ff C/adt, (x > 0).] 

Now, it is proposed to prove the following theorem, which gives the properties of In x (except 
the property log,a= 1). 


Theorem (B): If a and 5 are positive numbers and r is any rational number, then 


() Inl=0 

(II) In(a-b) =Ina+Inb 
(HI) In(#) =Ina—Inb 
(IV) In(a") = r(Ina) 


These relationships make In x a very important function. These properties of In x support our 
use of the name “logarithm” for the function In x. 
Let us prove these properties. 


Of course, we have not yet talked about the base of the natural logarithm. 
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Proof: (I) To prove: Inl =0 
From the definition of In x, we have In x = | —dt 


1 
int = [7ar=0 
1 


We now prove that the natural logarithm of the product of two positive numbers is the sum of 
their natural logarithms. 
(I) If a and b are two positive numbers then 

In(a-b) =Ina+Inb 


Proof: Consider the function f(x) = In(ax) 
For x > 0 (and a> 0, given), we have 


(Inax) = (ax), [By Theorem (A)] 


dx ax dx 


1 d 1 
=—-a=— and —(Inx)=-— 
ax x dx x 


The derivatives of \n(ax) and \nx are therefore equal. Thus, their values differ only by a 
constant, that is, Inax=Inx+C 

To evaluate C, we put x =1, which gives na=C (since In| =0). 

Thus, Inax=Inx+Ina 

Now, put x=, we get In(a-b)=Ina+Inb. (Proved) 


(II) If a and b are two positive numbers then 


n(5) =Ina—Inb 


Proof: We have, shown above that 
In(a-b) =Ina+Inb 
Replacing a by 1/b, we get on the right-hand side 


ing +Inb=In(2-0), [. Ina+Inb = In(a- b)| 
=In1=0 Thus we get Int =—Inb 


1 1 
Now consider, In (7) =In («. ;) =Ina+ es 
=Ina-—Inb (Proved) 
(IV) If a and b are two positive numbers and r is any rational number, then 
In(a’) = r(Ina) 


Proof: For x >0, we have 


(x") [By Theorem (A)] 


=—-r- x! (iv) 
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and 
1 
x 
(v) 


Thus, derivatives of In(a’) and r(In x) are equal. It follows that, In(a’) and r(In x) must differ 
only by a constant C. 


Inx” =rlInx+C (vi) 
To find C, we put x= 1 and get 
Inl"=rlInl1+C 


But In 1 =0; hence C=0. 
Replacing C by 0, we get from (vi) above 


Inx”’ =rInx (Proved) 


The properties of the natural logarithmic function can be used to simplify the work involved in 
differentiating complicated expressions involving products, quotients, and powers as can be 
seen from the following solved examples. 


Example (5): Let us differentiate In( (x? + 1)(2x + 3)) 


Solution: * [in( (x? + 1)(2x + 3))| 


= {inc + 1) + In(2x 4 3} 


1 1 
= -2x A +2 
2})\x2 +1 2x +3 
x 1 3 


. eS Ans. 
pl Wes "2 me 


[Note that the denominator in the second term will not be zero if x > (—(3/2)).] 


d 
Example (6): Find i: ify =In/(x—D/2, x>1 
xX 


Solution: Our problem becomes easier if we first use the properties of natural logarithm to 


simplify y. 
th ae zat 
y=lIn z =-lIn ie 
x? 3 x? 


[In(x — 1) — Inx*] 
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AY 


FIGURE 6b.3 


Note (1): The process illustrated in Examples (5) and (6) is called logarithmic differentiation. In 
this process, the expressions involving quotients or powers are reduced to simple sums and 
products of functions. The procedure involves taking the natural logarithm of each side of the 
given function and then using the properties of logarithms.” 

The following procedure is useful in understanding the inequality 0.5 <in2< 1. 


Solution: Here, we can write 
2 
1 
In2= F dt. 
t 
1 


The above definite integral can be interpreted as the measure of the area of the shaded region 
appearing in Figure 6b.3. 

From this figure, we observe that In 2 is between the measures of the areas of the rectangles, 
each having base of length 1 unit and the altitudes of lengths 1/2 and 1 unit, which tells that, 
0.5 <in2<1,° 


Note (2): The number 0.5 is a lower bound of In 2 and 1 is an upper bound. In a similar manner, 
we can obtain a lower and upper bound for the natural logarithm of any positive real number. 
(Later on, it will be convenient to compute the natural logarithm of any positive real number to 
any number of decimal places (to achieve the desired accuracy), by expanding the function In x 
into an infinite series, as discussed in Chapter 22 of Part I.) 


Remark: We have not yet established the property of logarithms, which states that log, a= 1, 
because so far we do not have a base for natural logarithm. To obtain the base for the natural 


logarithm we now show that In4>1. [Once any base “a” is obtained for the (natural) 
logarithmic function “In x” we must check that a>0, a4 1.] 


“ This process was developed in 1697 by Johann Bernoulli (1667-1748). We have discussed this method and solved a 
good number of problems in Chapter 15a of Part I. 
©) This inequality can also be obtained analytically, using the mean value theorem for integrals introduced in Chapter 6a. 
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AY 
f@=F 
x 
> 
0 1 2 3 4 
FIGURE 6b.4 


Solution: By definition of the natural logarithm and the comparison property, we have 


4 2 3 4 
1 1 1 1 1 1 1 
In4 dt dt 4 dt + dt 21 2 4 
na=[oar= [art [ar [2ar=3(2-1) +503 -2) +5(4-3) 
1 1 2 3 
1 1 1 
>=(2-1 2 4 
> 5-1) +508-2) + 74-3) 
1 1 1 
>s+s4+-(= 13/12 
2 5t3tG(= 13/12) 
> 1. 


Thus, we have shown that In4>1. We have seen that Inl=0O, In2<1 and In4>1 
(Figure 6b.4). Intuitively, we can guess that there exists a number between | and 4 (let us 
call it “e’’), such that In e = 1. It remains to show that such a number is in the domain of \n x, 
and it is unique. 

Now note that, \n x is differentiable and hence continuous. Therefore, from the intermediate 
value theorem, it follows that there exists anumber between 1 and 4 (denoted by “e’”’), such that 


Ine=1 


Also, since the function /n x is strictly increasing, e is unique. It is the value of x for which the 
area of the shaded region in Figure 6b.5 is 1. 
Further, the equality Ine = 1, suggests that the base of natural logarithmic function “In x” 
must be the number “e”. 
In Chapter 13a of Part I, we have discussed at length about the number e, its origin, its value, 
and its properties. There, we have also seen that log, x is a new function such that 
1 
qx O8e x= . 
This is consistent with what we have seen in the case of “In x”. Thus, we identify the function 
Inx with log.x. The number “e”, as we know, is an irrational number that has the non- 
terminating decimal expansion 


é = 2.71828182845904523536 


The symbol e was first adopted for this number by the great Swiss mathematician Leohard 
Euler. It has come to occupy a special place both, in mathematics and in its applications. 


© Once this is shown, it will be justified to identify In x as the logarithmic function to the base “e”. 
From the properties of exponents and definition of logarithms, we know that for a > 0, a' =a, which also means that 
logarithm of “a” to the same base “a” is 1 [i.e., logga= 1]. 
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FIGURE 6b.5 
Now let us consider the following examples. 


Example (7): Evaluate i dx in terms of logarithms 


Solution: [? !dx = [In x]$ = In6 — In2 = In$=In3. 


Example (8): Express ies tdx in terms of logarithms 


‘on: {1 
Solution: | “dx = [In Pie 
3 X 
= In| —7| — In| - 8| 
7 
= In-= Ans. 

8 
Example (9): Find the exact value of if i dx 
Solution: Because x 2 is an improper fraction, we divide the numerator by the denominator 
and obtain 

x42 _ eS 3 
xt+1— * x+1 

Therefore, 

a 5 2 

x + 
dx = |x-1 d 
| x+1 a fs ev x+1 es 
0 0 
I 2 x +3 In|x + 1]] 
2 0 
=2-—2-—3ln3—-3ln1 
= 31n3 — 3.0 


= 3In3 = 1In3? = 1n27 Ans. 
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Example (10): Evaluate f**dx 


Solution: Let In x= t. 


We get 


Therefore, 


Remark: Here we have evaluated the integral [(In x/x)dx by the method of substitution 
discussed in Chapter 3a. To obtain the formulas of indefinite integral of trigonometric functions 
tan x, cot x, sec x, and cosec x, we had assumed the result {(1/x)dx = log e|x| + c, and applied 
it to [(f’(x)/f(x))dx to obtain the result log.|f(x)| + c. If this had not been done, we would have 
had to wait till this point for obtaining the above-mentioned formulas, because they involve the 
natural logarithmic function. 


Also, we have seen in Chapter 13a of Part I, that the common logarithm is a multiple of the 
natural logarithm and vice versa, given by the following relations: 


logy X = logiy e- log, x = 0.4343 - log, x 
and 


log, x = log, 10- logy) x = 2.3026 - logy, x 


Thus, we can always convert back and forth between the natural and the common logarithm of 
the same number.” 


6b.4 THE GRAPH OF THE NATURAL LOGARITHMIC FUNCTION Inx 


Now, we analyze the graph of the natural logarithm function In x and try to sketch it. First note 
that, In] =0 e f (dt/t) = 0). Next, Inlxl is a differentiable function with 


In|x| =~ 
ni|x) = — 
dx % 


since (1/x)>0 for x>0, Inx is strictly increasing, also it is clear from (1/x)>0 that 


1 
Diy 3 = 
(d°/dx?)In x = = <e 


‘) Remember that, whereas evaluation of (in x/x)dx has been very simple, the integral {In x dx cannot be evaluated by 
the method of substitution. Recall that, [In x dx was evaluated by the method of integration by parts [Chapter 4a]. 

© To remember the above relationship, it is useful to keep in mind the algebraic identity x/10 = (x/e) - (e/10). Ithelps in 
writing logio x = log; e-log, x and so on. 
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FIGURE 6b.6 


Therefore (as we have noted earlier in Chapter 19a), the graph of In x is concave downward 
on (0, 00). It can also be proved that 


lim Inx=+oo and lim Inx = —oo"®) 

x +00 x30t 
With this information, and by plotting a few points with segments of tangent lines at the points, 
we can sketch the graph of the natural logarithmic function by hand, as shown in Figure 6b.6, 
where we have plotted the points having abscissas i> 1, 2, 4. 


The slope of the tangent line is found from the formula 
d 1 
— In|x| =- 
dx x 


From the property lim,._, 9+ In x = —oo, we conclude that the graph of In x is asymptotic to the 
negative part of the y-axis through the fourth quadrant. 

In summary, the natural logarithmic function “In x’, satisfies the following properties, as can 
be seen from its graph, and discussed earlier. 


(a) The domain is the set of all positive numbers. 
(b) The range is the set of all real numbers (since In x + + 00, asx — +00). 


(c) The function is increasing on its entire domain [since(d/dx)(In x) = (1/x) >0 
for all x > OJ. 


(d) The function is continuous at all numbers in its domain (since In x is differentiable 
for all x > 0). 


(e) The graph of the function is concave downward at all points (since In x < 0, for all x > 0. 
See Chapter 19a for second derivative test). 


(f) The graph of the function is asymptotic to the negative part of the y-axis through the 
fourth quadrant (since lim, _,9+In x = —oo). 


°° The Calculus 7 of a Single Variable by Louis Leithold (pp. 445-447), Harper Collins College Publishers. 
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6b.5 THE NATURAL EXPONENTIAL FUNCTION [exp(x) OR e*] 


We know that the natural logarithmic function is increasing on its entire domain, therefore by 
the definition of an inverse function, it has an inverse that is also an increasing function. 

The inverse of In(x) is called the natural exponential function, denoted by exp(x) (or e*), 
which we now formally define. 


6b.10.1 Definition of the Exponential Function exp(x) or e* 


The natural exponential function is the inverse of the natural logarithmic function. 
It is therefore defined by e“ = y, if and only if x=Iny. 


Note: We agree that the expressions exp(x) and e* stand for the same functions, as also the 
expressions Inx and logx mean the same function at “x”. It is also clear that for x= 1, the 
exponential function e* has the value “‘e” [or we say that the number “e” is the value of the (natural) 
exponential function at 1]. We can also write that e = exp(1). Note that, the exponential function e* 
is defined for all values of x and that its range is the set of all positive numbers. 

We have studied the properties of the natural exponential function in Chapter 13a of Part I. 
All the properties of exponential function studied there can be established using the definition of 
the logarithmic function, discussed in this chapter. It will be seen that these properties are 
consistent with the properties of exponents learnt in algebra. 


7A Methods for Evaluating 
Definite Integrals 


7a.1 INTRODUCTION 


In Chapter 5, we have introduced the following concepts/ideas: 


¢ the concept of area, 
e the meaning of the definite integral as an area, 
e the idea of the definite integral as the limit of a sum, 


e the concept of Riemann sums and the analytical definition of definite integral as the limit 
of Riemann sums. 


¢ the symbol f? f(x)dx for the definite integral of a (continuous) function f(x) defined on a 
closed interval [a, 5], 


e the statement of the integrability theorem, and 


¢ the statement of the second fundamental theorem of Calculus, which links the definite 
integral fe f(x)dx with the antiderivative { f(x)dx. 


Historically, methods of computing areas of certain regions were developed by the ancient 
Greeks. Such an area was called the integral. The symbol = hi [with positive numbers a and b 
(a <b)] was used to indicate the measure of the area in question. Thus, the term “integral” 
and the symbol “|” were in use prior to the discovery of differential Calculus. 

The concept of derivatives was discovered in the seventeenth century and the methods for 
finding the derivatives of various functions, were developed then. Simultaneously, mathema- 
ticians developed the concept of the antiderivative of a function and the methods for finding 
antiderivatives. The methods for computing derivatives of functions, together with those for 
computing antiderivatives constituted the subject of Calculus. 

Of course, a number of mathematicians have contributed through the centuries, towards the 
development of Calculus. However, Newton and Leibniz understood and exploited the intimate 
relationship that exists between antiderivatives and definite integrals. This relationship, which 
is known as the second fundamental theorem of Calculus, was introduced in Chapter 5. Also, 
some examples were solved to show how the theorem provides a very simple method for 
computing definite integrals. 


7a-Methods for evaluating definite integrals using antiderivatives (Application of the second fundamental theorem of 
Calculus) 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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The second fundamental theorem of Calculus says that, to evaluate the definite integral 
E f(x)dx, we should compute the antiderivative of the function f(x) (which is the integrand 
in the definite integral). The dependence of the definite integral on the evaluation of the 
antiderivative suggested that we identify the term antiderivative by the name “indefinite 
integral”. Accordingly, the old term “integral” (which was in use prior to the discovery of 
derivative) was renamed “the definite integral”. 

The above discussion is a repetition of the contents discussed in previous chapters. However, 
such a repetition is expected to help us easily understand the methods and the material to be 
discussed in this chapter. 

The underlying approach (for finding areas, as discussed in Chapter 5) is largely based on 
geometrical considerations and partly on our intuition. The procedure involved is lengthy and to 
some people it may appear dull. However, it is interesting to see how ideas are introduced for 
computing areas bounded by known curves. 

The idea of the area function A(x) introduced in Chapter 6a, helps in understanding the 
first fundamental theorem of Calculus, and in establishing the second fundamental theorem 
of Calculus. Both these theorems are then applied to show that differentiation and integration 
are inverse processes. Also, these theorems are very useful in proving many other important 
results in Calculus. We again come back to our discussion on the second fundamental theorem 
of Calculus. 

If f(x) is a continuous function and f(x) > 0 on [a, b], such that the graph of the function is a 
continuous curve above the x-axis, then the area of the region bounded by the curve y = f(x), 
the ordinates x =a and x =), and the portion of x-axis from the point a to the point 5 is 
denoted by A= ie f(x)dx. This is the simplest plane region and the symbol iP f(x)dx 
measures the shaded area. 


AY 


y=fx) 


b 
A=f fix) dx 
a 


The symbol [id f(x)dx is read as the definite integral of f(x) from a to b. Itis a fixed number for 
the given interval [a, b] and it can change only if the interval is changed. In this notation, f(x) 
is the integrand, “a” is the lower limit of integration and “b” is the upper limit. The symbol [ is 
an integral sign. It resembles a capital S, which is appropriate because the definite integral is the 
limit of a sum. (We have already discussed about the acceptance of the same symbol | for the 
definite and indefinite integrals.) 


7a.2 THE RULE FOR EVALUATING DEFINITE INTEGRALS 


If f(x) is a continuous function defined on some closed interval [a, b], then the rule is as follows. 
Find the antiderivative of f(x), by any method. 
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Suppose, | f(x)dx = (x). Then, by applying the fundamental theorem of Calculus, we 
obtain, 


We know that the definite integral i f(x)dx of the function f(x) is a fixed number for the 
given interval [a, ] and it can change only if the interval is changed. On the other hand, the 
indefinite integral of a function f (x) is (in general) a new function. Thus, the definite integral 
{ f(x)dx, is quite different from the indefinite integral { f(x)dx, although both look alike 
due to the symbol f. It is when we wish to evaluate definite integrals that we make use of 
indefinite integrals. 

By using the second fundamental theorem of integral Calculus we, in effect, get a powerful 
tool for computing the limit of a sum in question, which is the same as the value of the definite 
integral in question. 

We now give the following definition of the definite integral of f(x). 


Definition: Let f(x) be a function, continuous on a closed interval [a, b], and let ¢(x) be 
the antiderivative of f(x), such that 


Then, we write ihe f(x)dx to mean [o(x))? = $(b) — ¢(a) where a and 5 are real constants. 
The symbol [ f(x)dx is called the definite integral of f(x) from a to b. 


Note (1): The second fundamental theorem of integral Calculus defines the definite integral 
LP f(o)dx, for b>a. 


[Later on, we will show that if b <a, then iE f(x)dx=— ff f(x)dx.] 


In other words, the fundamental theorem can be applied for evaluating the definite integral even 
when the upper limit is smaller than the lower limit. 


© Consider Jf (x)dx = G(x) + c where c is an arbitrary constant, including zero. If we choose c = 0, then ¢(x) is called 
(the) antiderivative of f(x), since ¢' (x) = f(x). Note that, (x) + cis called (an) antiderivative of f(x). It is due to the arbitrary 
constant c [added to the antiderivative ¢(x)] that we call “#(x)+ c”, an antiderivative (or an indefinite integral), the 
indefiniteness being due to “c”. For all practical purposes, we do not make a distinction between the antiderivative [¢(x)] 
and an antiderivative [@(x)-+-c]. However, for computing the definite integral fe f(x)dx, we shall always write the indefinite 
integral ¢(x) without an arbitrary constant. 
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Observe that, the value of the definite integral does not depend on the constant of 
integration. This justifies the adjective “definite”. Therefore, while evaluating the definite 
integral, we do not write the constant of integration with $(x),which is the antiderivative 


of f(x). 


Remark: Use of the sign { for an indefinite integral and for the definite integral does not help 
the beginner to keep the two ideas distinct from each other. From this point of view, it is perhaps 
not the best notation to use. However, once the distinction between the terms an “indefinite 
integral” and the “definite integral” is clearly understood, the integral sign is accepted 
conveniently and logically. 


7a.3 SOME RULES (THEOREMS) FOR EVALUATION 
OF DEFINITE INTEGRALS 


As in the case of indefinite integrals, we can easily prove the following corresponding results for 
definite integrals. 


(1) If fand g are integrable functions then 


[ (F(x) + @(x)jdx = [ resax + i (xd 


a a 


(2) If fis an integrable function and k is a constant then 


b 


[ kf (x)dx = K| f(x)dx 


a 


Corollary: If f and g are integrable functions™ and k,, ky are constants then 


b b b 
| [kif (x) + kog(x)|dx = ky | f(x)dx + ka | g(x)dx 


a a a 


The above results can be extended to more than two functions involved in the sums and 
differences. 

To prove these results, we use the definition of the definite integral based on the fundamental 
theorem of integral Calculus. For example, let us prove that, 


b b 


flax + | elxjae 


da 


[ irs) + e(a)}ax= | 


a a 


© We have defined an “integrable function” in Chapter 5. (A function is said to be integrable on [a, 5] if it is bounded on [a, 
b] and continuous there, except at a finite number of points.) 
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Proof: Let {f(x)dx = (x) 
b 
Then, [ rejar = [6(a)lt = 0) - ofa) (1) 
Again, let { g(x)Fx = F(x) 
b 
Then, | g(x)dx = F(b) — F(a) (2) 


Adding Equation (1) and Equation (2) we get 


b b 
[ fesax+ | a) = 166) - 66] + FO) - Fla) a 


But for an indefinite integral, we know that, 
[ ir) + eaajax = [plajae + [ela = ofa) + FU) +e 


b 
= [¢(x) + F(x) +e 
[ LAC) + ead = [0(s) + Fa) + af fs 


= [6() + F(6)] — [9(@) + F(a) 


Observe that the right-hand sides of Equation (3) and that of Equation (4) are identical. 
Therefore, equating their left-hand sides, we get 


b b 


flxjdx+ | go)ae 


a 


[ vc +eeojer= | 


a a 


On similar lines, we can prove the other results. 


7a.3.1 Solved Examples 

Example (1): Evaluate { (5x3 + x? — 4x)dx 
Solution: > 4 3.2 2 
| sx + x? — x + 3]dx Ee tS 5 ax] 

16 8 4 5 1 1 
[s-(!8) +84 - Bed tag 

154+4-644 

pos 82+] [BrAcseg 


12 
_ 80 17 320-17 _ 303 _ 101 
3. 12 12 12 4 


Ans. 
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1.2 
3x45 
Example (2): Evaluate | poe 
0 Vx 
12 _ 2 1 
Solution: | sea ane = | (3 — 3xh/? + 2x? la) 
0 Vx 0 


[3/2 Peas | aul 1 
[5/2 3/2 1/2}, 


1 
_ au? 33/2 4 ax] 


0 


[2 12 
= 15 2+4]-0 5 Ans. 
Example (3): Evaluate {> ? sin? x dx 
Solution: 
n/2 ; nO stag cos 2x = | —2 sin? x 
sin’ x dx = 5) “oe 1 — cos 2x 
0 0 sin’ x = ao 
1 m2 1 m/2 7/2 
=;| [1 — cos 2x]dx = = | tax | cos 2x dx 
2 Jo 2 | Jo 0 
1 in2x]"?\| 1 1 
== [x ae ae = é 0) (sin x — sin 0) 
2 al 2|\2 2 
= ‘ -0= Ans. 


All the methods studied for evaluating indefinite integrals (such as integration by substitution, 
integration by parts, and integration by partial fractions) can be applied for computing definite 
integrals. 


7a.3.2 Application of the Fundamental Theorem of Calculus 


Evaluating definite integrals is generally a two-step process. First, we find the indefinite 
integral, then we apply the fundamental theorem of Calculus. If the indefinite integration is 
easy, we can combine the two steps as in Examples (1) and (2). However, if the computation is 
complicated enough to require a substitution, we typically separate the two steps. Thus, to 
calculate i xVx? + 9 dx we first write (using x?+9=t and 2x dx= df). 


1 1 
[sve +9dx = av x? + 9(2x dx) = 5 [tae 


2 I 
<5 GPP tea (749) +e 


© Observe that the integrand has been converted to the standard form. This is needed to write down an indefinite integral, 
before evaluating the definite integral. 
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Then, by the fundamental theorem, we write 
4 ; , 
{> x7 4+9dx= F (a 92] 


0 
0 


(424+9)7? (02 +9)7? 


3 3 
- (25)3/? (9)3/? 
— 3 3 


7a.3.2.1_ Simpler Way of Using Substitution Directly: From Two-Step Procedure to 
One-Step Procedure 


Instead of going through a two-step process, there is a simpler way of using substitution directly 
in a definite integral, as explained through the following example. 


n/2 
Example (4): Evaluate {x sin?(x?) cos(x?)dx 
0 


Solution: First we will evaluate this using the two-step procedure and then evaluate it directly. 
Method (I): Two-step procedure. 
Put sin(x*)= 7, so 2x cos(x?)dx = dt 


1 
[> sin? (x?) cos(x?)dx = 5 [sin (x”) - 2x cos(x”)dx 


1 Lt I 
=5|Pa=5. ri LC gsin'(x") +e 
Then, by the second fundamental theorem of Calculus, 

vn/2 va/2 
| x sin? (x?) cos(x?)dx = F sin'(x)| 


0 0 


Note: Jn the two-step procedure illustrated above, it is necessary to express the indefinite 
integral in terms of the original variable x, before we apply the fundamental theorem. This is 
because the limits 0 and \/x/2 apply to x, not to t. But, in making the substitution sin(x’) = ¢, if 
we also make the corresponding changes in the limits of integration, to the new variable f, then 
we can complete the integration with ¢ as variable. This is indicated in Method (ID. 
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Method (II): Observe that for x=0, t=sin(x’)=sin(0*)=0, and for x = /7/2, t= 
: 2 Ree 
sin [(v7/2) = sin(%) = a = 2 


7a.3.2.2 Change of Limits in Definite Integrals During Substitution 


Let us recall the method of substitution for the indefinite integral. There, we have seen that, by 
substituting x = ¢(f) in the given integral [ f(x)dx, we get, [ f(x)dx = | f[d(f)|¢'(ddt. 
To evaluate a definite integral [” f(x)dx, where x = ¢(2), we have the following form, 


b ty 
| Flx)dx = | COOL 


a t 


where f; and fy are numbers such that (a) a= $(¢f,) or t) = ¢@ | and (b) b= P(t2) or tp = ol. 


Thus, t, and tz are the limits of integration for the variable t, corresponding to the limits of 
integration a and b for the variable x. 

In practice, it is very simple to find ¢; and t, corresponding to the limits “a” and “b”, 
respectively, as will be clearer from the solved examples given below. Thus, while changing the 
variable in a definite integral, we should change the limits of integration to reduce our work. 
Once this is done, we need not come back to the original variable x, for evaluating the definite 
integral. 


Example (5): Evaluate Mis Gira dx 
4 3 3 1 
Put 1+x°=t w. 4°dx = dt, oo dx =7dt 
forx=0,f=1+0t=1, and forx=1,t=14+14=2 


Solution: i x3 j [ (1/4)d¢ 1 | 
a xX = = 
oV1l+x4 1 vt 4 


1/272 
iba =} [ee]? =} fave — 17] <2 va—1] Ans 
ae 2 2 


2 
rar 
1 


Example (6): Evaluate [) x3(1 — x2)°?dx 


“ Note how the substitution converts the integrand to the standard form. 
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Solution: Putl-2x?=f », x =1—-t 3. 2xdx=-dt «©. xdx = —4dt when x 
=0, t=1-0=1 and when x=1, t=1-1°=0 


10) 
;| (8? 0?) at 
231 


es: 
- So 
— 
— 
~ 
So 
> 
a 
N 
Q 
ag 


1 
(0? - i) dt [see Remark in Section 7a.2] 
0 


| 
1 1 
Lee. ee 2 a2 2 92 
2|7/2 9/2}, 2(7 9 0 
1//2 2 9-7 2 
= 0-—0)} = = A 
5 (; 5) ( ) hee Se 
l tana! 
Example (7): Evaluate an * ee 
9 1+ x2 
Solution: 1 
Put tan-!x=t “06 dx =d 


1+ x? 
When x = 0, f= tan“'0=0(-.. tan0 = 0) 


and whenx = 1, ¢= tan = 7 ‘& tan? = 1) 


4 
l tan-lx m/4 e n/4 
| dx = | tdt = 
ol +x 0 


a Vipeae (5) o}="~ ans 
Dirad 2 |\4 32 : 


Example (8): Evaluate he ? in? x cos x dx 


Solution: 
Put sinx=t .. cosxdx=dt 


When x = 0, t= sin0=0 


and when x = S t= tie 1 
2, 2 
/2 1 B 1 
| sin?x cos x dx = | Pdt= 5 | 
0 0 3]o 


1 
=F | =>([P-0| 3 Ans. 
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5x dx 
Example (9): Evaluate | a 
° Vx2+4 
Solution: 
Put »*°4+4=7 2x dx = 2tdt xdx = tdt 
When x = —1, ? =(-1)°+4=5 t= V5 
and when x = 3, ? = (3)° +4= 13 t=V13 
3 vB VB 
tdt 
| ae igs 5| = 5| dt 
-1V¥x24+4 vs it Vs 
= 5[1Y2 = 5[VI3— V5] Ans. 
Tw 
Example (10): Evaluate | ity 
P . 5+4cos x 
0 
d. 
Solution: Let Epes =I (say)” 
Consider 5+ 4 cos x 
=5 [sin + cos? 4)cos? sin’ 
= sin i +9 cos” a 
2 
— | dx 
sin? (x/2) + 9 cos?(x/2) 
Dividing N' and D" by cos? > we get 
2 
_ | sec*(x/2) a 
tan?(x/2) +9 
x 1 4x 
Put tan==t =sec° —dx = dt 
2 2 2 
sec? ie = 2dt 
5 dx = 
dt dt 
eae | ee 
r+9 22 + (3) 


©) The principal step in the evaluation of a definite integral is to find the related indefinite integral. 
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When x = 0, f = tan(0) = O and when x = 2, f tends to co ( tan== 00). 


Thus, as x varies from 0 to z, t varies from 0 to oo. 


| dx al dt 5[1, qt) 
= = an 

5+ 4cos x 0 2 + (3) 3 3} 

0 


[tan! oo — tan '0| 


(F- 0) =3 Ans. 


2 
3 
2 
3 
m/2 


sin 20 d@ 
Example (11): Evaluate | —~————— 
Be) | sin*@ + cos*@ 
0 


in 20 
Solution: Let |= a0 =I 
sin’@ + cos*6 


Put sin@=¢ .«. 2sinO-cosOdé = dt 


or sin 20 d@ = dt 


Now,  sin*@+ cos#9=+4+(1—1? =f 41-2142 


= 22 +1 =2/2 +3] 


| dt =5| 1 ea (¢—(1/2))] , 
23 (¢— (1/2) + (1/2)? 2/2 1/2 , 


=tan7!(2r—-1) +e 


When 0=0, t=sin? 0=0 


and when 0=5, t=sin’ 5a 1 
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$ 7 F 
Thus, when @ varies from 0 to 7 t varies from 0 to 1. 


n/2 

sin 20 dé “1 1 = -1 
| ate cost. [tan (2t — 1)], = tan (1) — tan (-1) 
0 


4 4 2 
Noles Canc | sin 20 dé (es ar aah 
: Consider = sa 
sin*@ + cos*@ sin*@ + cos*@ " 
Dividing N' and D' by cos‘, we get 
2 tand - sec?0 
- | atk sec’ a 
tan*é + 1 
Now, by puttingtan?9=f ., 2tansec?@d@ = dt 


It can also be easily shown that 


"2 sin 20 40 © dy or ae 
int = 5 = [tant], == 
9 sin*6+cost9 Jo 1+t 5) 
mn /4 
Example (12): Evaluate [ csv dix 
1/9 
Solution: Let x =t «. x= 3. dx =2tdt 
t 
[Fa= {= Sit 2 [cos ra 
vx ri 


Now, forx = 77/9, t= /x= 


and forx = 77/4, t= /x= 


7/4 agg x [2 
| = | cos t dt 


w/9 Vx n/3 
_ Cs ae v3 
= [2 sin qo = a -2(2) 
=2-— V3 Ans. 
m/2 cos x dx 


E le (13): Evaluat 
xample (13) valuate | (1 + sin x)(2 + sin x) ‘ 
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Solution: Put sin x= ¢ “. cos x dx=dt 


When x =0, t=sin 0=0, and when x=5, t=sin5=1 


i cos x dx [ dt 
; ; dx = 
o (1+sinx)(2 + sin x) 9(14+2(2+2) 


Now resolving into partial fractions, we get 


1 
(14+ 2)(24+2) 


1 1 4 
(+n cao : 


Given integral = | 
0 


= flog(1 + #) —log(2 +9] foe (= \) = tox? log 


2 4 
a loess = logs Ans. 


7a.4 METHOD OF INTEGRATION BY PARTS IN DEFINITE INTEGRALS 


We have proved the following result in connection with the evaluation of (certain) indefinite 
integrals, which involve product of two functions u(x) and v(x). 


Juvax =u vav—| Let) | rax]ax 


(Obviously, it is clear that u represents the first function and v the second.) 
In case of definite integrals this result is used in the following form 


[Ea -L hte 


The following solved examples illustrate how this result is applied to evaluate definite integrals. 


1/4 
Example (14): Evaluate [ x cos xdx 
0 
m/4 
Solution: [ x cos xdx 
0 n/4 7/4 
= 1»: [oos.xas] -| (1) - sin x dx 
0 0 
= [x sin xj" — [cos x4 


= -5- 0) + [cos x]74 


= —~—+—- 1 Ans. 
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n/2 
Example (15): Evaluate [ x sin xdx 
0 


Solution: 2/2 : x/2 
| xsinxax = fain va _ | (1).(—cos x)dx 
0 0 


n/2 
0 . 10 
= [x (cos x) Jay + [sin x] 70 
= [—x cos sae + [sin xe 


= |-5 (cos) — 0(cos 0)| + [sin 5 — sin 0| 
(0—0)+(1—0)=1 Ans. 


1 
Example (16): Evaluate f x e”* dx 
0 


Solution: 


[char x] ms _ jose 


e2*7! 2 0 
xX: . SS hee bea 

216 2 2 
2 2 2 

1 e et e+l1 soe 

4 4°44 4 


3 
Example (17): Evaluate [ x log x dx 
2 


3 3 
Solution: { x log xdx = [(log x) - x dx 
2 2 


3 


[ve x)-xdx = 


273 
log x - | 


3 

lel 

2} 
7) 

a 3 3 3 3 

aig Ly eae ee 1 x 

=D oer. 5 ede = 5 Oe 2° I, 

2 


[9 4 9 4 9 5 
= |zlog3 F082] i 4 7083 2 log2 4 Ans. 


We emphasize that the principal step in the evaluation of a definite integral is to find the related 
indefinite integral. At times, finding the indefinite integral is lengthy. In such cases, we must first 
compute an indefinite integral and then apply the fundamental theorem to compute the definite 
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integral in question, as clear from the following examples. Using certain indefinite integrals 
obtained earlier, we evaluate their definite integrals. 


Example (18): [x sec*x dx = x tan x — log(sec x) +c 


7/4 
| x sec? x dx = [x. tan x — log(sec x) jr!" 
0 


= [Ftnt log (see 7) [0 — log(sec 0)] 


4 
== —logV2—0 
Peres (gg sting e Ans 
4 2 
2 4X 2xa* 2a* 
Example (19): [earax a= x zt c z+e 
loga_ (loga)” (loga) 


1 
| stray: ea 2xa* 2a* | 


, loga (loga)’ (loga)* 


-| a 2a 2a | 2 
loga (loga)’ (loga)’| | (loga)° 


Example (20): [era [e*(x* — 3x? + 6x — 6)] 


r.2 1 
: 1 
Example (21) [x tan-!xdx = ie tan7!x 5 ta 


0 


Example (22): floe xdx = [x-log, x — x]} 
1 


= [e log, e — e] — [llog,1] 


=[e-e]-[0-1]=1 Ans. 


7b Some Important Properties 
of Definite Integrals 


7b.1 INTRODUCTION 


In Chapter 7a, we have learnt to evaluate definite integrals, by first computing their antider- 
ivatives and then applying the second fundamental theorem of Calculus. Also, we have 
discussed how this two-step procedure can be reduced to a one-step procedure, whenever 
substitution is involved in the process of integration. 

But, there are many definite integrals involving certain complicated functions (integrands) 
whose antiderivatives cannot be obtained. In many such cases, it is possible to evaluate the 
definite integrals by applying certain properties of definite integrals. They are very useful in 
easily many integrals. Besides, they help us in evaluating (certain) definite integrals whose 
antiderivatives cannot be evaluated.” 

We state and prove these special properties of definite integrals. 


7b.2 SOME IMPORTANT PROPERTIES OF DEFINITE INTEGRALS 


b 


Po: [rover = | f(t)dt 


a a 


Pi: [ roax =— [ reax 


a 


(In particular, | f(x)dx = 0) 


a 


7b-Methods for evaluating definite integrals (continued) (Some important properties of definite integrals and their 
applications) 


© This might seem a little strange, but it is true. The reason being, for certain functions, it is basically simpler to find the 
difference between two particular values of the antiderivative #(x) [i.e., (b)—¢(a)], than it is to find d(x) itself. Further 
Calculus by F.L. Westwater (Teach Yourself Books) p. 104. 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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b 


Ps foojay = | f(a+b—x)dx 


a a 


a 


P4: [ reoax - | ra — x)dx 


{Note that (P4) is a particular case of (P3)] 


a 


2a 
Ps: | f(x)dx = \ [ f(x) +f(2a — x)|dx that is, 


a 


[ roses = [ reojax + | f(2a — x)dx 


0 0 


P.: [Deductions from property (Ps)] 


(i) If fQa—x) =f), 
2a a a a 
then, | f(x) = | f(x)dx +| f(x)dx = 2| f(x)dx 


Gi) If fa —x)=—f(x), 


then, [roses = [ reojax - [ rooax =0 


a 


Pr:[ flsjax= | [7(a) +41) 


0 


7b.3 PROOF OF PROPERTY (P>) 


Now, we shall discuss the proofs of the properties (Po) to (P4). 


Proof of Property (Po) 


Method (I): To prove i f(x)dx = i f(t)dt 


a 


b 
Consider the left-hand side, f f(x)dx 
a 


Making the substitution, x = ¢, we get dx = dr. 
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Also, for x =a, t=a, and for x=b, t=b. 


f(t)dt (Proved) 


—-, 
= 
x 
Q 
bad 
lI 
ce 


Method (ID: 


Proof: Let [rosax = o(x) (1) 


Again from (1), we have, 


b 

| roar = [601% = 60) - 0(@ 3) 
From (2) and (3), we get 

b b 

| rear = | roa (Proved) 


This property implies that the value of a definite integral does not depend on the variable of 
integration as long as “the element of integration” is same. 


Proof of Property (P,) 


To prove [” f(x)dx = — ie f(x)dx 


Proof: Let [rosax = ¢(x) (4) 
b 
[ fax = fo(a)ls = 010) - ola) (5) 
b 
Now, -| f(x)dx = —[6()]2 = —[¢(a) — 6(d)] = 6(b) — 4(a) (6) 
From Equation (5) and Equation (6), we get .. p f(x)dx = — fy f(x)dx (Proved) 


Note (1): This property implies that if the limits of a definite integral are mutually interchanged, 
then its sign changes. In practice, this property is used for absorbing the negative sign while 
solving problems and establishing other results. 
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Note (2): We know that, if f(x)dx is defined only when a<b. But, in practice, there are 
occasions to consider Mi f(x)dx when a > b. In such situations, we consider Pre f(x)dx to mean 
- fe f( x)dx, where is less than a. This permits us to evaluate the definite integral, using the 


Fe oe theorem of Calculus. 

Such situations may arise when we make ups tuner to compute 1K f(x)dx. Suppose, 
we substitute x = (2), the given integral becomes hae fl o(O]¢' (ddr 

Now, there is no guarantee that @~ laj< oe 1b). (Refer to Chapte: 7a, for the method 


of substitution in definite integrals.) 


Proof of Property (P2) 


b 


To prove [rover = [ reoax + | f(x)dx 


a a Cc 


This property is known as Interval Additive Property. 


Proof: Let [rosax = (x) 


: [ seoes = [ resax + | F(x)dx 


c 


Extension: i f(x)dx = [Pf (x)dx + Ez f(x)dx + fer x)dx, where f(x) is integrable on [a, b] 
and a, b, c, d € [a, b]. 


Proof of Property (P3) 


b b 
To prove | f(x)dx = | f(a+b—x)dx 


© The eae reads as follows: If fis integrable on an interval containing the three points a, b, and c, then [Pr ike 
De =e )dx, no matter what the order of a, b, and c. For example, {> x*dx = [) x*dx + [7 x*dx, which most 
Si fOdd x)d. hat the order of a, b, and c. F le, ff Pdx = fi xd fra ty 
people panty a But, it is also true that fo dx = f dx + AF x? dx, which appears to be surprising. Note that, the 
function x” is integrable on any closed interval [0, x]. One may actually evaluate the above integrals to check that the 


equality holds. The reader will appreciate this property better after understanding the relation between a definite integral 
and the area under a curve [y =f(x)], where f(x) is integrable on an interval containing the points a, b, and c. 
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Proof: Consider right-hand side 


b 
Let / =| f(at+b—x)dx 
b 


Putat+tb—-x=t .«. —dx=dt .. dx=-—dt 


Whenx =a,t=a+b—a=b, Whenx=b),t=a+b—b=a 


ts [i x)dx = ec +b—x)dx (Proved) 


a 


Proof of Property (P4) 


To prove [ rooax = Ric — x)dx 
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Observe that this property involves only the change of argument x into (a — x) and it does not 
involve a change in the limits of integration. From this point of view, this property is really 


an exceptional one. Let us prove P4. 


Proof: Consider {j f(a — x)dx 
Let a—-x=t .«.-dx=dt ..dx=-—dt 
When x=0,t=a-—0O=a 


When x=a,t=a-—a=0 
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Remark: Note that, the property P, is a particular case of P3 (i.e., property P3 is more general 
than property P4). However, this observation does not help in any way in solving problems. 
In fact, for solving problems, it is important to remember the following. 

If both the limits are of the form a to b (i.e., 3 to 4 or 2/6 to 7/3, etc.), but different from the 
limits of the form —a to a, then we must apply the property (P3). On the other hand, if the limits 
are of the form 0 to a (i.e., 0 to 7/2 or 0 to 4, etc.), where the /ower limit is always zero and the 
upper limit is a positive number, then we must apply the property (P4). (The definite integrals 
involving limits of integration of the form —a to a are discussed under property P7.) 


The following illustrative examples [(1)—(9)] will make the situation clear. 


Illustrative Examples 


Vet 
Vet5+V9-x" 


4 
Example (1): Evaluate peceeer 


Solution: Let /= | = x) (7) 
I= Ric 5 — ot s SE dx, [ya - |r — x)dx 
is | ee (8) 
| x as —Xx 


Adding Equation (7) and Equation (8), we get 


ot = Vx+54+ V9 uae 
Vx+54+ V9 x 


5 
Example (2): Evaluate | piaets 


————__— dx 
Ne lee a 
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5 


5-—x 
Solution: Let / =| dx 
x—-4+V5—-—x 
5 sees fa, 
5—(4+5-x) 
I a | dx, 
4 V(44+5) -—x-44+1/5-(44+5-x) 
i 4 
I= | a dx 
S-x+vx-4 
4 
Adding Equation (9) and Equation (10), we get 
5 
V5-—x+vx-4 
21= dx 
| V5-x+vx-4 
5 
fi baa i ee | 
4 
1 
I= = Ans. 
2 
4 : z 
x+ 
Example (3): Evaluate —_ 
P /x + 64+W11 — x 
Solution: 
4 ’ j 
Sep 
Let I= dx 
| /x+6+W11 —x 
b b 
We know that [ f(x)dx = f f(a+b — x)dx 
b b 
Applying this property, we get 
/(1+4-—x)+6 
dx 
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(9) 


(10) 
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Adding Equation (11) and Equation (12), we get 


4 4 
= | Re GVALS As if dx 
} V1 — x+Vx +6 . 
2=[x]p=4-1=3 «.7=3/2 Ans. 
4 F 5 
VX+ 
Example (4): Evaluate | dx=I (sa 13 


a a 
Solution: We know that { f(x)dx = f f(a — x)dx 
0 0 


Applying this property, we get 


(14) 


4 
1=| EE: dx 
| Yo=x+Vx+5 


Adding Equation (13) and Equation (14), we get 


VX +54+V79 — x 
Jo x+Jxt5 


dx 


ides [ap =4e0S4 2. 7S2° - Ans: 


vx 3 
Example (5): Evaluate la ) 
. J, V25 — xti/x 


15 
Solution: Let /= | 
i0 


Wx 


Tee aa (15) 


© Look carefully at the integrand and also the limits of integration. Obviously, property (P3) is applicable here. Observe 
that the number 25 which appears in the denominator of the integrand, equals the sum of the limits of integration. 
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15 


V10+15—x 


=| dx 
J 25 (10 + 15 — x)+W10+ 15 — x 


1s 
1 | V25—x d 
= —_________ dy 
J, Wx+V25 — x 


Adding Equation (15) and Equation (16), we get 


21 = pees 


= [t-ax= [aff =15 10=5 


1/3 
‘ 1 = 
Example (6): Evaluate J, infeexdx =J (say) 


Solution: 
1/3 n/3 
1 3/ 
I= | Jann OX = | F = Jaa 
sin X ¥ 
1+ Res He x/COS Xx+V/ sin x 


n/3 : cos (5 = x) 
2 


| i/ 1 3/. /% 
1/6 cos (7 _ x)+ sin( 
2 
1/3 
| vsin x ay 
; v/sin x+,/cos x 
6 


NV] 

| 

x 
wae 


221 


(17) 


(18) 
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Adding Equation (17) and Equation (18), we get 


1/3 
¥/cos x+v/sin x 
21 = = dx 
Vsin X+,/cos x 
1/6 
1/3 
= Bk hk. _t 
= [t-ax [%6 ane ee I 5 Ans. 
1/6 
a 
Example (7): Evaluate [ x?(a— x)*/dx 
0 
a 
Solution: Let J = f x?(a — x)*/?dx) 
0 
a a a 
— {a x)[a—(a x)P/?dx ef [roar — [Fla xjax 
0 0 0 


a a 
= {(a — x)?x3/?dx = a — 2ax + x*)x7/dx 
0 0 


(a?x?/? — Qax°/? + x7/?)dx 


oS 


fp “a7 * of 


2 ee x7/2 ) 
5 0 


as SC eae Bee Lg 
5 7 9 


5 T 
_ (126 ~ 180 +70) 9/2 _ 16 92 
315 315 


I= 2 4 oR ; 2 oR 
7 9 


Ans. 


1 
Example (8): Evaluate [ x2(1 — x)°/7dx) 
0 


“ Look carefully at the integrand and also the limits of integration. Obviously, the property (P4) has to be applied here. 
© Look carefully at the integrand and also the limits of integration. As in the earlier example, the property (P,) has to be 
applied here. 
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1 
Solution: Let J = fx?(1— x) dx 
0 


0 
[fees = |r — x)dx 


= fa - x) x9/2dx = fa — 2ax + x?)x5/2dx 
: 0 


= os” 2x7/2 x9) dx 
0 
‘7/2 9/2 xll/2 1 
=> | 
Ge 9/2 ° ml, 


2 4 2 aan oe a 
=| Pes eee a sft? =| |; | , 


7 9 11 »o Wo 
198 — 308+ 126 16 
— — Ans. 
7x9x1l 693 
( 
. xX 
Example (9): Evaluate la oe 
a 
dx 
Let 1=(__— 
Jx+ va? — x? 
Let x=asint dx = acostdt 
When x = 0,asint = 0 t=0 
When x = a,asint=a sint = 1 t= 7/2 
n/2 
I= | acostdt 
asint + Va2 — a sin’ t 
1/2 
t 
= | : = dt ES 1 — sin? t = cos” t] 
asint+acost 


cos t 
sin t+ cost 
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(19) 
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n/2 
= cos(z/2 — t) 
? | sin(z/2 — t) + cos(z/2 — ft) 


dt 


(20) 
n/2 


= sin ¢ 
T cost-+ sint 
0 


Adding Equation (19) and Equation (20), we get 


n/2 n/2 
t+sint 
2 = {= sn dt = [ t-ar=[45" 
cos t+ sint 
0 0 
7 
AW=n/2-O=2n/2 ©. c=) Ans 


Note that the properties P; and P4 are very powerful, whenever they can be applied. 


7b.3.1 Some More Definite Integrals Involving Complicated Integrands 


Suppose it is convenient to evaluate the definite integral fo f(x)dx, whereas we have to 
evaluate ie xf(x)dx. Here, the presence of the factor x is undesirable. It is sometimes 
possible to remove the factor x, if the condition f(x)=f(a-x) is satisfied. In particular, 
if f(x) involves trigonometric functions and the limits of integration are 0 to z, then by 


applying the property 


we can remove the factor x, and evaluate the integral, as will be clear from the following 
illustrative examples:© 


Illustrative Examples 


o . 
xX sin x 


Example (10): Evaluate | Se =I (say) (21) 
0 


Solution: Here f(x) = sin x/(1 + cos*x) and the upper limit a=. Now, 


sin( — x) sin x 


f= x)= sara =f (x) 


1+cos?(z—x) 1+ cos? x 


© The definite integral Ie x cos*xdx cannot be evaluated by this method since the condition f(x) = f(1-x) is not satisfied. 


Accordingly, x cannot be removed. [Observe that f(x — x) = [cos( — x)]* = (—cosx)? cos*x # cos? x]. 
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Note that cos?(x — x) = [cos(z — x)? = (—cos x)* = cos? x 


(eee gs ee 


1 + cos?(z — x) 1+ cos?x 
a a 22 
a | fojax = [Fla xjax ae 
0 0 


m™ sin x xX sin x 
l= dx dx 
1+ cos?x 1 +cos?x 
0 0 


1 


Adding Equation (21) and Equation (22), we get 2/ = n| Su 


——__dx 
1+ cos?x 


Put cosx=ft, .. —sin x dx=dt.’. sin x dx=—dt 


When x =0, t=cos 0=1 and when x=7z, t=cos z=—1 


T -1 -1 1 
sin x —dt —dt dt 
2=t dx=t =-1 = 
1+ cos2x 1+2 1+2 1+2 
0 1 


= nltan-"4! = mltan"1 —tan"(-1)] = x - (-3)] =e(8) = 


4 4 2 2 
bia a 
| ee eee Ans. 
2 2 4 
TT 
Example (11): Evaluate [j= <dx 
0 


We know how to integrate [ a2 but we do not know how to evaluate the integral [ Tran x OX 


Tt 


Solution: Let / = { —*—dx (23) 
0 


1+sin x 


We note that sin (7—x) = sin x 


l= nee ie [rea = fla xax 


(24) 


™ 1 1 


l—X T x 
I= ——dx = —dx ——dx 
1+sinx 1+ sinx 1+ sinx 
0 0 0 
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Adding Equation (23) and Equation (24), we get 


T TT 
1 1 1 
21 = nm | ————dx .. I[==|———dx 
1+sinx 2jil+sinx 
0 0 
Consider 
1 1 1 — sin x l—sinx 1-—sinx 


= sec” x — sec x- tan x 


l+sinx 1-+sinx 1l—sinx 1-—sin?x cos? x 


[tan x — sec x] 


TT 
oe (sec? x — sec x tan x)dx =~ 
a - 
0 


- [{0 (-1)}-—{O-1}], [tant =0, secn=-1, tan0=0, secO=1] 
fi+lj=z Ans. 

1 
Example (12): Evaluate J x sin x cos2x dx 

0 


1 
Solution: Let J = |» sin x cos”x dx (25) 
0 


Observe that sin x cos”x = sin (m—x). [cos(z—x)]” [i.e., f(x) =f(a—x)] 


Z 
fs) 
= 
— 
II 


(x — x)sin(a — x) -cos*(m — x)dx | ++ [rosax = {ra — x)dx 
0 0 


(x — x)sin(m — x) -cos”(m — x)dx = foe — x)sin x- cos*xdx (26) 
0 


~ 
lI 
—Aa Oe HOO 


Tw 

sin xcos’xdx — [asin x+cos?xdx 
0 

Adding Equation (25) and Equation (26), we get 

21 = x |sin x- cos’xdx 


0 
1 
7 
T= 5 | — cos’x(—sin x)dx = —< | — cos*x(—sin x)dx 
0 


Nila 
ea 


Put cos x=? ., —sin x dx=dt 
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When x =0, t=cos O= 1 


and when x=7z, t=cos z=—1 
-1 1 
Rl 2 Uae ee 
Il=—-= |¢dt=—= | fdt 
z Par 5 | 
1 = 
_afe}) _al@? (-0? 
213]_, 2] 3 3 
ee Oe 
23 3 
Tt 
Example (13): Evaluate | a xdx =I (say) (27) 
P ° @ cos2x + b? sin? y 


This problem is of the type ie x-f(x)dx, where f(x) does not er when x is pa by 


(a—x). Hence the factor x can be removed by using the property Jeera x)dx = fo F( f(a—x)dx. 
m—X 

I= dx 28 

| @ cos2x + b? sin?x es) 


Adding Equation (27) and Equation (28), we get 


™ 
a li dx [x is removed] 
ee + B? sin’x 


1 i dx (7) 
I —/ 
2 \s cos2x + b? sin?x 
0 


n/2 
1=2 T | dx a 
2 J a@cos?x + b? sin’x 
0 


dx 


= 
| @ cos2x + b? sin?x 
0 


Dividing N' and D' by cos?x, we get 


1/2 
l= | sec?xdx 
a + b* tan2x 


Recall that, hfe x)dx = 2 wae x)dx if f(2a-x) =f(x). Here, the upper limit 7 =2 x 2/2 (=2a), and f(2a- x) =a 


cos*(m-x) + B? sin ee cos pate i = (x); 


228 SOME IMPORTANT PROPERTIES OF DEFINITE INTEGRALS 


Put tan x=1.°. sec?x dx=dt 
When x=0, t=tan 0=0, and when x=7/2, t=tan 2/2 =co (Thus, when x — 7/2, 
t— ow) 


n/2 oo) co 
| sec?xdx | dt | dt 
ae 3 =T1 =T7 
a + b?tan*x e+hPr b? + (a2/b?) + 2 
0 0 0 


=F (a/by? eee Pla aly 


n[b. _,b 
=p tan 


came, 7 
- gs = 7p lian oo — tan™ ‘0 


Ans. 


Exercise 


Evaluate the following integrals: 


Tv 

(1) J xlog sin x dx 
0 

Ans. ™ Jog} 
TT 

(2) Jx- cos?x dx 
0 

Ans. 


4 
4 


(3) feseaes Xdx 


2+tan2x 


1 
(4) f X sin “dx 


J 1+sin 
0 


Ans. n(2 _ 1) 


7b.4 PROOF OF PROPERTY (Ps) 


To prove f f(x)dx = fF oax + i f(2a — x)dx 


0 0 0 
(Observe that the limits of integration on the left-hand side are 0 to 2a, whereas those on the 
right-hand side are 0 to a.) 
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Proof: 
2a a 2a 
We have, | Fax = | roar | Fepax (Using P2) (29) 
0 0 a 
2a a 
[Now, we must show that, [ f(x)dx = f f(2a— x)dx] 
a 0 


2a 
Put x =(2a—2), in the integral { f(x)dx [Imp. Substitution] 
a 
t = 2a — x, anddt = —dx 


when x= a, t=a, and when x = 2a, t= 0. 
2a 


———=y 
a 
x 

Q 
a 
| 

SY 


2a — t)(—dt) = — [ra —t)dt 


Sg 


2a — t)dt (using P;) 


lI 
CO ae sO 


Ss 


2a — x)dx (using Po) 


.. Substituting in Equation (29), we get, 


2a 


| f(x)dx = [ ry + [ro —x)dx (Proved) 
0 


0 


Property (Ps) is particularly important in evaluating definite integrals of the form 
ie sin"x dx, ie cos’x dx, and Aes cos” x -sin"x dx, where m, n€N. In Section 7b.3.1, we 
have already evaluated some definite integrals of the form ie xf(x)dx, by removing the 
undesirable factor x. 

[Note that, in all these integrals, the lower limit is 0 and the upper limit is 2, which is looked 
upon as 2- (z/2)]. 

Observe that, under the property P;, the given integral irs f(x)dx is expressed as a sum of two 
integrals in which the upper limit 2 - (2/2) is halved to (1/2). Besides, there is a change in the 
argument of one integral from x to (t—x). The integrals on the right-hand side of the property 
(Ps) suggest two deductions from this property. These deductions are taken as the statement of 
property (Po). 


7b.4.1 Property (Ps) [Deductions from the Property (P;)] 


From the property (Ps) [i.e., fo" Flax = fo f(x)dx + fj f(2a — x)dx], we note that 
If f(Qa—x) =f (x), then 


2a 


| f(x)dx = [rosy + [rosy = 2 rosy (I) 
0 0 
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If f(2a—x) = —f(x), then 


| f(x)dx = ere _ | roar =0 (II) 
0 


Note: Let us examine, how the statements (I) and (II) are useful. 


We know that, sin(z—x) = sin x. .*.sin"(z—x) = sin”x 
Thus, the condition f(2a—x) =f (x) is satisfied. 


n/2 


TT 
fy | sintxa =2 | sin" xdx (A) 
0 0 
Further, we know that, cos(z—x) = —cos x. Therefore, if the power of cos x is even, then we 
have, 
cos”"(m — x) = (—cosx)*” = cos”"x, 


which means that the condition f(2a—x) =f(x) is satisfied. 
1 n/2 
| costa =72 | cos” xdx (B) 
0 0 


On the other hand, if the power of cos x is odd, we have, 
[eos (x — x) = (—cos x)7""! = —cos?"*!x 
which means that, the condition [,f(2a—x) = —f(x)] is satisfied. 


[cose (x — x)dx = 0 (C) 
0 


The statements (I) and (ID) (defining property P.), can also be applied to evaluate integrals of the 
form 


T 
[ cos: sin"xdx, [m,n € N] 
0 


TT 
If the power of cos x is an odd number, then we can immediately write Ficos 


irrespective of whether power of sin x, is odd or even. 
This is simple. On the other hand, if the power of cos x is an even number, then we 
have 


™x-sin"xdx = 0, 


1 n/2 
| cosems, sin"xdx = 2 | cos”"x-sin"xdx, [m,n €N] 
0 0 
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Thus, our problem is reduced to evaluating integrals of the form. 
n/2 n/2 n/2 
| cos” xdx, | sin" xdx, | cos”"x-sin"xdx, [m,n € NJ. 
0 0 


0 


Of course, these integrals can be evaluated by using the reduction formulae, which are 
obtained by applying the method of integration by parts. Here, we shall not discuss the 
methods involving reduction formulae. On the other hand, we shall be interested to check 
whether the given integral can be evaluated by the method of substitution. Let us consider the 
following examples: 


Example (14): To evaluate iM ? Sindy dx (note that the power of sin x is odd). 


m2 m/2 
sin?x dx = | sin 
0 


4 


Solution: Let / = | x-sin x dx 


0 
m2 

= | (sin?x)* - sin x dx 
m2 

= | (1 — cos?x)* - sin x dx 


Now we make the substitution, cos x =t 


— sinx dx = dt 
sin x dx = —dt 


when x = 0, t= cos0 = land when x = 2/2, t = cos(z/2) = 0 


7/2 
P= | (1 — cos*x)? - sin x dx 
0 


3°35 Ans. 


Similarly, we can compute le !? cos?x dx (the power of cos x being odd) by substitution. 
- ? sin? cos x dx can also be computed by substitution. 

Of course, to compute integrals of the type given below, it will be convenient to use the 
reduction formulae. 
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m/2 n/2 n/2 
J sin'®xdx, f cos®xdx, f sin 
0 0 0 
substitution.) 
n/2 1/2 
Note that, sin®x - cos>x dx, Jf sin 
0 0 
evaluated by substitution. 


?x-cos*x dx. (These integrals cannot be evaluated by 


5x-cos°x dx and other similar integrals can be 


7b.5 DEFINITE INTEGRALS: TYPES OF FUNCTIONS 


The next property of definite integrals is restricted to the types of functions called even and odd 
functions. Hence, before stating this property, it is necessary to understand clearly the even and 
odd functions. 

This terminology is based on certain properties of even and odd integers, but even and odd 
functions do not have many properties of even and odd integers. For instance, whereas every 
integer is either even or odd, this is not true in the case of functions. 

From the definitions of even and odd functions (being given below), it will also be observed 
that we can define certain functions that are neither even nor odd. 


7b.5.1 Even Function 


A function f(x) defined on an interval I is called an even function if f(—x) = f(x) for all x €1. 


Examples: 


(1) Any polynomial function p(x) =a + a) X° + dy x* +... + dy X°”, in which there 
y poly’ P 


are only even powers of x, is an even function. 


(2) A constant function f(x) =a, is an even function. Check this. 


(3) We have seen that cos(—x)=cos x, for all x. Thus cosine function is an even 
function. 


7b.5.2 Odd Function 
A function f(x) defined on an interval I is called an odd function if f(—x) = —f(x) for all x € 1. 
Examples: 


(1) Any polynomial function in which there are only odd powers of x is an odd function. 
Thus, f(x) =x, f(x) = x? and fM= x° + 4x7 + x, are odd functions. 


(2) We have seen that sin(—x) = —sin x, and tan(—x) = —tan x, for all x. Thus, sine and 
tangent functions are odd functions. 


Remark (1): Some functions may be neither even nor odd. For example, sum or difference of 
one odd and one even function is neither even nor odd. 


Consider f(x) =x +x 
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Also, we have f(—x) = (—x)’ + (—x) =x? — x. 
Note that, f(—x) f(x), hence f(x) is not even. Also, f(—x) 4 —f(x), hence f(x) is not 
odd. Similarly, g(x) = sin x + cos x, and h(x) =x" + sin x, are neither even nor odd. 


Remark (2): By definition, the sign of an odd function changes when the sign of its argument 
is changed. 


The following are a few rules, which decide whether a combination of even and odd functions 
will be even, odd or neither even nor odd. 


(i) (Even function) + (Even function) = Even function 


(ii) (Even function) x (Even function) = Even function 


+++) Even function 
(ili) Even function 


(iv) (Odd function) + (Odd function) = Odd function 
(v) (Odd function) x (Odd function) = Even function 
(vi) {uy funetion = Even function 

(vii) (Even function) x (Odd function) = Odd function 


Even function _ Odd function 
(viii) 


= Even function 


Odd function 


Odd function __ 
Even facckon.— Odd function 


(ix) (Even function) + (Odd function) = Neither even nor odd function 


Remark: Observe that in the rules (i) to (viii), an odd function behaves like a negative 
number. This observation is useful in deciding whether a given function is even or odd. If 
we simply remember that for an odd function f(—x) = —f(x), then it is easy to remember all 
these rules. 


It is easy to prove the above rules. For example, let us prove (i). 


Let h(x) = f(x) + g(x) 


Consider h(—x) = f(—x) + g(—x) 


= f(x) + g(x), by definition of an even function 


Therefore, (x) is an even function. The rest of the rules can also be proved similarly. In solving 
problems, the above rules may be directly used. 


234 SOME IMPORTANT PROPERTIES OF DEFINITE INTEGRALS 


We now prove the next property of definite integrals. 


a 


Property P7: | f(x)dx = [ureo +t f(—x)|dx = [ ry + [ A-sas 
oa 0 0 


0 


Proof: We have | rejax- | fear f(x)dx...[ByP2] 


oS 


Let J = i f(x)dx 


—a 


0 
[We will show that f{ f(x)dx = f f(—x)dx.] 
—a 0 


Putx=-t ..dx=-—dt 


When x=—a,-t=—-a ..t=a 


and when x=0, -—t=0 ..t=0 


= [r(-aar, [By using P)] 
0 


os 
2 
te 
Qa 
a 
lI 
_—sJs 
es 
aa 
+ 
= 
| 
wy 
a 
& 
3 
< 
QO 
= 


Deductions 


(i) Let f(x) be an even function. 


(30) 
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-, Substituting in Equation (31), we get 


(11) Let f(x) be odd 


Substituting in Equation (31), we get 


| ro --[- f(x nace |r )dx 
=0, iff(x) is odd. 


Note (1): /¢ is important to remember the statements of properties P¢ and P; and the limits of 
integration involved. 

If the limits of integration are of the form —a toa [i.e., (—2 to z) or (—72/2 to 2/2) or (—5 to 5), 
etc.], then we have to use property P7 for evaluation of the integral, but if the limits of integration 
are of the form (0 to a) or (0 to 7) [i.e., (a to b)], then we must use a suitable property which may 
be P3, P4, Ps, or Po. 


Note (2): We emphasize that for deciding whether a given function is even or odd, it is sufficient 
to use the rules stated above. (In other words, it is not necessary to go step-by-step to find out 
whether the given function is even or odd.) 

If the given function is odd, then its definite integral (from —a to a) is zero, by the above 
DEG On the other hand, if the given function f(x) is even, then we have bee a f(x)dx = 
2 fof x)dx, which can be evaluated by applying the available methods and the ae of 
ile oe 


Illustrative Examples 


TT 
Example (15): Evaluate { cos(+)dx = / (say) 
—1 


Solution: We know that cos(—t) = cos ¢ 


f(x) = cos (3) is an even function. 


[= | cos (5) dx = 2 | cos (3) dx, [Property (8)] 
x 0 
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Now, put x/4=t ..dx=4dt 
Also, for x =0, t=0 and for x=7, t= 7/4 


1/4 n/4 
I=2 | c0s t(4-dt) =8 | cost dt 
0 


= 8[sin 47/4 = s[e- ( =4/2 Ans. 


3 
Example (16): Evaluate [ ess dx 
33 


Solution: Here the integrand f(x) = eres Now, the N' (i.e., x° + 5x) is an odd function and 


the D' (i.e., 2x” + 7) is an even function. .. f(x) is an odd function. 
3 


45x 
| eT x=0 Ans. 
23 
1/2 
Example (17): Evaluate f[  sin?xdx 
—n/2 
Solution: Here f(x) = sin°x = (sin x)° 
f(—x) = [sin(—x)? = [-sin xP = —sinx = —f(x) 
f(x) is an odd function. 
n/2 
| sim.xdx =O Ans. 
—n/2 


2 
Example (18): Evaluate f [xsin4x + 2° — x4]dx 
-2 


Solution: Here, the first two terms are odd functions and the last term is an even. Thus, we may 
write the integral as 

2 2 

| (xsintx + x*)dx — [stax 


-2 


o 


2 
572 
= ~64 
=0-2 [stax 24] ===(2—0)= Ans. 
0 


1/2 ; 
Example (19): Evaluate { —‘™* dx =I (say) 
—n/2 


sin’ x+cos4x 
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‘ int < : ‘ ray ae 
Here, the integrand f(x) = ate is an even function (since the N‘ = sin’x is even and the 
4 


D' =sin*x + cos*x is an even function). 


1/2 n/2 
I | sin*x d | sintx 4 (32) 
= eS x 
sin*x + cos+x sin*x + costx 
—n/2 
n/2 ae 3 a a 
1=2| =a sims ui2) 3) dx, = [fav = [flay ax 
sin*((z/2) — x) + cos*((z/2) — x) 
0 0 0 
/2 
LG) | aaa (33) 
cos4x + sintx 
Adding Equation (32) and Equation (33), we get 
n/2 n/2 


4 4 
21 =2 | ae ax+2 | ae ae 
x sin’x + cos+x 


Exercise 


Evaluate the following integrals: 


a 
(1) J ae 
—a 


14+x3 1 3 
c t: 4 ks = ae eae | A is 2 (odd function) 
2 n/4 
(2) J tan?x sec x dx 
—n/4 
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Miscellaneous Solved Examples: An Important Definite Integral 


Example (20): Prove that 


1/2 
(i) { log, (sin x)dx — ¥ -log2 = & - log, (3) 


n/2 n/2 
(ii) f log.(sinx)dx = f{ log,(cosx)dx 
0 0 


n/2 
Solution: Let? = f{ log,(sin x)dx (34) 
0 


n/2 


T= |e (sinG-))a sin ce [row |re- x)dx 
n/2 

= | log,(cosx)dx (35) 
0 


(Thus, the result (ii) is proved.] 


n/2 


To evaluate, J log, (sin x)dx, we add Equation (34) and Equation (35) and get 
0 


n/2 n/2 
21 = | log, (sin x)dx + | log, (cos x)dx 
0 0 
n/2 n/2 


= | [log,(sin x) + log,(cos x)|dx = | log, (sin x - cos x)dx 


n/2 n/2 
in 2 1 
- | log, (=) dx = | [log, (sin 2x) — log,2]dx “" sin. x-cosx = zsin 2x 
0 
n/2 n/2 


= | log, (sin 2 x)dx — log, 2 | dx 
0 
n/2 


= | log, (sin 2 x)dx — log, 2[ x]? 
0 


1/2 
; T 
2 = | log,(sin 2x)dx — 5 -log,2 (36) 
0 
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n/2 
[Now we will show that [ log,(sin2x)dx = /.] 
0 


n/2 
Consider f[ log,(sin 2x)dx 
0 


Put 2x=7) 4 2dx=dt  dv= fd 
Limits, when x =0, t=0 
us 


and when x=5, t=2(%) = 


n/2 Tt 
dt 
| log, (sin 2x)dx = fog, (sin t)- a 
0 


0 
TT 
1 ; 
= log, (sin t)dt 
0 
n/2 2a a 
== | [log, (sin 2) + log, sin( — f)|dt i | r(ax = flrt + f(2a — x)|dx 
0 0 0 
n/2 
1 
== | 2log.(sin t)dt [-.- sin(z — t) = sind] 
0 
n/2 
= | log, (sin t)dt 
0 
n/2 b b 
= | log, (sin x)dx, ce [rear = [rosax 
0 a a 
=! 
Therefore, from Equation (36), we get 
1 1 
21 =1- 7 08-2 fe VE — 7108.2 


1/2 
. | log, (sin t)dt = — Flog, Ans. 
0 
n/2 


Cor. | log, cos x dx = —1/2log,2 
0 


Remark: It is important to note that {j " log.(sin x)dx = le ’ log, (sin 2x)dx. 
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7/2 


Example (21): Prove that | log,(tan x)dx = 0 
0 


n/2 
Solution: Let /= { log,(tan x)dx 
0 


n/2 n/2 
l= | log, [tan (5 - x) Jax = | log, (cot x)dx 
0 0 


Adding Equation (37) and Equation (38), we get 


log, (tan x - cot x)dx 


n/2 
| 
n/2 
| 


m/2 
= | log,(1)dx = | 0-dx [. log.1 = 0] 
0 
=0 Ans. 
n/4 
Example (22): Evaluate [ log,(1 + tanx)dx 
0 
1/4 
Solution: Let /= [ log,(1 + tan x)dx 
0 
1/4 
Also [ = | 08 1 + tan((z/4) — x)|dx 
0 
1/4 7 
S | log, {14 tan(z/4) — tan x 
| 1+ tan(7/4) - tan x 
0 
1/4 a n/4 
1 — tanx 
= | log, i + i] , [eo tan(z/4) =7]) = | toe, ( 
0 


(37) 


(38) 


2, 
Ts) dx 
1+ tanx 


) Here, the lower limit is “0” and the upper limit is a positive number. Hence, the property Py [i.e., Jo f(x)dx = 


Jo. f(a — x)dx] is applicable. 
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n/4 
T= | [log,2 — log,(1 + tan x)|dx 
0 


n/4 n/4 
= log,2 | dx — | log, (1 + tan x)dx 
0 0 
[= log.2[ x]! -Io., Ws log,2|* - 0| = ; -log,2 
I= 5 log,2 Ans. 


1 
Example (23): Evaluate { leah) dy 
0 


1 
Solution: Let J = [Mee de 


Putx=tant ~, dx=sec’tdt «, t=tan'x 


When x =0, t=tan-' 0=0 and when x= 1, t=tan}1=7/4 
1/4 


; log,(1 + tanz) - sec*¢dt 
_ 1 + tan? ¢ 


0 
1/4 
T= | log.(1+tan)dt, [-. 1 + tan’ = sec”/] 
0 
[= 5 log,2. [As already proved in Example (22)] Ans. 


n/2 
Example (24): Evaluate f[ sin’x-dx 
—n/2 


Solution: Let f(x) = sin’x 


Consider f(—x) = [ sin(—x)]’x = —sin’x = —f(x) 


Thus, fis an odd function. 
n/2 
sin’x-dx = 0 


—n/2 


241 


Note: Whenever the limits of integration are of the form —a to a [Le., (- 5 to z) or (—3 to 3), 
etc.] then we must always check whether the integrand is an even or odd function, and proceed 


further. 
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Example (25): Prove that f woes =a 
f f(x) 
Solution: Let / = | dx 39 
| Fay+FOa=3) oe 


p= f(2a— x) x y, x eat a-x xX 
\ aaa Did awl F [re : |r vs | 
0 0 0 
2a 
= f(2a— x) ” 
P| oa ae 


Adding Equation (39) and Equation (40), we get 


2a 2a 


_ [f+fa-9 4 Lae 
fe aaa | 


0 0 


= [x]o’ = 2a 


I=a_ (Proved) 


Example (26): Prove that if eG tt * ph ydx = 


: 
Solution: Let / = | Ft ie bam (41) 
: 
Slam Siheth Gree bA 
: 
i eee hs (42) 


Adding Equation (41) and Equation (42), we get 


x)+f(a+b 
a 0 
21 = [x]? a 
I= Bae Ans 
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2 
Example (27): Evaluate f |x* — x\dx 
i 


Solution: Here the limits of integration are —1 to 2. By the definition of the absolute value of 
a number, we know that: 

whenever x° — x >0, Ix? — xl = — x, and whenever waxK< 0, Ix? — xl = -(03 -—x)= 
xx. 

To find the zeros of the function |x* — xl, we solve the following equation 


xw~—x=0 


x(x? -1)=03x=0,x=41 


Thus, the function (3 — x) has three zero, namely —1, 0, and 1. It follows that, the sign of this 
function must change in the intervals [—1, 0], [0, 1], and [1, 2]. Let us check how the sign 
changes. 


(i) In [-1, 0],  —x=x(x? — 1) =(—ve) (—ve) >0 
(ii) In [0, 1], x? — x = x(x? — 1) =(4+-ve) (—ve) <0 
(iii) In [1, 2], x° — x= x(x? — 1) =(+ve) (+ve) >0 


2 0 1 2 
Now, [is x|dx = [ie x|dx fis x|dx 4 fis x|dx 
—1 1 


-1 0 
0 1 2 

= [x xdx 4 [s xdx 4 [x x dx 
=1 0 1 


1111 1 1 3 3 
4° 3° o 4° ee a ee 
= 1 

° ae Ans 


Example (28): Prove that 
1 
(i) Ne dx =%-1 
1 
(ii) fcos~!'xdx = 1 
0 


1 
(iii) ftan7!x dx = %—5log,2 
0 
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1 


(i) To prove jane dx =§-1 


1 
Let /= f sin”! x dx 
0 
Putx=sin¢t ~. t=sin !x 


=> dx = cost dt 


When x =0, sin t=0= t=0 and when x= 1, sin t=1=> t=5, 
n/2 n/2 
T= | sin !(sin t) = cos tdt = | tcostdt 
0 0 
Integrating by parts, we get 
n/2 


T= tsin 47’? — [ t-sin car 


0 


“sin 0| [—cos 1%? 


1] + [cos i . + [0-1] =5 1 (Proved) 


Nia via 


Similarly, Examples (ii) and (iii) can be solved. 
3 
Example (29): Evaluate [ |x|dx 
=3 
3 
Solution: Let /= f[ |x|dx 
3 


By definition of the absolute value, we know that 
For x > 0, |xl= x, and for x <0, Ixl=—x 
(This suggests that we must break the interval of integration from —3 to 0 and from 0 to 3.) 
0 3 b c b 
Thus, J = | |x|dx + [[slax a [rosax + [rojas + [roax 
0 


a b c 


| 
oe 
— 
Ms 
YS 
Q 
a 
See 


0 3 
xdx = — [xar+ rar 
-3 0 
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Remark: Let f(x) =Ixl. By definition of |xl, we have, 
for x >0, Ixl=x, and for x <0, Ixl= —x = —(—x)=x 
Thus, f(x) =Ixl is an even function. 


3 3 
ss | |x|dx = 2 [> dx [By Property (P7)] 
-3 0 
3 
xy) (3) 9 
=2 =2 O} =2.~=9 Ans. 
aoe ee 
0 
TT 
Example (30): Prove that [ |cos x|dx = 2 
0 
Tw 
Solution: Let /= [ |cos x|dx = 2 
0 
Note: We know that —1<cos x<1 
By definition of absolute value, we have, 
Icos xl=cos x, if cos x > 0 and Icos xl= —cos x, if cos x <0. Also, we know that 


* cos x >0, when x varies from 0 to 5. 


e cos x <0, when x varies from 5 to 7. 


(This suggests the way we should break the interval of integration.) 
n/2 Tt 
ef= | |cos x|dx + | |cos x|dx 
/2 


0 T 


n/2 Tt 
| c0s xx + | (—cos x)dx 
0 /2 


1 


[sin xf? — [sin x]7 2 


[io ng] — ins —an 
sin 5 — sin sin x — sin = 
(1-—0)-(0-1)=14+1=2 Ans. 


Miscellaneous Exercise 


n/2 , 
(1) J Basing OX 
tk 
Ans. 0O 


n/2 
(2) Show that f (xcotx)dx = Flog,2 
0 
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n/2 
(3) J log,(see x)dx 
0 
Ans. (2/2) log2 
T 
(4) flog,(1 + cosx)dx 
0 


Ans. —zlog2 


n/2 n/2 

(5) Show that f f(sinx)dx= f f(cosx)dx 
0 0 
n/2 


(6) Show that f log,(tanx)dx =0 
0 
n/2 

(7) Show that { log,(cotx)dx = 0 
0 


1 
(8) Show that fcos~'xdx = 1 
0 


1 
(9) Show that ftan~'xdx = %—}log,2 
0 


n/2 
Ox) 
(10) Show that I rpms = 3 
1/4 
(11) Show that f sin’xdx =4%-$ 
—n/4 
3/2 


(12) Show that J |x sin(xx)|dx =2+4 


Note: So far, we have defined f f(x)dx only for f continuous on [a, 5]. It follows from the 
maximum-—minimum theorem that such a function is bounded on [a, ], in the sense that for 
some number M, |f(x)l <M for all x in [a, 5). 

More generally, if I is any interval (finite or infinite), then we say that fis bounded on I, if 
there is a constant M such that If(x)I < M for all x in J. 

A function which is not bounded on a given interval “J’’, inside its domain is said to be 
unbounded on I. 

We can extend the definition of definite integrals to include integrals of the form 


f f(x)dx- i f(x)dx- j F(x)dx® 


© We encounter such integrals while computing the potential of gravitational or electrostatic forces. 
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Such integrals (with infinite limits) are called improper integrals. By solving such integrals, we 
answer two questions: 


(i) The geometric question: Whether an area can be defined for the region under the graph 
of a non-negative function which is unbounded on a bounded interval? 


(11) Whether it is possible to define the area of a region under the graph of a non-negative 
function on an unbounded interval? 


The answer to (i) above is “NO”, whereas the answer to (ii) is “YES”. For necessary details, 
the reader may go thorough the detailed topic on improper integrals. 


a Applying the Definite Integral 
to Compute the Area of 
a Plane Figure 


8a.1 INTRODUCTION 


In elementary geometry, we have learnt to calculate areas of various geometrical figures 
like rectangles, triangles, trapezia, and so on. These figures are enclosed by straight lines. 
The formulae for calculating the areas of these figures are fundamental in the applications of 
mathematics to many real life problems. However, these formulae are inadequate for 
calculating the areas enclosed by curves.” 

In Chapter 5, we have discussed the concept of area of a plane region and introduced 
a procedure to find the area bounded by the curve y = f(x), the ordinates x = a, x = b, and the 
x-axis. There, we obtained the formula for the area in question and denoted it by 


b 
A=| fls)dx= [Of = 66) — o(@), where [f(x)dx = 0) 


a 


8a.1.1 Some Applications of Integral Calculus 


Many applications of integral Calculus involve measuring something, like 
e the area of a plane region, 
¢ the volume of a solid object, 
e the net distance a moving object travels over an interval, 
¢ the work done against gravity in raising a satellite into orbit, 


e the /ength of a curve from one point to another, and so on. 


Note: In a few simple cases, for example, 
¢ measuring the area of a rectangular region, 
e the length of a straight line segment, or 
e the distance covered by an object moving at a constant speed, and so on, 


Applications of the definite integral 8a-Applying the definite integral to find the area bounded by simple curves. Steps for 
constructing a rough sketch of the graph of a function to identify the region in question for computing its area. 

“ Tn elementary geometry, the formula for calculating the area of a circle is denoted by the formula A = mr’, where “r” is 
the radius of the circle and z stands for the real number, represented by the ratio of circumference to the diameter of the 
circle. The approximate value of z is 3.14. In this chapter, we shall obtain this value with precision using definite integrals. 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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The quantities in question can be found by common sense alone, and no big machinery from 
Calculus is needed. 

However, we know that, in practice, most regions are not rectangular, most curves are not 
straight, and most speeds are not constant. In these more common and more interesting 
situations, Calculus tools, in particular—the definite integral, are indispensable. 


8a.1.2 To Get a Better Grip of the Subject, We Make the Following Simplifying 
Assumptions, and Revise Certain Technical Facts Related to Definite Integrals 


8a.1.2.1 Assuming Good Behavior Throughout this section, we assume that all the 


integrals ( f(x)dx, that we meet, make good mathematical sense. To guarantee this, it is 
enough to assume that every integrand “f(x)” is continuous on [a, b], as we do from now on. 

(In fact, discontinuous integrands do sometimes arise in practical applications. Even in such 
cases, the basic ideas of this section often apply, although perhaps in slightly different forms.) 


8a.1.2.2_ Definite Integrals and Area: Revision It is assumed that the reader has understood 
the concept of the definite integral geometrically in terms of area as discussed in Chapter 5. 
Thus, for any continuous function “f(x)” on [a, 5], 


b 
| f(x)dx = Signed area bounded by f-graph fora< x <b 
a 

In this connection, it must be remembered, that any area below the x-axis counts as negative 
whereas that above the x-axis counts as positive. To keep a track of positive and negative areas 
demands a little care, but the basic link between (definite) integrals and areas (as discussed in 
Chapter 5) is known to us and that they represent real numbers. The following easy example will 
make the issue clear to mind. 


Example (1): Consider the following two integrals.” 


TT 
(1) =| sin x dx = 2 
0 
and 
2m 
(II) Lb =| sin x dx = 0 
0 
Solution: (I) J; = fj sin x dx = [—cos x]p 
= —[cos x]j = —[cos x — cos 0] [(-1) — ()] = -[-2] = 2 
(II), = ig sin x dx = [—cos x]¢” = —[cos x]o” 
= —[cos 2m — cos 0] = —[1-— 1] =0 


The graph of sin x (Figure 8a.1) shows that on [0, z], sin x > 0. Thus, /; measures ordinary area: 
2 square units under one arch of the sine curve. The value of J means that the “ne?’, or “signed 
area” on the interval [0, 27] is zero. 


® As stated at the end of Chapter 5, we use the term integral to stand for both the definite integral and an indefinite integral. 
In fact, the context makes the meaning clear. 
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FIGURE 8a.1 


(This makes good geometric sense: sin x < 0 on the interval [7, 27] and the symmetry of the 
graph guarantees that area above and below the x-axis exactly cancel each other out.) 


8a.1.2.3 Interpretation of Definite Integral in a Broader Sense [Not Just as Area] Every 
definite integral i f(x)dx can be interpreted as a signed area. In fact, definite integrals can be 
used to measure (or model) many quantities, other than areas. 

Volume, arc length, distance, work, mass, fluid pressure, and so on, can all be calculated as 
definite integrals. Choosing the right integral and interpreting the result appropriately depends 
on the problem at hand. 


Remark: If definite integrals measured only areas, they would not deserve the fuss we make 
over them and the amount of attention we pay to study and interpret them. 


Two Views of Definite Integrals 
As mentioned above, definite integrals can be used to measure many disparate quantities. 
Usually, the key considerations are 


e which function to integrate, and 


¢ over what interval. 


In applying the (definite) integral in varied settings, it is useful to remember two interpretations 
of the definite integral i f(x)dx, both being different but closely related as discussed below. 


(i) A Limit of Approximating Sums: The integral is defined formally as a limit of 
approximating sums. In Chapter 5, we have discussed and compared several kinds 
of approximating sums (by choosing each subinterval Ax; of equal length, and the 
points X), X2,...,X,, at the left-hand and the right-hand end points). Recall that by 
using the right sums, we can write 


b n 
| f(x)dx = lim eS f(x;)-Ax 


= 
a n [o.e) 


where the inputs x; are the right end points of n equal-length subintervals of [a, b]. From 
this point of view, the (definite) integral “adds up” small contributions, each of the form 
ScpAx. 

(ii) Accumulated Change in an Antiderivative: The second fundamental theorem of 
Calculus states that 


b 
| Flx)dx = [6(x)|? = 6(b) — 6(a) 


a 
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where the function ¢ (on the right-hand side) can be any antiderivative of “f(xy” on [a, 
b]. The difference, (b) — (a), represents, in a natural way, the accumulated change 
(or net change) in ¢ over the interval [a, b]. Thus, to find the accumulated change in ¢ 
over [a, b], we integrate the rate function “A x)? 


Mathematically speaking, these two approaches to the integral [at (i) and (ii) above] are 
equivalent, as the second fundamental theorem of Calculus states. It guarantees that both 
the methods give the same answer. Having two different ways to think about the (definite) 
integral makes it more versatile in applications. Which viewpoint is better depends on 
the situation. 


8a.2 COMPUTING THE AREA OF A PLANE REGION 


Recall that in Chapter 5 we have discussed how to find the area of a right angled triangle 
formed by the lines: y = f(x) = 2x, the x-axis and the ordinate x = 1. Even though the area of 
any such triangle can be easily found using geometry and algebra, we introduced Archimedes’ 
method of exhaustion for computing the area in question as the limit of a sum of areas of 
rectangles. We have seen that this method applies to more complex regions, and leads to the 
definition of the definite integral . f(x)dx. We also observed that the computation of definite 
integrals is very much simplified with the application of the second fundamental theorem of 
Calculus. We are now in a position to give an easy, convenient, and intuitive method of 
computing area(s) bounded by the curve y = f(x), the x-axis and the ordinates x = a and x = 5, 
where f(x) > 0. 

We may consider the area under the curve y = f(x), as composed of /arge number of very thin 
vertical strips (each of which is a curvilinear trapezoid) (see Figure 8a.2a). 


8a.2.1 Area of an Elementary Strip 


Consider an arbitrary strip of height y and width dx. Then (approximately), the area of the 
elementary strip denoted by dA is given by 


(Axydx=f(xjdx [y= (x)] 


This area is called the elementary area, located at an arbitrary position within the region from 
x=atox=b. 

We can think of the total area A of the region as the result of adding up the elementary areas 
of thin strips across the region in question. 

Symbolically, we express 


4a far [race [peoe (1) 


© We know that to integrate the function “f(x)”, means to find a function (x), which should satisfy the equation ¢!(x) = 
J (x). Recall that, we have studied various methods in Chapters 1, 2, 3a, 3b, 4a, and 4b, for finding an antiderivative p(x) of 
the integrand f(x). 

“ When an integral presents itself in simple symbolic form, antidifferentiation is the obvious next step. But, for the data 
given graphically (or in tabular form), using approximating sums is a natural strategy. Here, we shall consider only the 
cases where antidifferentiation is sufficient for the purpose. 
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AY AY 
y=f) 


dy 


i) ee 


Vu 
Vu 


(d) 


FIGURE 8a.2 


Thus, a definite integral can be regarded as a sum, or, more correctly the limit of a sum of the 
areas of an infinite number of rectangles, one side of each of which (dx in the above) is 
infinitesimally small.© 

At this stage, it is useful to clarify the meaning of the term “infinitesimally small”. 


8a.2.1.1 The Concept of Infinitesimal(s) Infinitesimals are functions that approach zero, as 
the argument (say “x’’) varies in a certain manner. 


Definition: A function a(x) tending to zero,as x — a(oras x — oo) is called an infinitesimal 


as xX — a 


©) Now, the use of the term “integral” will be clear. The word “integrate” means “to give the total sum”. The first letter of 
the word sum appears in the symbol “{”, which is the old fashioned elongated “s”. It is also evident why the infinitesimal, 
dx, must necessarily appear as a factor in an integral (see Chapter 1, Section 1.2). 

©) From the definition of a limit, it follows that (if lim, _, , a(x) = 0, then) for any preassigned, arbitrarily small positive 
(number) ¢, there will be positive (number) 5, such that for all x satisfying the condition |x — al<6, the condition 
la(x)l << e, will be satisfied. 


254 APPLYING THE DEFINITE INTEGRAL TO COMPUTE THE AREA OF A PLANE FIGURE 


Examples of infinitesimal(s) 


(i) y= x? for x > 0, 
Gi) y=x-1 forx—-1, 
(iii) y=4 for x > 00, 
(iv) y = 2* for x + — oo, and so on. 


Note (1): We know that the limit of a constant is equal to that constant. Accordingly, the 
number zero is the only constant (number) that can be interpreted as an infinitesimal. [We call it 
the “constant function zero” expressed by f(x) = 0.] 


Remark: A concrete nonzero constant number, however small, must not be confused with an 
infinitesimal. 


Note (2): Every infinitesimal (say, for x — a) is bounded as x — a. 


Note (3): Infinitely large magnitudes and infinitesimals play a very important role in 
mathematical analysis. The functions that can assume infinitely large values have no limits, 
while infinitesimals have zero limits. However, there is a simple relationship between them 
expressed by the following theorem. 


Theorem: Ifa function f(x) tends to infinity as x — a, then I/f(x) is an infinitesimal. If a(x) is 
an infinitesimal as x — a, which does not take a zero value for x #a, then 1/(a(x)) is an 
infinitely large magnitude.” 

Here, our interest has been to get a clear idea of the term infinitesimal. We shall not give the 
proof of this (simple) theorem. Also, we are not interested in other theorems that define the 
properties of infinitesimals. 


Note (4): The word “Calculus” is an abbreviation for “infinitesimal Calculus’, which implies a 
calculation, with numbers that are infinitesimally small. For example, consider the growth of a 
small plant. In the ordinary way, we know that it grows gradually and continuously. /f it is 
examined after an interval of a few days, the growth will be obvious and readily measured. 

On the other hand, if it is observed after an interval of a few minutes, although some growth 
has taken place, the amount is too small to be distinguished. If an observation takes place after a 
still smaller interval of time, say a few seconds, although no change can be detected, we know 
that there has been growth. 

To express such a (small) growth, we use a mathematical term: we call it an infinitesimally 
small growth or an infinitesimal growth.© 


Note (5): The process of gradual and continuous growth may be observed in innumerable 
instances. What is of real importance in most cases is not necessarily the actual amount of growth, 
but the rate of growth [i.e., the rate at which a quantity “f(x)’” increases or decreases with the 
infinitesimal increases in x]. This is the subject of that part of infinitesimal Calculus that we call 
differential Calculus. (The meaning of the term “differential” is discussed in Chapter 16 of Part I.) 


8a.2.1.2 Area Undera Curve Inconsidering the total area under a curve [as the limit of a 
sum of an infinite number of products of the form “f(x)- Ax”), one must keep in mind that the 
narrower the rectangles, the closer will be the approximation to the true area under the curve. 
The process of narrowing the rectangles may be continued indefinitely (i.e., to any extent). This 


Note that the infinitesimal a(x) is not allowed to assume the value zero, for any x #a. 
® Teach Yourself Calculus by P Abbott, B.A, ELBS Publication by Hodder and Stoughton Ltd, London. 
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is our infinite process to which the limit concept may be applied. In the (sum of an) infinite 
number of algebraic products of the form f(x): Ax, one factor (namely Ax), in the limit, 
becomes infinitely small. As Ax approaches zero, the sum of rectangular areas approaches the 


true total area under the curve. Thus, the expression, lima, yo f(x) - Ax is identified with 


i f(x)dx. We know that the latter expression represents the definite integral of the function f(x). 

Further, we know that the differential “dx” stands for an arbitrary increment in the 
independent variable “x’’, and so “dx” can be as small as we wish. Thus, in the above (definite) 
integral, “dx” does not have any independent meaning; it refers to the values of independent 


variable “x’’. For this reason, we say that “x” in “dx” stands for the variable of integration in the 
interval [a, b] (see Chapter 1, Table 1.1). 


Note: In fact, the definite integral is used as a device, for illustrating the process that can be 
applied to the summation of any such series, subject to the conditions necessary for the 
integration of “f(x)”, as discussed in Chapter 5. This is of great practical importance, since it 
enables us to calculate not only areas but also volumes, lengths of curves, moments of inertia, 
and so on, which are capable of being expressed in the form limax —0 SS f(x) - Ax. They can 
then be represented by the definite integral [’ f(x)dx. 

Since the concept of the definite integral is developed in connection with the computation of 
the area under a curve, we shall first consider different situations under which we may have to 
compute the area(s) under a curve, and then consider some examples for computation of areas. 

Sometimes, the area can be easily determined by integrating with respect to y, rather than x. 
This situation arises when the curve is given in the form x = g(y), where g(y) > Oandc<y<d. 
In this case, it is more convenient to consider the elementary strip(s) that are adjoining the 
y-axis. Then, the area A bounded by the curve x = g(y), the y-axis and the lines y= c and y=d 
is given by 


d d 
a=| xdy=| g(y)dy [x =8())] (2) 


t eg 


Note: In both the cases as shown in Figure 8a.2a and b, we have considered the situations, 
wherein the curves are above the x-axis. Now we shall consider the cases in which the given 
curve is below the x-axis. 

If the position of the curve under consideration is below the x-axis, then we have f(x) <0 
from x =a to x= b (Figure 8a.2c). The area bounded by the curve y = f(x), the x-axis and the 
straight lines x =a and x =b, comes out to be negative. 

But, it is only the numerical value of the area that is taken into consideration. Thus, if the 
area is negative we take its absolute value and write 


b 
42 | royax (3) 


a 


Generally, it may happen that some portion of the curve is above the x-axis and some is below x- 
axis. Then, the figure bounded by the curve y = f(x), the x-axis and the straight lines x = a and 
x=b is situated on both sides of the x-axis (Figure 8a.2d), and its area “S” is given by 


i 


$= 5, +5 =| flax + 


a 


[reer (4) 


© 
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Note carefully, the limits of integrals on the right-hand side, and the expression of the last 
integral in equation (4) given above. 


8a.2.1 Area Between Two Curves 


Now, we are in a position to compute the area bounded by two curves y= g(x) and y=f(x) 
where ¢(x) > f(x) in [a, 5]. In this situation, as shown in Figure 8a.3a, we have 


b b 
| ear > [resax 


If the length of the ordinate of the upper curve is denoted by Yupper and the ordinate of the lower 
curve is denoted by yjower, then we can express the area (between the two curves) by 


b b b b b 
$= Orues)d— [ironnddx = [ e(a)dx — [rtsjax = fol) Flax 


Thus, the positive difference [g(x) —f(x)] can be treated as a single function for computing the 
area “S”. Accordingly, we write 


b 
$= flex) - sax (5) 


y=f@-2g@ 


(c) 
FIGURE 8a.3 
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If the two curves in question intersect at one or more points, then the Equation (5) can be 
suitably modified and applied. In fact, the point(s) of intersection indicate the limits for the 
definite integrals in question. 

If the equations of the curves are in the form y=f(x) and y= g(x), then the points of 
intersection (of the curves) are given by x=a and x=b (a<b) at which the curves have 
common values of y.© 

In such cases, it is convenient to take an elementary area in the form of vertical strip(s) and 
the (correct) intervals of integration (see Figure 8a.3b and c). 

In Figure 8a.3b, the area of an arbitrary elementary strip is given by dA = [f(x) — g(x)]dx, so 
that the total area can be taken as 

b 


A= |LF0) — a(x 


Further, in view of the earlier discussion, the area of the shaded region in Figure 8a.3c is given by 
b 


A= {Lec — o(x)]dx + [lst ~ p(odx 


Irrespective of whether we take elementary area in the form of vertical or horizontal strips, the 
measure of the area in question (i.e., the value of the definite integral) will be same. In fact, 
wherever possible, vertical strips are preferred for practical convenience. 

The cases discussed above (with Figures 8a.2a—d and 8a.3a—c) suggest that to compute the 
desired area(s), we should have a rough sketch of the region in question. Obviously, this will 
help us in identifying the limits of the (definite) integrals involved. 

The importance of a rough sketch [of the curve y = f(x)] will be realized when the graph of 
the curve encloses any region below the x-axis (for using vertical strips) or to the left of y-axis 
(for using horizontal strips). This requirement is easily met if we remember certain properties of 
curves using coordinate geometry and differential Calculus.“ 

We give below some important points that should be useful in constructing a rough sketch of 
the curve(s). 


8a.3 CONSTRUCTING THE ROUGH SKETCH [CARTESIAN CURVES] 

For the purpose of graphing a curve, we consider the equation of the given curve and check: 
(I) Whether the Curve Passes Through the Origin 

Example (2): In the equation of the curve, y* = 4ax, if we put x =0, we get y=0. Thus, the 


point (0, 0), lies on the curve. In other words, the curve passes through the origin. Similarly, the 
curves y*=4x, y” x, y=X?, x? y, y=x°, and y=—x° all pass through the origin. 


©) Tf the equations of the curves are in the form x = f(y) and x = g(y), then the points of intersection (of the curves) are given 
by y=aand y=b (a<b), at which the curves have common values of x. 

“9 Th fact, differential Calculus offers a general scheme for constructing graphs of functions. However, for drawing a 
“rough sketch of the region”, we do not require many of the concepts like finding the asymptotes to the graph, intervals of 
monotonicity and its extremum, intervals of convexity of the graph and the points of inflection, and so on. This reduces our 
work, since we need only a “rough sketch” of the curve to visualize the region under consideration. 
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FIGURE 8a.4 


Note: The best way to decide whether the origin lies on the curve is to see that the equation does 
not contain any constant term. 


Remark: Note that, the circle x” + y= a? and the ellipse ((x?/a*) + (y*/b?)) = 1, do not 
pass through the origin. 


(I) Symmetry 


The most important point for tracing the curves is to judge its symmetry, which we do as 

follows: 

(a) Symmetry About y-Axis [Even Functions]: If the equation of the curve involves even 
and only even powers of x, then there is symmetry about y-axis. 


Note: For a curve to have symmetry about y-axis, its equation should not have any odd power 
term of x. 


Example (3): The parabolas x*=4ay and x*=—9y, the circle x*+y? =a’, and ellipse 
((x?/a’) + (y?/b?)) = 1 all are symmetrical about y-axis. 


Definition: A function whose graph is symmetric with respect to y-axis is called an even 
function. 


An even function f(x) has the property: f(x) =f(—x). Thus, f(x) = cos x is another example of 
an even function (see Figure 8a.4). 
(b) Symmetry About x-Axis If the equation of the curve involves even and only even powers 
of y, then there is symmetry about x-axis." 


Example (4): The parabolas y* =4ax, y°=—x, the circle x°+y’ =a’, and the ellipse 
((x?/a?) + (y?/b?)) = 1, all are symmetrical about x-axis. 


(c) Symmetrical about Both the Axes: If the equation of the curve involves even and only 
even powers of both x and y, then there is symmetry about both the axes. 


Example (5): The circle x°-++y?=a’ and the ellipse ((x?/a?) + (y*/b?)) = 1, both are 
symmetrical about both the axes. 
(d) Symmetry With Respect to the Origin [Odd Functions]: Inthe given equation y = f(x), 


if replacing x by (—x) and y by (—y) gives an equivalent equation, then the graph of such 
a function is symmetric with respect to the origin. 


In other words, the graph of a function is symmetric with respect to the origin, if the point 


(—x, —y) is on the graph whenever a point (x, y) is. It follows that each point on the graph is 


“D A function symmetric about the x-axis does not have any qualifying name. The definition of an odd function will follow 
shortly. 
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FIGURE 8a.5 


matched by another point on the graph, which is on the other side of the origin, such that the 
values f(—x) and [—f(x)] are same. 

Thus, for a function f(x) to be odd, (—x) must be in the domain of “f” whenever x is, and the 
relation f(—x) = —f(x) must hold. 

An example of an odd function is f(x) = sin x, since sin(—x) = —sin x (see Figure 8a.5). 

A good example of an odd function is y = .x°. Its graph is symmetrical with respect to the 
origin. Note that from f(x) = x3, we get f(—x) = (—xy = —x?. 

Thus, f(—x) = —f(x). Similarly, the graph of y= —x° is symmetrical with respect to the 
origin. Graphs of both these functions are given below (Figure 8a.6a and b). 


Definition: A function whose graph is symmetrical with respect to the origin is called an odd 
function. 


(We have discussed at length about even and odd functions, in Chapter 7b of this volume.) 


Important Note: If a curve has symmetry about the coordinate axis and about the origin then it 
is helpful in tracing the “rough sketch” of the curve. Further, it becomes easier to find 
symmetrical parts of the curve that enclose equal areas. 

In particular, the idea of symmetry is found very useful in computing areas enclosed by 
parabolas, circles, ellipses, and trigonometric functions, namely, y = sin x and y=cos x. This 
will become clearer when we solve the problems which follow. 


(IM) Points of Intersection [With the Axes and Between Two Given Curves] 
We can find the points where the given curve intersects the axes. For this purpose, we proceed 
as follows: Put y =0, in the equation of the given curve and solve it for x. Thus, we get the 


f@=— 


(a) (b) 
FIGURE 8a.6 
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x coordinate(s) of the point(s) where the curve cuts the x-axis. Similarly, if we put x = 0, in 
the equation of the curve, and solve it y, we get the y-coordinate(s) of the point(s) where the 
curve cuts the y-axis. 

Thus, it is easy to see that the ellipse ((x*/a*) + (y*/b?)) = 1, cuts the x-axis at the 
points (a, 0) and (—a, 0), and the y-axis at the points (0, b) and (0, —b). Also, the circle 
x74 y = 9 cuts the x-axis at the points (3, 0) and (—3, 0), and the y-axis at the points (0, 3) 
and (0, —3). 

To find the points of intersection between the given two curves, we solve the system of 
equations representing the curves. (It means we may use any of the given equations in the 
other one to obtain an equation in a single variable and then solve it.) Further, using these 
values (in the given equations), we obtain the points of intersection between the two curves. 


Note: In this chapter, we shall be computing the areas enclosed by simple curves when 


¢ The region is bounded by a curve, the x-axis (or the y-axis) and two lines perpendicular to 
the coordinate axis meeting the curve, as shown in Figure 8a.2a and b. 

e The region is bounded by the circles and the ellipses (standard forms only). These curves 
are symmetric to both the axes. 

e The region is bounded between two curves both of which may be arcs of simple curves like 
circles, parabolas, and ellipses (standard forms) or one of them may be an straight line 
intersecting the given curve. Now we start with simple examples. 


Illustrative Examples 


Example (6): Compute the area of the figure bounded by the parabola y = x’, the x-axis, and 
the lines x= 2 and x=3 


Solutions: The given curve is y= x’. It passes through the origin and is symmetrical with 
respect to the y-axis. Also, the curve is above the x-axis (Figure 8a.7)."” 
The area in question is given by 


“2) From the equation y = x”, we note that for any value of x, the value of y is positive. Thus, the given curve is above the 
x-axis. This is a matter of observation and the student is supposed to know this simple fact. To save time such details need 
not be included in the solution. 
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FIGURE 8a.7 


Example (7): Find the area of the region bounded by the curve y= x? + 2x +2, the lines 
x=—2 and x=1, and the x-axis 


Solution: The given curve is 
y=rx+2x4+2 (6) 


Note that equation (6) does not have real roots. (It means that the curve does not intersect the x- 
axis.) The rough sketch of the curve is given on right side (Figure 8.8). "» 
The area of the region in question is given by 


1 
S= |G? +204 2)ax 
-2 


8 
= a: + 37 6 square units Ans. 


(3) We have, for x 2, y = 2, and for x = 1, y=5. From these values of y, and the fact that the curve does not intersect x-axis, it 
follows that the curve from Equation (6) lies above the x-axis. Again, these details need not be given in the solution, to save time. 
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FIGURE 8a.8 


Example (8): Find the area between the curve y=e” and the x-axis from x= 1 to x =2. 
Solution: Rough sketch of the region in question is given below (Figure 8a.9). (The upper 


part of the vertical strip lies on the curve y = e* and the lower part on the line y = 0, which is 
the x-axis.) 


AY 


Vu 


FIGURE 8a.9 
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The area of the region in question is given by 
2 
S= fe dx 
l 
= |e} 
=@-e 


= e(e — 1) square units Ans. 


Example (9): Compute the area of the figure bounded by the curve y= sin x and the x-axis 
from x=0 tox=2 


Solution: For x = 0, we have sin x = 0 > y= 0, and for x = z, we have sinz =0 > y=0. Thus, 
the desired area is bounded by a half-wave of the sine curve, and the x-axis, from x = 0 tox = 
(Figure 8a.10). The area in question is given by 


= —[cos 1 — cos 0] 

=—cos m+ cos 0 
(-1)+1=141 

= 2 square units Ans. 


Remark: In evaluating definite integrals, if the antiderivative involved has a negative sign, 
then it is useful to take the negative sign outside the bracket, before evaluating the integral. This 
helps us in avoiding possible mistakes in computation. 


Note: In this chapter, we have previously shown that 
Qn 
| sin x dx = 0 (Section 8a.1.2, Figure 8a.1) 
0 


We interpreted this result as follows: 

On the interval [0, 277] the sine curve makes two half waves, the first of which lies above the x-axis 
and the other lies below it. The areas bounded by them are equal and the corresponding terms that 
appear in the geometric representation of the definite integral, cancel each other. If we consider this 
integral in terms of area of the region enclosed, then its value must equal 4 square units. 
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FIGURE 8a.11 


Example (10): Compute the area bounded by parabola y* =x, y>0, x=1, and x=4 


Solution: The parabola y* = x passes through the origin (0, 0), and it is symmetrical to the 
X-axis. 


(The given condition y > 0 suggests that the area in question is bounded by the upper part of the 
parabola y” =x, the x-axis, and the straight lines x =1 and x =4.)" 

A rough sketch of the region in question is given above (Figure 8a.11). 

In this case, we can write y = \/x, a=1, and b=4. (Note that the function y = \/x is 
defined only for nonnegative values of x.) The desired area is given by 


= [va dx= “a dx 
- bre 


14 
(8—1)= 3 Square units Ans. 


1 
2 
o 
Note: Conditions of symmetry should be made use of where they exist, to shorten computa- 
tions. If the area in question is symmetric with respect to the x-axis (or the y-axis), [as may 
happen in case of parabola(s), circles, ellipses, and trigonometric functions like sin x and 
cos x], then we must choose one symmetrical part of the region (preferably the one which is 
above the x-axis or to the right of the y-axis) and then multiply the result suitably. 


Example (11): Compute the area bounded by the curve y = —x*+ 4 and y =0 (ie., x-axis). 


“4 These details are reflected here for better understanding of the problem. However, they need not be reflected in the 
proof. This will save time. 
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y= +4 


FIGURE 8a.12 


Solution: The given curve is y= —x* + 4, which is symmetrical with respect to the y-axis. For 
y=0, we get x°=4=> x=+2, which are the points at which the curve intersects the x-axis. This 
observation is helpful in drawing a rough sketch of the region in question as shown below. We have to 
compute the area of the shaded region that is symmetrical with respect to the y-axis (Figure 8a. 12). 


We shall compute the area of the region situated in the first quadrant, that is, half of the total 
area in question. If the total area is denoted by “S” then, we have 


2 
1 5 <3 5 8 16 
+ 4)d t4x| = +8) == 
55 if x )dx E ‘|. 3 | 3 
0 


32 2 : 
S =— = 10= square units Ans. 

3 3 
Note: In this example, we have chosen to compute half of the area in question (which is above 
the x-axis) taking a vertical strip as the elementary area. This approach is definitely convenient. 
However, we may as well choose the elementary horizontal strip to compute the area of the 
region, which is on the right-hand side of the y-axis. With this approach, the area in question will 
be given by the definite integral ii x dy, (where x is to be replaced in terms of y and the limits a 
and 5, must be found out). 


The given curve is y= —x° +4. 


To find the limits of the integral, we have, for x=0, y=4, and for x=2, y=0. (Now we 
integrate from lower value of y to upper value of y.) Thus, half of the area A is given by 
4 


1 ye yi _{[@-y~? : 
A=|(4 d (4 dy = 
5 if y) dy= i y) / dy 372 | 
0 0 


--C4]=3 


A= 22 Ans. 
3 
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FIGURE 8a.13 


Example (12): Find the area of a curvilinear triangle bounded by the x-axis, the parabola 
y= x” and the straight line x =a 


Solution: The given curve (parabola) is 


It is symmetrical to the y-axis.» 


The required area is given by 


‘ | a 
S |e dx | 0 3 square units Ans. 
0 
0 


Remark: Note that the area of the curvilinear triangle OKM, shown above is one-third of the 
area of the rectangle OKML, as explained below (Figure 8a.13). 


3 


1 
Observe that ==(a)-(a) = 3 (base) - (height) 


1 
3 
Example (13): Find the area bounded by the curve y=cos x between x =0 and x= 22 


Solution: A rough sketch of the curve y= cos x from x = 0 to x = 27 is shown in Figure 8a.14. 
(Note that a part of the region that is below the x-axis will have a “negative area’’.) 


The given curve is y=cos x 


3 
xE Beer cosx <0 


“S) Note that for any nonzero value of x, the value of y is always positive, we consider the line x =a, for a> 0. 
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FIGURE 8a.14 


and 
3a 
xXxE 2 cos x > 0, 


., Required area of the shaded region 


n/2 3n/2 Qn 
= [ c0s x dx — | cos x dx + | cos x dx%°(6) 
0 n/2 3/2 


[sin x? — [sin ak + [sin baa 


«278 . . 32 6 : . 32 
[sin 5 sin 0| sin sing } sin sin 


2 2 
= [(1 — 0) — (-1- 1) + (0- (-1))] =1 +241 = 4 square units Ans. 


66 9 


Example (14): Find the area enclosed by the circle of radius “a” units 


Solution: Consider the circle represented by the equation 
Ptyed (8) 


which has the center at the origin and the radius “a” units as indicated in the rough sketch. As 
the circle is symmetrical about both the coordinate axes, we choose to compute the area of the 
region AOBA, which is in the first quadrant and above the x-axis (Figure 8a.15). (This area is 
one fourth of the area “S” of the circle.) 

From Equation (8), we get 


tVa? — x? dx 


< 
ll 
u 


“9 Tt is important to remember that area of the regions below the x-axis is always a negative number. (This can be seen only 
; ; : bp 
from the sketch of the function.) In such cases, we must express the area of the region by the expression [- {. f(x) dx] , or 
: a : ae ‘ 
by the expression f” |f(x)|dx to count it positive. 
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B| (0, a) By} (0, a) 

dy 

A(a, 0) x A(a,0) x 

> > 
0 dx 0 

(a) (b) 
FIGURE 8a.15 


Since, the portion of the curve from Equation (8) is considered in the first quadrant, we have 


a a 
1 
s=|yax= | ve x? dx 
0 


Co 


=4|\* Ve@—2+4 ine! 
2 2 alo 
=4 a 0) +5 > sin” ‘| =4E.3] 
2 2 2 
=a? square units Ans. 


Remark: In the above example, we have considered a vertical strip to represent an 
elementary area. If we consider horizontal strips, the area of the circle will still be the same. 
This is quite natural. In that case, we write [using Equation (8)], 


2 2 
= 4l(s -0) +S sin! | a I . < = 1a’ square units Ans. 


y 
Similarly, it can be shown that the area enclosed by the ellipse = = ayy po 1 is z ab square units. 


Remark: In the above example, we have used the integration formula obtained in Chapter 4b. 
There, we never had an idea that this formula will be useful in computing the area enclosed by a 
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FIGURE 8a.16 


circle. In fact, this is a difficult integral. However, there are other simpler techniques of 
representing the area of a circle. We shall discuss these techniques shortly. First we consider 


the following thought provoking examples. 


1 
Example (15): Compute the area of the region bounded by the curve y = 3 ~,y=0,x=—-, 
and x =2 


1 
Solution: A rough sketch of the curve y = 3" is shown in Figure 8a.16 and the region in 


question is shaded. 
(Observe that the region in question is situated on both sides of the x-axis.) 
Let S, is the area of the region below the x-axis and S> is the area of the region above the x-axis. 


Thus, the desired area is given by 


0 
Ar ale oct | an 
(2) 4 [fale 1 
1 1 17 
3 = =1 2 square units Ans. 


if 
2°12 12 «12 


Here, the area of the region, below the x-axis is given by the expression “— ine ((1/3)x3)dx” or 
it may be given by fee |(1/3)x3|dx, both being same. The important point to be noted is that in 
the expression 1h |(1/3)x3|dx, we do not put the negative sign outside the integral symbol. The 
definition of absolute value takes care that the area in question adds in a positive manner. 
However, the expression — ie ((1/3)x)dx is more convenient from practical point of view. 
Example (16): Find the total area computed between the x-axis and the curve y= 
x(x + 1)(x — 2) 
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FIGURE 8a.17 


Solution: By solving the equation, x(x + 1)(x — 2)=0, we get that the curve crosses the x-axis 
at x 1, x =0, and x = 2, as shown in the rough sketch of Figure 8a.17. Note that a part of the 
region below the x-axis has “negative area.” The desired area of the shaded region is given by 


0 2 
A= [o x? — 2x)dx foe x? — 2x)dx 
“1 0 


1 
3 
_ (8 

E 


Example (17): Find the area of the region bounded by the curve y= x* — x—2 and y=0 
(the x-axis) from x = —2 to x =2 


Solution: The given curve is 
y=x—x-2=f(x) 


Let us find the zeros of this function, by solving the equation. 
x?—-x-2=0 
x?-2x+x-2=0 
x(x — 2) + 1(x- 2) =0 
or (x — 2)(x+ 1) =0 


x = —land x = 2are the zeros of f(x). 
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FIGURE 8a.18 


It follows that the given curve crosses the x-axis at x = —1 and x = 2. We have to find the area of 
the region from x = —2 to x=2. The rough sketch is given above. 

Note that, a part of the curve (from —2 to —1) is above the x-axis and the other part (from —1 
to 2) is below the x-axis. 


This situation points out the importance of sketching the region (Figure 8a.18). 
On [—2, —1], the area of the region is given by 


S,= | G2 —x-2)ax 


_-2-34+16 11 
6 6 
Again, on [—1, 2] the (positive) area of the region is given by 


square units 


f ae 5? ; 
Sy [o x —2)dx = E a 2x] 


ees) 21 48 27 


1 
4— square units 
6 2 


272 APPLYING THE DEFINITE INTEGRAL TO COMPUTE THE AREA OF A PLANE FIGURE 


Total area 


11 27 1 
S=S8, +S, =o . square units Ans. 


Note: Jn such problems it is always better to evaluate S; and Sp separately, as done above, thus 
avoiding possible mistakes in calculations. 


8a.4 COMPUTING THE AREA OF A CIRCLE (DEVELOPING SIMPLER 
TECHNIQUES) 


In a circular measure of an angle, the unit angle is called the radian. One radian is the angle 
subtended at the center of a circle by “an arc of the circle”, whose length is equal to the radius of 
the circle. 

In fact, no part of a curve however small can be superimposed on any portion of a straight 
line, so that it coincides with it. In other words, the length of a curve cannot be found by 
comparison with a straight line of a known length. However, under the application of definite 
integrals we have a method of determining the lengths of arcs of plane curves whose equations 
are known. Though it is not possible to measure the length of an arc of a circle, this difficulty is 
(initially) overcome by the assumption that the length of an arc of a semicircle equals z radians, 
where z is a constant. Accordingly, the length of the circumference of a circle is 27 radians. 

Since, the (entire) length of the circumference of a circle is consumed in measuring the 
(total) angle subtended by the circle at the center, we can write 


circumference(of the circle) 


radius(“r” of the circle) asians 

Therefore, the circumference = 2zr units of length. Even at this stage, the difficulty faced by the 
student remains unchanged, since he does not have any method of finding the value of x. Of 
course, the ancient Greeks estimated the value of z (through practical methods to be approx- 
imately 3.14159. .. or some less accurate approximation), but otherwise it is undetermined.” 

The method involved in measuring the length of an arc, is similar to that used for computing 
areas. An expression is found for “an element of length” of the curve, and the sum of all such 
elements is obtained by computing its definite integral. (Of course, we shall be discussing these 
matters in the next chapter.) For the time being, we agree that the length of the circumference of 
a circle is 2nr, where “r” is the radius of the circle, and x is approximately equal to 
3.1415...Thus, we have a practical method of computing the length of circumference of a 
circle. The following method will be found very useful in applications. 


8a.4.1 Area of a Circle: A Detailed Discussion Involving the Ideas of Limits 


The area of a circle can be thought of as the area of a plane figure that is traced out by a finite straight 
line OA (= r units) as it rotates around one of its ends (say, “O’’), and makes a complete rotation. In the 
figure below, the line OP (= r units) starting from the fixed position OA (on OX) makes a complete 
rotation around a fixed point ““O”. Thus, the point “P” describes the circumference of a circle. 


“? The determination of the value of x occupied mathematicians through the centuries. Various devices (with which 
we are not concerned here) were applied and approximate values of z were found. Fortunately, modern mathematics, 
with the help of Calculus, has solved the problem. It can now be proved that the above ratio (representing 7) is 
incommensurable, and that its value to any required degree of accuracy can be calculated with accuracy. Now, it is 
also known that “7” is not restricted to the circle, and that it appears in many other contexts. Teach Yourself Calculus by 
P. Abbott. 
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FIGURE 8a.19 


Our interest is to find the area marked out by OA in one rotation (i.e., area of the circle of 
radius “r”). Suppose the point P, has rotated from OA, such that it has described an angle “6”. 
Then, AOP is a sector of a circle of radius “‘r’’. Now, suppose OP is rotated further through an 
infinitesimally small angle d@. The infinitely small sector so described would be an element of 
area and the sum of all such sectors when OP makes a complete rotation from OX back again to 
its original position, will be the area of the circle (Figure 8a.19). 

Note that the limit concept is applicable in this case. Hence, the infinitely small arc 
subtending an infinitely small angle dé at the center of the circle, “in the limit’, can be regarded 
as a “straight line” and the infinitely small sector as a “triangle”. Further, the altitude of the 
triangle can be regarded, “in the limit’, as the radius “r” of the circle. 

Thus, the triangle in question (which is a sector of the circle, in this case) can be regarded “in 
the limit” as a “right triangle”. Using the formula for the area of a triangle, we have 

Element of area (of the triangular sector under consideration) 


1 
= 5 (base) - (altitude) 


[Now, we explain below (in the footnote) that the base of the triangular sector (i.e., arc length), 
in the limit equals rdg.]°® 


=F (0-48) (7) = 577-40 


Now, the angle corresponding to a complete rotation is 2x radians. 


2n 2n 
1 1 1 3. 
Area = | 5P-0= Ga : {<0 = Ga [Alo 
0 0 


1 
= (; . - [2x — 0] = ar’ square units 


8) The result: Base of the triangular sector of a circle =r - d0, follows from the trigonometric limit limg _,o (sin 0/0) = 1 (where 
0 is expressed in radians). Now, we may write, limgg—.o(sin d0/d@) = 1, where the small angle d@ is expressed in radians. 

Once it is accepted that the (small) arc in question (in the limit) can be treated as a line segment, we can define the ratio 
sin d@ = (length of the arc/r) = dé (since the angle dé is expressed in radians). .». Length of the arc = r - dO (we emphasize 
that this statement is valid “in the limit’). 
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FIGURE 8a.20 


Now, we give below two simple techniques for computing the area of a circle. In both the 
methods, we identify an element of (variable) area, which can generate the circle in a simple 
process. Let us discuss. 


Method (1): Consider a circle of a variable radius “x”. Suppose the area of the circle is A(x). 
When x increases by an infinitely small increment dx, let the corresponding small increment in 
the area of the circle be denoted by dA(x). This increment in the area is equal to the area of a 
narrow strip (in the form of a ring) between the circle of radius x and that of radius x + dx 
(Figure 8a.20). (In this process, the independent variable is the radius “x” and the dependent 
variable is the “area” of the circular ring that can grow to a circle.) 


The width of the strip is dx and we can take 27x as its length. (Here again the important role is 
played by the length of the circumference of a circle that we have assumed to be 27x.) 
Thus, 


dA(x) = 21x dx 


[This expression represents an element of (variable) area, which can grow to the area of the 
given circle.] 
It follows that area of a circle of radius “r” is 


f x7]! r 
A= [2m dx = 2x | =2n ace m1 square units 


0 
0 


Method (2): Now, consider a sector of the circle with a variable angle “¢’’. The increment to 
the area A(¢) of the sector, is the area of the triangle with base r dg, and altitude ‘“‘r’’. It is 
denoted by 


1 ie 
dA(¢) =a idor=,P dg 
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665,99 


Therefore, the area of the circle of radius “r’” is given by 
2n 
Ifo 
= d 
ak ” 
0 


1 
A===r [21-0 
5" 2a — 0] 
= mr? square units Ans. 


Note: In this process, the independent variable is the angle g and the dependent variable is the 
area of the sector. Here again, the final product is the area of the circle, but the basic concept 
involved is that the circular base of the sector is treated in the limit as a line segment. This 
permits us to define (an element of) the variable area of a circle (Figure 8a.21). 


Remark: Both the methods discussed above are traditional elementary methods that are found 
to be more efficient than the method of calculating areas by using the standard result(s) of 
integral(s). 


8a.4.2 Area Between Two Curves 


Geometrically, the concept of the definite integral in terms of area implies (roughly speaking) 
that the area of any region is calculated by considering the region in the form of large number of 
thin strips, [whose width must be indefinitely small (i.e., as small as we wish)] and then adding 
up these elementary strips. 

In the process of computing a definite integral, the most important role is played by the 
concept of limit, which permits us to obtain the actual area of the region, even bounded by curves. 
This is considered as the greatest achievement in the field of mathematics, as we know it, today. 

Having obtained formulae for computing areas of such regions, we now proceed to give 
some solved examples. 


Example (18): Compute the area of the region bounded by the parabola y = x” and the straight 
line y= 2x 
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Solution: The parabola y = x” passes through the origin and it is symmetrical to the y-axis. Its 
rough sketch is given below (Figure 8a.22). 

To find the points of intersection, we solve the system of equations y = x” and y = 2x, we get 
x? = 2x, so that x? — 2x =Oor x(x — 2) =0. Thus, the points of intersection are x = 0 and x = 2. 
Now, it is important to note carefully that the upper portion of the shaded region is bounded by 
the straight line y = 2x and that its lower portion is bounded by the arc of the parabola y = x’. 
Hence, the desired area of the shaded region is given by 


(Yupper — lower) AX 


s=[ 
0 
2 
=|(2 x — x’) 
0 

8 + 
= ay F - 0= 3 square units Ans. 


3 


Example (19): Find the area enclosed between the parabola y = 4ax (a> 0) and the line 
y=mx (m>0) 


Solution: The two curves are 
y? = 4ax (9) 
y=mx (10) 
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To find the points of intersection, we solve the system of above equations, and get 


n’x? = 4ax 


=>x(m?x — 4a) =0 


“.x=0 and x=—5 
m 


Note that the parabola using Equation (9) is symmetrical to the x-axis. 
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[Taking the slope of the line having Equation (10), as positive, the rough sketch of the shaded 


region in question, is indicated in Figure 8a.23.]"” 
The desired area is given by 


4a/m?* 4a/m? 
S= | (Yupper a Yiower)dx0 = | (Vv 4ax — mx)dx 
0 0 
4a/m? 


32a 8a 8a" 
= 38 z= 353 square units Ans. 
m m m 


“9 Tf the slope of the line y = mv is taken as negative, then the enclosed region will be below the x-axis. Of course, its area 


will remain unchanged. 
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FIGURE 8a.24 


Example (20): Compute the area bounded by the curves y = \/x and y= x” 


Solution: The given curves are 


or 

yt, a0 (11) 
and 

y=xX (12) 


Note that, the curve Equation (11) is a parabola that is symmetrical to the x-axis and we have to 
consider only the upper half for x > 0. 

The curve y= x” is the parabola, which is symmetrical to the y-axis. 

The points of intersection of the curves are given by (x*)’ =x. 


x4—x=0 or x(x7-1)=0 
x=0 and x=12) 


Note carefully that the upper curve of the shaded region is y = \/x and the lower curve is y = x? 
(Figure 8a.24). 


33/2 x37! 
= ae . " 
1 1 F 
= =-—-==- square units Ans. 
3 3 


°° Observe that for x =0, y=0 and for x = 1, y= 1. It follows the region in question is above the x-axis. 
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Remark: If we are required to find the area bounded by the parabolas y = x° and x = y’, then 
the answer will remain the same but there will be a slight change in the rough sketch, as will be 
clear from the sketch (Figure 8a.25). (In solving this problem, the figures do not make any 
difference. However, the correct understanding of the problem is important.) 


Example (21): Compute the area of the region bounded between the curves (parabolas) given 
by 7x? — 9y+9=0 and 5x*— 9y +27=0 


Solution: Let us rewrite the equations of the parabolas in the form 


va +1 (13) 
yards (14) 


Both the curves represent parabolas that are symmetric to the y-axis. To find the points of 
intersection, we solve the system of these equations. 
Thus, we get 


Tx? +9 = 5x7 427 (Note that each side equals 9y) 
2x7=18 or x*=9 
so that we get 
x, = —3, x2 = 3 


It is easy to draw a rough sketch of the curves having Equation (13) and Equation (14) 
(Figure 8a.26). 


Note: Observe that for x = 0, Equation (13) gives y= 1 and Equation (14) gives y=3. From 
these values of y, it follows that the upper curve is given by Equation (14) and the lower curve is 
given by Equation (13). 

Further, observe that the shaded area is symmetric with respect to the y-axis. 
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Hence, we compute one half of the area in question, taking the limits of integration from 
0 to 3, by 


2x3)? 227 
2x s | [ 9 ] 4 square units 


S = 8 square units Ans. 


Example (22): Find the area common to the curves 2(y — 1)? =x and (y— 1)? =x-1 


Solution: The equations of the curves are 
ay - 1)? =x (15) 
(y-WP=x-1 (16)? 
Let us find the points of intersection of the above curves. 
°) Consider Equation (15) in the form 21° = x, where t = (y — 1). This equation represents a parabola that is symmetric to 


the x-axis. [In our case the curve is symmetric to the line y = 1, which is parallel to the x-axis.] Similarly, the parabola having 
Equation (16) is symmetric to the line y= 1. This observation is useful in drawing a rough sketch of the area in question. 
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Using Equation (16) in Equation (15), we have 


2(x-1) =x eee eo? 
Putting this value of x in Equation (16), we get 
(y-1" =1 - y-l=+#l 


y=2 or 0. 


Thus, the curves having Equations (15) and (16) intersect in the points (2, 0) and (2, 2) 
(Figure 8a.27). 
The area in question is given by 


2 =< square units Ans. 


Example (23): Compute the area of the figure bounded by the inclined lines x -2y+4=0, 
x+y—5=0, and y=0 


Solution: The given lines are 
x—2y+4=0 (17) 
and 


xt+y—-5=0 (18) 
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From the Equation (7) 
x—2y+4=0 


we get, for y= 0, x = —4. Thus, we get the point A (—4, 0), at which the line of Equation (17) 
intersects the x-axis. 
From the Equation (18) 


x+y—-5=0 


we get, for y=0, x =5. Thus, we get the point C (5, 0) at which the line of Equation (18) 
intersect the x-axis. 
Solving the system of Equations (17) and (18), we get the point of intersection of these 
straight lines. 

From Equation (17), we have x = (2y — 4). Putting this value of x in Equation (18), we get 


(2y—4)+y-5=0 
3y = 9, so that y = 3 


Therefore, by putting this value of y in Equation (18), we get x = 2. Thus, we get the point M (2, 
3) at which the lines having Equations (17) and (18) intersect. Now, we are in a position to 
construct the figure as given below (Figure 8a.28). 

To compute the desired area, it is necessary to partition the triangle AMC into two 
triangles AMN and NMC. Because, as x changes from A to N, the area is bounded by the 
straight line having Equation (17) and when x varies from N to C the area is bounded by the 
straight line having Equation (18). 

For the triangle AMN, the role of the line x — 2y + 4=0 (bounding the area) is expressed by 
the equation 


1 
yaaxt2, with the limits a=-—4 and b=2 


For the triangle NMC, the role of the line x + y — 5 =0 (bounding the area) is expressed by the 
equation y= — x+5 with the limits a=2 and b=S. 


AY 
x+y—5=0 


Vu 


“A(-4, 0) 0 N(2, 0) 


FIGURE 8a.28 
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Computing the area of each of the triangles and adding together the results so obtained, we get 


2 
1 1/x2 - 
SAAMN ax t2 dx = a> +2x| co 
—4 
-4 


= [(1 + 4) — (4— 8)] = 9 square units 
5 
SANMC oa syax = | (5) sy] 
ela 2) a) 


= [15 — 10.5] = 4.5 square units 


Total area in question = 9 + 4.5 = 13.5 square units Ans. 


Remark: From the above figure, it is easy to check the area of the triangle AMC. We have 


Saamc = = (length AC) - (length NM) 


5 [5 — (—4)]- (3 — 0) == (9)(3) = 2 = 13.5 square units. 


Let us recall some useful definitions pertaining to the standard equation of parabola 


y’ = 4ax, a>0O (19) 


and the related important points. 

[In the equation of parabola having Equation (19), the coordinates of the focus “S’” are (a, 0).]°” 
Definition: Axis—The line through the focus and perpendicular to the directrix of a parabola is 
called the axis of the parabola. [The axis of the parabola having Equation (19) is the x-axis itself. ] 


Definition: Vertex—The point of intersection of a parabola with its axis is called vertex of the 
parabola. [The vertex of the parabola from Equation (19) is the origin O (0, 0).] 


¢ The parabola having Equation (19) is symmetrical to the x-axis. As y* is always positive, 
therefore for a > 0 (as given above), x cannot be negative. Therefore, the curve entirely 
lies in the first and the fourth quadrant. 
It is useful to remember the following figures pertaining to various forms of parabola 
(Figure 8a.29). 
e As x takes larger values, y becomes larger. Hence, the curve extends to infinity. For the 


standard form of Equation (19), we say that the parabola opens out in the positive direction 
of x-axis. 


2) For the parabola y= —4ax =4(—ax), a>0 the coordinates of the focus are (—a, 0). Similarly, for the parabola 
r= Aay (a> 0), the focus is at (0, a), and for the parabola P= —4ay = r= 4(—a)y (a> 0), the focus is (0, —a). 
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FIGURE 8a.29 


Definition: Focal-Chord—A chord passing through the focus “S” is called the focal-chord 
of the parabola. 


Definition: Latus-Rectum—The focal-chord of the parabola perpendicular to the axis is 
called the /atus-rectum of the parabola. 
For the parabola y =4ax, a> 0, the equation of the latus-rectum is x =a. 


Note: For the parabola y = 24x, the equation of the latus-rectum is x= 6. 
Example (24): Find the area bounded between the parabola y’ = 4ax and its latus-rectum 


Solution: The given curve (parabola) is 


2 = dax 20 
y 


It is symmetrical about the x-axis and passes through the origin O (0, 0) (Figure 8a.30). 
The latus-rectum is the line perpendicular to the x-axis, which passes through the focus S (a, 0) 
(Figure 8a.31). 
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The required area of the region is given by 
area of ne, shaded region OLSO) 


2 ( 
ah dx = av dx 


0 


a 8 8 
[| ae Ja: a= 3¢ square units Ans. 
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FIGURE 8a.31 
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Example (25): Calculate the area bounded by the curve y’ + 4x — 12=0 and the y-axis 


Solution: The given equation is 


res en 


It represents the parabola that is symmetrical to the x-axis. Also, its vertex is A (3, 0). (The 
rough sketch of the curve is given below.) 
By symmetry, the required area is given by 


S = 2(area of the region BOA) 


[Note that, the region BOA is bounded by the curve y = ,/4(3 — x), the x-axis and the 
ordinates x =0 and x =3.] 


3 


3 
Hence, S = 2/ 4(3 —x)dx= 2[2v3 xdx 
0 0 


3 


3ox)? : 
=4/v3 vas 4) ( » 


3/2 
0 


# [6-9], =F [o- 0" 


S= > [0 i v2] a > |-3v3] = 8V3 square units Ans. 


Example (26): Find the area enclosed between the curve x” = 4y and the line x = 4y —2 


Solution: The given equations are 
x? = 4y (22) 
x+2=4y (23) 


The parabola having Equation (22) is symmetrical to the y-axis and passes through the origin 
(Figure 8a.32). 


The points of intersection between the two curves are obtained by solving the system of 
Equations (22) and (23). We get 


x? =x+2 [using Equation(23) in Equation(22)] 
or x*-x-2=0 
x —2x4+x-2=0 
x(x — 2) + 1(x — 2) =0 
(x—2)(x+1) =0 


x=2 and x=1 
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The area of the shaded region is given by 


2 


A= | (Yupper = Ylower) dx 
ej 


2 
1 
= 7 [@+2-s)ax 
4 
-1 
1 [x? 3)? 
map (Accel ey, F eeee 
alo °* I, 
1[/4 ; 4 8 1 2 1 
SAK 1 3 4A 7S 
1/20 7 27 ; 
4\% 6 m8 square units Ans. 


Example (27): Find the area of the region enclosed between the circle x* + y* =2ax and 
parabola y* = ax (a>0) 


Solution: The given curves are 


and 
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FIGURE 8a.33 


Note that both the curves are symmetrical to the x-axis. Also, both the curves pass through the 
origin. 

To find the points of intersection of the above curves, we solve the system of Equations (24) 
and (25). We get 


x? + ax = 2ax [using Equation(25) in Equation(24)] 
 x*-—ax=0 or x(x—a)=0 
x=0 or x=a. Now, forx =0, y=Oand forx =a, y= +a 


Points of intersection are (a, a) and (a, —a). It follows that the center of the circle is at (a, 0) and 
the radius “a” units. The rough sketch of the intersecting curves is given below (Figure 8a.33). 
We have to find the area of the region enclosed between the curves on both the sides of the x-axis 
(For convenience, we shall consider the shaded area above the x-axis, and then multiply it 
by two.) 
Let the shaded area above the x-axis be S square units. 


a 


S= | Dome Zz Yiower | dx 


0 
a 


a 
= [om dx — [rio dx 
0 


0 
a a 


= |V2ax — x2 dx | vaxax 
(26) 


o 


Now consider, 2ax — x? = —[x* — 2ax] 
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Using this expression in (26), we get 


a 


s=| a® — (x — a)’ dx vax! av 
0 


2 
ae he 
22 3 
=/3|% 2 
4 3 


Example (28): Find the area lying above the x-axis and inclined between the circle 
xt y = 8x and inside the parabola y =4x 


Solution: The given curve are 


= 8x (27) 


iy aAx (28) 
Note that both the curves are symmetrical to the x-axis, and both of them pass through the 
origin. 
To find the points of intersection between Equations (27) and (28), we write 


x? +4x = 8x [using Equation(28) in Equation(27)] 
x2 —4x =0 
x?(x-4)=0 


x=0 or x=4 


Now, for x =0, y=0 and for x=4, y= +4. 
It follows that the point (4, 0) is the center of the circle. 
The shaded area indicated in the sketch has to be computed (Figure 8a.34). 


(23) 


°3) The coordinates of the center of the circle can also be obtained from Equation (27). We express Equation (27) as x? -2 
(4)x+ 16-16+y?=0. 
(x4? +y° = 16. This is the equation of the circle with the center (4, 0) and radius 4 units. 
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The shaded area enclosed by the parabola above the x-axis is 


and the shaded area enclosed by the circle above the x-axis is 


8 8 
s.=| 8x dx = | 4? — (x —4)* dx 
4 4 


sé en ee * 28 16 . 
ow, = => = square units 
ne ROY 5 ae, a 


The value of Sz is computed by substitution. 


Put x-4=¢ .. dx=dt 
Also, when x = 4, t=0, and when x = 8, t=4. 


S.= [0 + 8-(sin-'l — sin~'0)| 
Tl 
ey: é = 0) =4n 


© Recall that [ Va? — x? dx = (1/2)xVa? — x? + (1/2)a?- sin7! (x/a) +. 
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The required area is given by 


4 
S| + Sy + Ant 3 (4 + 370) Ans. 


Example (29): Find the area of the loop of the curve y = x"(1—x) 
Solution: The given curve is 
y=x(1—x) 


Obviously, the given curve is symmetrical about x-axis. 
To find the point(s) of intersection of the curve with the x-axis, we put y=0, we get 


O0=x(1-x) 1. x=0 or x=1 


The rough sketch of the curve is given below (Figure 8a.35). 
Observe that the curve has a loop between x= 0 and x= 1. 
, Area “A”, of the loop 


1 r 
=2[yar=2| x?(1 — x) dx 
0 0 


A= |xvi—xax 


0 


Now, using the property 


1 1 


[rosax = {ra — x)dx 


0 0 


AY 


Vu 


0 (1, 0) 


FIGURE 8a.35 
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We get 


1 


| 
= at ~ x) Vxdx = 21 (vx = x?)ax 
| 


Co 


2 2 sisi" 22 
x3/2 v/?| =2 a2 square units Ans. 
5 3 5 15 


Miscellaneous Exercise 


Q(1) Calculate the area bounded by the curve y* — 4x — 12=0 and the y-axis. 
Ans. 4/3 square units. 


Q(2) Find the area of the region enclosed between the line y=. and the parabola y = x”. 


Ans. 1/3 square units. 


2 2 


Q(3) Find the area of the ellipse “ + 7B =1 


Ans. ab square units. 


Q(4) Find the area of the region in the first quadrant enclosed by the line y = x and the circle 
x+y? =32, 

Ans. 42 square units. 

Q(5) Find the area of the region bounded by the triangle with vertices (1, 0), (2, 2), and (3, 1), 
using integration. 

Ans. 3/2 square units. 

Q(6) Find the area of the region bounded by the line y = 3x + 2, the x-axis and the ordinates 
x=—landx=1. 


Ans. 13/3 square units. 


Q(7) Find the area bounded by the curve y= cos x between x =0 and x=7. 


Ans. 2 square units. 


Q(8) Find the area bounded by the curve y= sin x between x =0 and x =2z. 

Ans. 4 square units. 

Q(9) Find the area of the region bounded between the parabolas y” = 4ax and x* = 4ay, where 
a>0. 

Ans. 16a°/3 square units. 


{Hint: The points of intersection of the curves are (0, 0) and (4a, 4a).] 
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Q(10) Prove that the curves y°=4x and x” = 4y divide the area of the square bounded by 
x=0, x=4, y=4 and y=0 into three equal parts. 
{Hint: Refer to Example (8).] 


(11) Find the area of the region enclosed between the two circles x7+y*=4 and 
g y 


(x-27 +y=4. 
Ans. - = 94/3. 


(12) Find the area contained between the curve y= x° and the straight line y= 2x. 
y & y 


Ans. 1 square unit. 


Q(13) Using the method of integration find the area of the triangle ABC bounded by the lines 
2x+y=4, 3x — 2y=6, and x—-3y+5=0. 


Ans. 3 Square units. 


Q(14) Find the area of the region enclosed by the parabola x” = y and the line y =x +2. 


9 i 
Ans. 3 square units. 


Sb To Find Length(s) of Arc(s) 
of Curve(s), the Volume(s) of 
Solid(s) of Revolution, and the 
Area(s) of Surface(s) of Solid(s) 
of Revolution 


8b.1 INTRODUCTION 


In the previous chapter, Chapter 8a, we have seen how the methods of integration enabled us to 
find areas of plane figures by applying the definite integral. Now we shall consider certain fields 
of mathematics and those of engineering in which the ideas of definite integrals are applied for 
obtaining useful formulas and results, which cannot be obtained otherwise. 


8b.2 METHODS OF INTEGRATION 
The methods of integration may be applied to compute 


e the lengths of arcs of plane curves (whose equations are known), 

¢ the volume(s) of the solid(s) of revolution (which are marked out in space, when a plane 
area is rotated about an axis), 

e the surface areas of solids of revolution and many other quantities (like center of gravity, 
moment(s) of inertia, etc., to be studied later in higher classes). 


In fact, the convenient approach to learn these applications is to study them in the sequence they 
are mentioned above. The lengths of arcs of regular curves will be required in calculating the 
surface area of the solids of revolution. Let us discuss. 


8b.2.1 The Measurement of the Length of a Curve 


As already mentioned in the previous chapter, no part of a curve, however small, can be 
superimposed on any portion of a straight line. It means that the length of any arc of a curve 
(whether a circle or any other curve) cannot be found by comparison with a straight line of a 


Applications of the definite integral 8b-Applying the definite integral to find the length(s) of arc(s) of curve(s), the 
volume(s) of solid(s) of revolution, and the area(s) of surface(s) of solid(s) of revolution. 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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known length. However, with the applications of definite integral(s), it is possible to determine 
the length(s) of arc(s) of plane curve(s) whose equations are given in the Cartesian, parametric 
Cartesian, or polar form. The method involved is similar to that used for computing areas. An 
expression is found for “an element of length’ of the curve, and the swm of all such elements is 
obtained by integration (i.e., by the application of definite integral). The process of finding the 
length (of an arc) of a curve is called rectification of the curve. 

To understand the process (and the approach), it is important to be very clear about the 
concept of limit (discussed in Chapters 7a and 7b of Part I), and the concept of infinitesimal(s) 
(discussed in Chapter 8a). The student is advised that with any vague ideas of these concepts, 
they should not proceed to learn the applications in question. Also, one should not compromise 
with these ideas for any purpose (like getting marks in the examination). These ideas are very 
simple, interesting, and paying in the long run. 

In this connection, the reader may go through Section 8a.5.1, wherein we have discussed the 
process of computing area of a circle involving these ideas. (The relevant footnote is very 
important.) There, we have treated (and accepted) a small sector of the circle, in the limit, as a 
“right triangle”. Finally, using the formula for the area of a triangle, we obtained the element of 
area of the triangular sector as (1/2)r? d0, where the small angle d0 is expressed in radians. 
This expression, for the elementary area (of the sector), was then used in computing the area of 
the circle. If the reader feels that, in obtaining the above expression (for the element of area of 
the triangular sector), he had to compromise at any stage, then it is advisable to revise the basic 
concept of limit, or even better, approach a good teacher for guidance. 

Again, it is useful to go through Section 8a.5.2, wherein we have discussed another method 
of computing the area of a circle, with a variable radius “x’’. In this case, the independent 
variable is the radius “x’’, and the dependent variable is “an element of area’, in the form of a 
circular ring, which can grow into a circle. The width of the ring is taken as “dx” and we take its 
length as 27x. Here again, the important role is played by the small width “dx” of the ring, 
which is taken to be infinitesimally thin. 

From the definition of the radian measure of an angle, the circumference is regarded as 
consisting of 27 arcs, each of which is equal in length to the radius. It follows that 
(circumference /radius(r)) = 27 radians or the circumference = 2zr. Thus, the length of the 
circumference (which is a curve) is expressed in terms of the length of the radius (which is a line 
segment). However, there is still a difficulty because we do not have an exact value of z. 
Of course, we have the approximate value of 1 as 3.1415..., obtained by practical methods. 
This permits us to express the elementary area of the ring to be 27x dx.? 

Now, we shall establish the formula for computing the length of an arc of a curve whose 
equation is known. 


8b.2.1.1 General Formula for the Length of a Curve in Cartesian Coordinates 
Let AB represent a portion of the p/ane curve of a function y = f(x), between the points A and B 
(Figure 8b.1). 

E and Fare two points on the curve and they have been joined by a straight line EF, which is 
the chord of the arc between them. In the usual notation, EG = Ax and FG = Ay. Similarly, the 
part of the curve between E and F is equal to AS, where S measures length of curve. 

The triangle EGF is a right-angled triangle, and therefore, 


(Ay) + (Ax)’ = (EF)’ 


© Note carefully, how the concept of limit is involved in the above discussion. 
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FIGURE 8b.1 


If the point F is moved very close to E, then the length of chord EF will be very nearly equal to 
the length of the arc EF. As Fis made indefinitely close to E, (i.e., as close to Eas we wish) then, 
as Ax approaches zero, the length of the chord approaches the length of the arc. Then, the 
equation, 

(Ay)? + (Ax)* = (arc EF)° is approximately true 
or 


(Ay)? + (Ax)? = (As)? is approximately true 


and from this, we obtain the equivalent of As in two forms: 


s)o re 
(Ax)? (Ax)? 
Ay 2 
As = 4/1 —)-A 1 
c= ft+(S) as (1) 
and similarly, 
Ax\2 
As =4/1+ ( | Ay (2) 
Ay 


Note that Equations (1) and (2) are approximately true. 
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Now, it must also be clear (and it is easy to show) that 


dy\* dx\? 
ds=4/1+ (2) -dx or ds=4/1+{—) -dy (exactly) 
dx dy 


This follows because as Ax approaches zero, the ratio between chord EF and arc EF approaches 
1. The length of the curve is s, and this value may be found by integrating either of the 
equivalents of ds. In practice, it will be found that depending on the equation of the curve 
[ie., y=f(x) or x = g(y)], one form usually gives an easier calculation than the other. 

Let us consider the first form of the integrand. 

Then, if we have to find the length of the arc from x =a to x =b, we write, 


This is an important result. 


Note (1): The purpose of introducing this section is to demonstrate the usefulness of definite 
integrals and the power of Calculus. Here, we shall be dealing with very simple problems only, 
without going into the complicated situations. Let us demonstrate its application in calculating 
the length of circumference of a circle. 


Example (1): Find the length of the circumference of a circle w+ y =r 


Solution: The equation of the circle is x” + y’=7°. Differentiating the given equation with 
respect to x, we get 


deeoy® = 

at2y a =O 
dy x 
dx oy 


Using Equation (3) above, we compute the arc length of one-fourth of the circle, taking the limit 
from 0 to r (Figure 8b.2): 
We have, 


Circumference of the circle =4- 
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FIGURE 8b.2 


Example (2): Find the length of the arc of the parabola x* = 4y from vertex to the point where 
x=2 


Solution: The equation of the parabola is x” = 4y. 
We can write the above equation in the form: 


_x . dy x 
eee wae 2 


The sketch of the curve is shown in Figure 8b.3, where OQ represents the part of the curve of 
which the length is required. 
The limits of x are from 0 to 2. 


b 
Using, S = f/1+ (2)'dx, on substitution, 
a 


Vu 


FIGURE 8b.3 


300 TO FIND LENGTH(S) OF ARC(S) OF CURVE(S) 


Using the formula, 
1 
| x24 a? dx = 5xV x? + a2 


We get 


Ss 
a 
io) 
ga 
a 
“—~ 
tad 
tad 
wv 
g 
nS) 
—, 
io’ 


(see Chapter 4b) 


= ; F -2-V8 + 2flog,(2+ ¥8)-02.23} 
= ; [2v2 + 2{log,(2+ 2V2)—log,2}] 


[vem 24) 


2 
= 2+ log, (1+ V2) = 2.295 (approx) Ans. 


(Here, the log table to the base “e” has to be used.) 


Remark: The formula giving the /ength of an arc of a curve can be applied to any other curve, 
whose equation is given in Cartesian coordinates. 


Note (2): The calculation of the length of an ellipse reduces to the calculation of an integral 
that cannot be expressed in terms of elementary functions. This integral can be computed 
only by approximate methods (by Simpson’s rule, for example). We will not discuss such 
methods here.” 

The same situation occurs in the calculation of /ength of the arc of the hyperbola y= i, 


and the length of the arc of a sine curve. The length of an arc of a parabola can be reduced to an 
integral that is rather complicated, although it can be expressed in terms of elementary functions. 


8b.3 EQUATION FOR THE LENGTH OF A CURVE IN POLAR COORDINATES 


(The method, in general, is similar to that in the rectangular coordinates.) 

In Figure 8b.4, let AB represent a part of the curve whose polar equation is r = f(0), where r 
is the radius vector and 6 is the vectorial (polar) angle. Let the angles made by OA and OB with 
(the polar axis) OX be 6, and 6. Let “‘s” be the length of the part AB (of the curve). Let P be any 
point (r, #) on the curve and Q be a neighboring point (r + dr, 8 + 50), such that JQOM is the 
increase in 6 (say 50) and PM is the increase in “r’’(denoted by dr). Let PQ be the chord joining 
P to Q. Then, QM =r 60 and the arc PQ represents bs. 


® For details, refer to Differential and Integral Calculus (Vol. 1) by N. Piskunov (pp. 446-447), Mir Publishers, Moscow. 
® The reader must be convinced about the equality QM =r 46. In the previous Chapter 8a (Section 8a.5.1) we have 
discussed at length that a (small) sector of a circle, can be regarded, “in the limit”, as a right triangle. The same thing 
happens here when we treat the arc PQ, in the limit as a line segment. [In the entire approach, the concept of limit plays the 
most important role.] 
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Vs 


FIGURE 8b.4 


Then PQ? = QM? + PM? 
or PQ? =(r 86)° + (Sr)* (with the construction, PM = 6r). 
When Q is taken indefinitely close to P (i.e., 60 — 0), then, in the limit 


(ds)? = (rd0)? + (dr) 


Therefore ds = y/12(d0) + (dr)? 
dr\? 
Slytae[ | cdg E 
re + ( a) (E) 


(Note that s is a function of two variables, namely r and 6.) 
For now, we regard “s” as a function of “@”’. Then, to find the /ength of the curve from A to B, 
we must integrate both sides of (E) from 0, to 0. 


Thus, on integrating, we get 
0 5 
dr 
s= 2 — | dé I 
; | fret ( ‘ ;) ( 
% 


We may also write Equation (E), in the form 


| do\? 
ds = 4/1+r2 (5) dr 
dr 


Now, we regard “‘s” as a function of “7’’. Hence, (to find the length of the curve from A to B) the 
limits of integration will be from r; to r. 
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We write, 


(I!) 


Note: We do not consider any solved examples here. However, as an exercise, we give below 
one problem, which is given as a solved example in many books. 


Q. Find the complete length of the cardioid, whose equation is r= a(1 — cos @). 
Ans. s= 8a. 


Further, if the equation of the curve is given in the parametric form, x = f(t), y = g(0), then it can 
be shown that 


66 69? 
S 


Accordingly, the length “s” of the curve can be computed by integrating both sides, with respect 
to “?’ (the parameter), from f, to f). (We will not discuss anything more about the length of 
curves, since it is not needed for beginners.) 


8b.4 SOLIDS OF REVOLUTION 


The solids with which we shall be concerned are those that are marked out in space, when a 
continuous curve or an area is rotated about some axis. These are termed solids of revolution. 
For example, 


(a) If a semicircle is rotated about its diameter, the solid of revolution so obtained is a 
sphere. 

(b) If a rectangle is rotated about one of its sides, we get a right circular cylinder in a 
complete rotation. 


(c) If aright-angled triangle rotates completely about one of the sides containing the right 
angle as an axis, it will generate a right circular cone. 


“Solid of revolution” is a mathematical term, whose meaning is clearly reflected in the “solids 
of revolution’, marked out in space by the rotation of a curve, about an axis. A circle represents 
the cross section of a sphere, and we may be interested to calculate its volume. 

If we rotate a quadrant (of the circle) about the x-axis, it will sweep out the volume of half the 
sphere. If we can calculate this volume, then we must double it to calculate the volume of the 
whole sphere. This again suggests to us that we should concentrate our knowledge (of 
Mathematics) on just one quadrant. Once a solid of revolution is generated, as mentioned 
above, one may like to calculate its volume or the surface area generated in the process. 


Remark: When we revolve a curve about an axis, it implies that the area under the curve is 
revolved about the axis. 


Now, we start finding the formula for volume of solid(s) of revolution. 
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8b.5 FORMULA FOR THE VOLUME OF A “SOLID OF REVOLUTION” 


(a) Rotation about the x-Axis: Let the area under a curve y = f(x), namely, if f(x)dx, be 
revolved about the x-axis, thus generating a volume. The area of a cross section of this 
solid by a plane perpendicular to the x-axis is zy. The volume of a thin slice, “dx” thick 
would be my” dx. 

The total volume of solid of revolution between the two parallel planes x =a and 
x= b would therefore be the sum of all such slices 


b b 
or van[y?ax—n| [pla)P ax 


Now, it must be clear that to obtain the formula for computing volume of a solid of 
revolution is quite simple. (Let us see how the concept of limit is deeply involved in the 
process of obtaining the above formula.) 

Let y=f(x) be a continuous nonnegative function defined on the interval [a, b]. 
Imagine a solid resulting from the rotation of a curvilinear trapezoid about the x-axis, 
bounded by the function y=/(x), the x-axis and the straight lines x =a and x=b 
(Figure 8b.5a). 

The volume of this solid [say V(x)] is a function of x. For an infinitesimal increment 
dx (i.e., dx can be though of to be as small as we please) (or we may call it infinitely 
decreasing increment), the volume V(x) increases by the volume of an infinitely thin 
layer of width dx, with the base area z[f(x)|’. Thus, the element of increase in the 
volume is given by the expression, 


dV(x) = a[f(x)P dx 


AY AY 


B’ 


Vu 


A’ 


(a) (b) 
FIGURE 8b.5 


“ The disc of volume swept out by the element of area under the curve will always be circular whatever the shape of the 
curve. This may at first seem a little odd, yet it is implied in the rotation of the curve about its axis. [To rotate the curve 
means to turn it about its axis so that the whole curve describes a lateral circular motion.] 
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(To calculate the volume of this solid, we shall consider a similar solid with a variable 
right side, which cuts the x-axis at the point x.) 
We then get, V = V(x) = f my” dx = f° nif (x)]° dx 


a 
(b) Rotation about the y-Axis: Let AB be a potion of the curve y = f(x) that is rotated about 
OY, so that A and B describe circles as indicated with centers M and N, on the y-axis 
(Figure 8b.5b). 
Let OM=a, ON=b. 
Let P(x, y) be any point on the curve and Q be another near by point on the curve with 
coordinates (x + 6x, y + dy). 
Then, the volume of the slab generated by PQ becomes, in the limit, mx" dy. 
.”, The volume of the whole solid is the sum of all such slabs between the limits y = a 
toy=b. 


b 
van|xay 
a 


{Note that, here the variable of integration is ““y”. Therefore, from the given equation 
y=f(x), we must replace “x” in terms of y.] 


Solved Examples 
Example (3): Calculate the volume of a sphere of radius r 


66599 


Solution: The equation of a circle with the center at the origin and radius “r’ is given by 
etyar (4) 
If the guadrant AOB is rotated about OX the volume described will be that of a hemisphere. 


Observe that, the volume of the slab (generated by PQ on rotation about x-axis) becomes, in 
the limit, zy* dx (Figure 8b.6). 


Vu 


FIGURE 8b.6 
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.". The volume of the hemisphere can be obtained by using the formula 


b 


5V=n[ya 
) =m\y dx 


a 


b b 
«. V=2n fy? dx=2nf(r?—x?)dx [where y is replaced by x from y =f(x)] 
a 


a 
r 


or V=2n [(r?—x*)dx (Note the lower limit of the integral) 
0 


37° 3 
= onl Ps 5] = onl 7 =2n- oP =a Ans. 
0 


We can also obtain the same result when a semicircle of radius “r” is rotated about a diameter. 
Assuming the diameter to be the x-axis, we find that the semicircle intersects the x-axis at 
x=-—r and x=r. Thus, we have 


r 


V= |»? dx = | 2(r’—x?) dx [where yis replaced by x, using Equation (4)| 


i 


2 3 2 2 
= <7r—n|—r' 4 if nr mr 
3 3 3 3 
2 2 4 
m+ —nr = =n cubic units Ans. 
3 3 3 


Note: Now, we are in a position to find the volume of part of the sphere, between two parallel 
(vertical) planes. Consider two parallel planes at distances from (the origin) O, given by 
OA =a, OB =b (Figure 8b.7). Then, the volume V of the part of the sphere is given by the 
integral, 


b 


b 
V= [w dx = |r?» dx 
a 


a 


Here, as usual, ““y” has been replaced by “x”, since the variable of integration is x. For this 


purpose, we use the given equation x* + y* = 1. 


Example (4): Find the volume of the solid of revolution bounded by the circle x” + y? = 36, 
and the lines x =0, x =4, about the x-axis 
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FIGURE 8b.7 


Solution: We have to compute the volume of the part of sphere when the part of the circle (i.e., 
x? + y?=36) from x=0 to x=4 is revolved about the x-axis. Obviously, the limits of 
integration in this case are from x =0 to x =4 (Figure 8b.8). 

From the equation of the circle, we have y’ = 36 — x” 
.”, Required volume 


374 
= [363 a =T jaa =] “ i cubic units Ans. 
0 


Vu 


x=0 
FIGURE 8b.8 
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FIGURE 8b.9 


Example (5): Volume of an ellipsoid of revolution 
This is the solid formed by the rotation of an ellipse 


(i) about its major axis, 
(ii) about its minor axis. 


(i) Rotation about the Major Axis 
Let the equation of the ellipse be 


a) 2 
tial ~ Pe tay =e 


Note that, 2a= AA’ and 2b=BB’ Then, the center of the ellipse coincides with the 
origin. Thus, the rotation (of the curve) is to be about OX (i.e., x-axis). 
From the above equation, we have 


ey = &bh?—b?x2 = Pax) 
2_ oP, , 2» 
y= (e-¥) (5) 


Let V be the volume of the ellipsoid. Consider the volume marked out by the rotation of 
the quadrant OAB. Clearly, the limits are from 0 to a (Figure 8b.9). 
(Note that, this rotation will generate half the volume of the ellipsoid.) 


a a 


5 = |r? dx or V= 2n(>? dx 
0 0 
2 
= 2n| 7 (ax?) [using Equation (5)] 


2 f 2 374 2 
_ 2nb IG 2)dx 2nb G I, — Fa 


4 ‘ 
V = —nxab* cubic units 
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FIGURE 8b.10 


Remark: Observe that if b = a, the ellipsoid becomes a sphere. (In Equation (5) “a”, stands for 
the semi-major axis, and “b” for the semi minor axis, i.e., 2a= AA and 2b=BB’.) 


(ii) Rotation about the Minor Axis 
Now, it can be shown that if the rotation is considered about the minor axis “b’”’, then the 
volume of the ellipsoid will be given by (see Figure 8b.10) 


4 
V= 3 rab cubic units 


(Prove this result as an exercise.) 


Note: The student should not try to memorize the formulae obtained so far, and many others 
similar to them—that will follow later, in this connection. The important point is that one should 
master the technique of setting them up. 


Example (6): Paraboloid of revolution 


This is the solid generated by the rotation of a part of parabola, about its axis. 
(Since the parabola is not a closed curve, we shall consider only the solid generated by a part of 
the curve, so that the volume generated is a finite quantity.) There are two cases. 


Case (i) When the axis of the parabola coincides with the x-axis (i.e., OX) 
In this case, the general form of the equation is 


y? = 4ax (6) 


In Figure 8b.11, OP represents a part of the curve, where P(x, y) is a point on the curve. PA is the 
ordinate of P (i.e., PA=y), and let, OA=c. 

OP rotates around OX, generating a solid, with a circular base PQR. 

Now, it must be clear, that the element of volume is ny" dx, and that the limits of x are 0 to c. 
Let V be the volume 
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FIGURE 8b.11 


c 
V= |r? dx 
0 
=f) 4axdx (Here, yis replaced by x, using Equation (6)| 


i x76 C 
=4 dx =4 =4 0 
na x x ral] nals 


= 2nac? cubic units Ans. 


Note: Now consider the cylinder indicated by the dotted lines in the above figure. This is the 
circumscribing cylinder of the paraboloid. 
The volume of this cylinder = 4ny*-OA, (y atx = 0) 

= n(4ax)-OA (sincey* =4ax atx =c) 

= 1(4ac)-c (since OA = c) 

= 4nac* cubic units Ans. 


Remark: The volume of the paraboloid (i.e., 2na- c*) equals half that of the circumscrib- 
ing cylinder. 


Case (ii) When the axis of the parabola coincides with the y-axis (i.e., OY) 
In Figure 8b.12, we consider a part of a parabola, whose axis is the y-axis. 
The general equation of such a parabola is 


y= ax? (7) 
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AY 


, 


y 


FIGURE 8b.12 


Let P(x, y) be any point on the curve. Let PB be its abscissa (i.e., x coordinate), such that PB = x, 
and let OB = b. (The length OB suggests the height of the part of parabola that generates the 
paraboloid.) 

Obviously, the element of volume, in this case is, 


mx dy 


The limits of y are 0 to b. Therefore, the desired volume V is given by 
b 
V= [rx dy 


o 


66,99 


b 
= n[2ay [where, x is replaced by “y”, using Equation (7)| 
a 
0 


to 
_ d 
~a| y. 
0 
nfy2]? x [b? 1 nb? : . 
= = O| = cubic units Ans. 
a|2], al2 2a 


” 


Example (7): Calculate the volume of a paraboloid of revolution, when a “parabolic triangle 
bounded by the upper half of a parabola 


y =cx 


is rotated about the x-axis, and bounded up to the straight line x =a. 
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FIGURE 8b.13 


Solution: The equation of the parabola is 
y =ex (8) 


When the upper half of this parabola is revolved about the x-axis, the paraboloid is generated. 
We have to find the volume of the solid (in question) bounded up to the straight line x =a 
(Figure 8b.13). 

Let the volume in question is denoted by V. 


a 
Thus we write, V = |r? dx 
0 


x21% a mca’ 
5 =1C 0 5 cubic units Ans. 


Example (8): Find the volume ofa solid resulting from the rotation about the x-axis, of a figure 
bounded by the x-axis and half-wave of the sine curve y=sin x (Figure 8b.14) 


Solution: The equation of the curve is 


y =sinx (9) 
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AY 
y=sin x 
x 
> 
0 a 
FIGURE 8b.14 
.”. The desired volume is given by 
T 1 
and ee eee Pres ; ots 
V= [ry dx = nin xdx [.. y=sinx, by Equation (9)| 
0 0 
T 
i= 
= | pan 4 
2 
0 
1 
1 cos2x 
= 7) |-— 
2 2 
0 
[x sin 2x i sin =) 
T 
[2 4 X= 2 4 x=0 
[x sin 2x (0-0) 
= 
[2 4 
G2 
= =-0| aa cubic units Ans 


Example (9): Volume of a cone 


A cone is generated by the rotation of right-angled triangle, whose axis of rotation is one of the 
sides containing the right angle. 


Solution: As shown in Figure 8b.15, let the radius of the base of the cone be r (= AM) and the 
height of the cone be h (= OM). 

Let OA be the straight line y=mx, A being any point on the line. 

(Our interest lies in computing the volume of a cone when the line segment OA is rotated 
around OX.) 

Let @ be the angle made by the line OA, with OX (i.e., x-axis). 
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FIGURE 8b.15 


Then, tan 0=m=6M = + 

Let V be the volume of the cone of which “O” is the vertex, the circle ABA’, the base, and 
the height “h’” (= OM). (The small element PQ on rotating, describes a small slice of the cone, 
of which the ends are the circles, described by P and Q.) 


Thus, the element of volume is zy” dx. 


h h 
V= |r? dx = x (ms)? dx (where y = mx) 
0 0 


cubic units Ans. 


h 
’ g mm-h3 


In the above equation (V = (1/3)zm7h*), “m” is not defined in terms of known quantities. 
Hence, we replace it by the ratio r/h, in which both r and / are known. 

Therefore, v = 40 c hb = smh. Note that the quantity “zr?” represents the area of the base 
(of cone). Hence, we can write, V (i.e., volume of the cone) = 1/3 (area of base)-(height). 


Remark: Volume of a right circular cone is one-third that of a cylinder whose base area and 
height are same. 


Itis important that we have a method for calculating the length(s) of arc(s) of regular curve(s). ©) 


©) Recall that, earlier, we did not have any method for calculating the length of (even) a circular arc. However, based on the 
fact that the circumference of a circle is proportional to its radius “?’’, the radian measure of an angle suggests that the ratio 
of the length of circumference to its radius is a constant, denoted by 27. This idea permits us to say that the length of the 
circumference of a circle is 27. Of course, the exact value of z is not known but its approximate value (based on practical 
methods) is found to be 3.14159..., and used for finding the length of the circumference of a circle. 

In other words, the length of circular arcs could be defined in terms of the length of a straight line segment (i.e., radius “7’’). 
In principle, no part of a curve, however small, can be superimposed on any portion of a straight line. On the other hand, 
integration supplies a method of determining the length of any regular curve. In the entire process, the most important role is 
played by the concept of limit. Thus, it is important to learn this useful concept thoroughly. 
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Now we may proceed to calculate the areas of curved surfaces of regular solids. Let us 
discuss. 


8b.6 AREA(S) OF SURFACE(S) OF REVOLUTION 


When the curve y=/(x) is revolved about the x-axis, a surface is generated (Figure 8b.16). 
To find the area of this surface, we consider the area generated by an element of the arc “ds”. 
This area is roughly that of a cylinder of radius y, and we write 


dS = 2zy ds 


where “dS” stands for the small element of surface area generated by rotation of small element 
“ds” of the curve about the x-axis. 


Note: The important point to be remembered is that we can compute the surface area of 
revolution of a curve of finite length only. 
Summing all such elements of surface area, we get 


b b 
S= [2ny ds or S=2n | ds) 
a 


a 


Thus, the surface area in question is given by 


Vu 


FIGURE 8b.16 


©) Recall that we have already shown earlier that an element of arc length of a curve in cartesian coordinates is given by 


ds = /14 (®)ax. 
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Note: Appropriate modifications of this formula will be necessary, if the curve is revolved about 
some other line or if polar coordinates are used, and so on. 

Notation: We denote the (finite) length of a curve by “‘s”’, whereas the surface area generated by 
a revolving the curve (of finite length) is denoted by “S”. 


“pr? 


Example (10): Find the surface area of a sphere of radius 


Solution: This area can be generated by revolving the upper half of the circle x? + y? = 7, 


about the x-axis. Here, y= Vr?—x?, a= —r, b=r (Figure 8b.17). 
Here, we have dS = 2zy ds 
Therefore, the surface area (of the sphere) in question is given by 


S= op +(2 ax 
$=2n | [oo (10) 


Differentiating the equation x? + y? = r?, we get 


dy d 
cerae oe Py or = =-— 


Vu 


FIGURE 8b.17 
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Using the result in Equation (10), we get 


— an dx (Note that “7” is a constant) 


S= 2nr | av = 2nr[x]"_,. = 2ar[r—(—r)| 


= 4nrsquare units Ans. 


Example (11): Surface area of a cone 
The surface area of a right circular cone can be obtained by two methods: 


(a) By using geometry, and the concept of radian measure of an angle. 
(b) By using Calculus. 


Method (a): Using geometry 

Consider a right circular cone with vertex “A”, the slant height @ and the radius of the circular 
base “‘r’’. If the vertex “A” is regarded as remaining at a fixed point on the table, and the base of 
the cone is rolled across the table so that the base completes one full turn. Then, the base will 
trace out the sector of a circle with radius ¢ (= AB), as shown in Figure 8b.18. The length of the 


FIGURE 8b.18 
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arc BB, (traced out by the base of the cone) = 2zr. Obviously, the surface area of the cone is the 
circular triangle A BB, where BB, is the arc of the circle, whose center is at “A” and radius 2. 
Thus, the calculation of the (curved) surface area of the cone is reduced to the calculation of the 
area of a sector of a circle, whose radius is £ (= AB). We can calculate the area of the sector 
described by the rolling of the cone, as follows. We know that the length of the arc BB; = 2ar 
(where “‘r’’ is radius of the base of the cone). 

Let the angle BAB, be @ radians. Then by the rules of circular measure, we have, 


Area of the circular sector ABB; _—Angle subtended by the arc BB, (at the center) 
Area of the (whole) circle with radius Angle subtended by the whole circle (at the center) 


(curved) surface area of the cone 0 


16% 


ne ~ Qn 
One 1 
(curved) surface area of the cone = — = xf 


In the above equation, the angle “6” can be replaced in terms of known quantities. 
Note that, by the rules of circular measure, we can write 


p= length of the arc BB, (generated by rolling one full turn of the cone, about A) 
radius “¢’” of the circle (whose center is A) 


2ar 
6 = — 
L 


Therefore, (curved) surface area of the cone = 50 (72) = art 

Thus, the formula for the (curved) surface of the cone is s = mré. 

Note that, the above method does not use Calculus at all. The same result can however be 
obtained by Calculus as follows. 


Method (b): Using Calculus 

In Figure 8b.18, PQ is a small part of the circumference of the base of a cone. Since PQ is a very 
small part of the circumference, it will be very nearly straight. As PQ is made smaller, the 
sector APQ approaches the form of a triangle.” 

This line of thinking (in terms of limit concept) suggests to us that we obtain the 
approximate area of the sector by computing the area of the triangle, using the formula 

Area of the triangle = 5(height)-(base) 

Now, the height of the triangle can be obtained by drawing a perpendicular from A to the 
small (arc) segment PQ. We may denote it by AS (not shown in the diagram), and obviously 
AS# . 

The area of the triangle is therefore 50 x PQ 


Note carefully that we are applying the concept of limit. Though a sector will never become a triangle, yet, by reducing 
the length of PQ, we can bring its area “‘in the limit’, closer and closer to that of a triangle. 
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Taking the above expression, A is the limiting value of “the element of area”, we may 
compute the area of surface of the cone by summing up all the small areas like this. 


surface area of cone 


1 
= 5¢ x sum of all arcs like PQ 


1 
-_ 3¢ x circumference of base 


1 
= xf x 2ar = are. 


Exercise 


Q. (1) Find the length of the arc of the parabola y* = 4x from x=0 to x=4. 
Ans. 2\/5+log(2+ V5). 


Q. (2) Find the length of the arc of the curve y>=x° from x=0 to x=5S. 


Ans. — units. 
27 


Q. (3) Find the length of the arc of the circumference of the circle whose equation is r= 2a cos 0. 
Ans. 27a. 

Q. (4) Find the volume of solid generated by rotating the area bounded by x* + y’ = 36 and the 
lines x = 0, x = 3, about the x-axis. 


Ans. 99x cubic units. 


Q. (5) Find the volume of the sphere with radius 3 units. 


Ans. 362 cubic units. 


Q. (6) If the region enclosed between the parabola y=x* + 1 and the line y=2x + 1 is 
revolved about the x-axis, find the volume of the solid of revolution. 
1047 


15 


Q. (7) The region bounded by y? =4x, y=0, and x =4 is rotated about the x-axis. Find the 
volume generated. 


Ans. cubic units. 


Ans. 322 cubic units. 


Q. (8) The region bounded by the lines x — 2y + 6=0, y=0, and x = 2 is rotated about the 
x-axis. Find the volume generated. 


2: 
Ans. 42 3 a cubic units. 
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Q. (9) Find the area of the surface of the solid generated by the rotation of the straight line 
y =e around the x-axis, between the values x =0 and x =3. 
Ans 2° m™ square units 
ig 
Q. (10) The part of the curve of x” = 4y that is intercepted between the origin and the line y = 8 


is rotated around y-axis. Find the area of the surface of the solid that is generated. 


208 . 
Ans. ao square units. 


Q. (11) Find the area of the zone cut off a sphere of radius “7” by two parallel planes, the 
distance between which is h. 


Ans. 2zrh square units. 


9a Differential Equations: Related 
Concepts and Terminology 


Nature’s voice is mathematics; its language is differential equations. 


9a.1 INTRODUCTION 


Algebraic equations describe relations among varying quantities. Differential equations go 
one step further. They describe, in addition to relations among changing quantities, the rates at 
which they change. 


Definition: An equation involving derivatives or differentials is called a differential equation. 
In other words, a differential equation is an equation connecting the independent variable x, the 


664,99 


unknown function “‘y’, and its derivatives or differentials. 


The topic of differential equations is so vast that it is identified as a separate subject. 


9a.1.1 Ordinary and Partial Differential Equations 


A differential equation is said to be ordinary if the unknown function y depends solely on one 
independent variable. Such a function may be expressed in the form y = f(x). Some examples of 
ordinary differential equations are: 


dy 
— = —32 1 
dx ° ) 
d : 
= 4 5y = 122” 2) 
Py ody 
+8— + l6y=0 
dx2 T dx T 6y 3) 
a 
oe +siny =0 4) 
dy = cos x dx 5) 


Differential equations and their solutions 9a-Basic concepts and terminology. Formation of differential equation by 
eliminating the arbitrary constant(s) from the given equation(s). Solution of differential equations and the types of 
solutions. The simplest type of differential equation and the method of solving it. 
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dy 
oe ) 
3 
dy | o(#y 7) 
dx3 dx2) 
dy [| dy 
pe ae erence 
dx? Tag ) 
dy a 
Y= ae + Has) %) 
[! + (dy/ax)"| 
calles Seer, 10 
(Py/dx) Hy) 


Later on, it will be seen that an ordinary differential equation can describe many phenomena in 
physics and other sciences. For instance, 


e the motion of a falling body, as in Equation (1), 
¢ change in the size of population, as in Equation (2). 
¢ flow of current in an electric circuit, as in Equation (3), and 


e the motion of a pendulum, as in Equation (4), and so on. 


A partial differential equation is one in which the unknown function y depends on more than 
one independent variable, such that the derivatives occurring in it are partial derivatives. 
For example, if z=f(x,y) is a function of x and y, then the equation 


y= + xy = nxzis a partial differential equation. 

Ox Oy 
Similarly, if w =f(x,y,z,0) is a function of time “?’” and the rectangular coordinates (x, y, z) of a 
point in space, then the equation: 


2 2 2 

a: (= a a) o is a partial differential equation. 
In general, partial differential equations arise in the physics of continuous media—in problems 
involving electric fields, fluid dynamics, diffusion, and wave motion. Their theory is very different 
from that of ordinary differential equations, and is much more difficult in almost every respect. 

In this book, we shall confine our attention exclusively to very simple ordinary differential 
equations. Accordingly, the term differential equation will always stand for an ordinary 
differential equation. 


9a.1.2 The Basic Concepts, Ideas, and Terminology 


(a) The order of a differential equation is the order of the highest derivative appearing in the 
equation. 

In Equations (1), (2), (5), and (9) the order is one; in Equations (3), (4), (6), (8), and (10) the 
order is two, and in Equation (7) the order is three. 
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Note: There are situations of academic interest which demand extra care while identifying the 
order of a differential equation. 
A situation which might create confusion in identifying the order of a differential equation: 


Example: Consider a differential equation 


d? d 2 
2 + 8 af [rex =% 


One may be tempted to say that the order of the above equation is “2”, as it appears. However, this 
is not correct. To find its order, we have to eliminate the term J ydx. In this case, it is quite simple 
to eliminate [ ydx, since y is a function of x. By differentiating both sides of the given equation, 


we get ay + ge) +y = 3. Obviously, the order of the given differential equation is “3”. 
Recall from Chapter 6a, wherein, we have seen that the operations of differentiation and 
integration are the inverse processes of each other. Using this fact, we have been able to remove 
the term f{ ydx and obtained the (new) differential equation, free from the term f ydx. 

Thus, if there is any term of the form { ydx in the given differential equation, then it must be 
made free from such a term before deciding the order of the differential equation. 

(Of course, we shall not be dealing with such differential equations in our study.) 


9a.2 IMPORTANT FORMAL APPLICATIONS OF 
DIFFERENTIALS (dy AND dx) 


Note that, the differential Equation (5) involves differentials dy and dx. We have discussed at 
length (in Chapter 16 of Part I) that Equation (5) can also be expressed in the form dy/dx = cos x, 
which is a differential equation of order one. Here, the symbol dy/dx represents a limit (which is 
a single symbol) and we call it the derivative of y with respect to x. However, it can also be 
looked upon as a ratio of the differential dy to the differential dx (where dy is the differential of 
the dependent variable “y”, and dx stands for the differential of the independent variable “x’”’). In 
fact, such a ratio (of differentials) can be denoted conveniently in the form dy/dx. However, 
since both the forms mean the same thing, there is no confusion in expressing the differential 
equation dy = cos x dx in the form dy/dx = cos x. However, the question is: Can we interpret the 
equation dy = cos x dx in the same way as we have interpreted the other form of the equation. 
First, it must be emphasized that this flexibility in expressing dy/dx (in two ways) is very useful 
in many formal transformations. In fact, we have already seen such transformations in 
computing antiderivatives (or indefinite integrals), involving the method of substitution. 

For a given differential equation, in the form of dy = f(x) dx, our interest will always be to 
find the “unknown” function y, which must satisfy the given differential equation. This process 
is known as finding a solution of the given differential equation. To see how the formal 
transformation(s) play their role, let us consider the differential equation 


o = F(x) (11) 


The above equation says that y is a function of x, whose derivative is f(x). 
Hence, our problem reduces to finding an antiderivative of f(x). The method of substitution 
helps in converting many complicated functions to some standard form. 
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In an integral y = | f(x)dx if the substitution is x = ¢(t) then, dx = (dx/da)dt, and to find y, 
we have to simplify the function f [#(t)](dx/dt), and express it in a standard form, so that its 
integral can be written. (The expression f [((t)|(dx/dt) appears to be a complicated function of 
“t,” but the process of expressing it in the standard form is quite simple, as we have seen in the 
method of integration by substitution). Now, suppose we have to obtain a solution of the 
differential equation dy = f (x)dx, then, instead of writing it in the form of Equation (11), we can 
also express it in the following form: 


—dx = f(x)dx (12) 


(Here, the differential dx on the left-hand side is treated like an algebraic quantity.) 

Now, the above Equation (12) clearly says that f (x) represents the derivative of some 
function “y”. (How?) Hence, to find the function y [= F(x), say], we have to evaluate J f(x)dx. 
If the concept of differential is clearly understood by the student, then there should not be 
any confusion in writing the equation dy =f(x)dx in the form ® dx = f(x)dx. (With this 
manipulation, the student should be able to appreciate better, the beauty of the subject.) 

(b) The degree of a differential equation is the (algebraic) degree of the highest derivative 
(appearing in the differential equation) when the differential coefficients are free from radicals 
and fractions. 

(In other words, to determine the degree of a differential equation, the derivative should not 
be in denominator or under radical sign.) 

In the (differential) Equations (1)-(7), the degree is one. In the differential Equation (8), 
the derivative is under the radical sign, which can be removed by squaring both sides of 


Equation (8). This gives us, 
Py\> 14” 
dx2} dx’ 


Thus, the degree of differential Equation (8) is two. Similarly, the degree of the Equation (9) 
which is, 


is obtained by making the equation free from fraction. 


2 

We get eo = (2) +a. Thus, the degree of Equation (9) is two. 
dx dx 

Note: To find the degree of a differential equation, the important requirement is that, it must be 

expressed in the form of a polynomial equation in derivatives. Once this is done, the highest 

positive integral index of the highest order derivative involved in the given differential equation 

represents the degree of the differential equation. 


Example: Consider the differential Equation (10), i.e., 


3 


[! Es (dy/dx)"| ey 
(d°y/dx?) 
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Though we have freed the above equation from the fraction, a fractional index (called radical) 
still remains on the right-hand side. Hence, squaring both sides of the above equation, we get 


2 3 
re. ay = i+ dy ’ 
dx? dx 


Thus, the degree of the above equation is two. 


9a.2.1 A Situation When the Degree of a Differential Equation is not Defined 


If a differential equation cannot be expressed in the form of a polynomial equation in 
derivatives, then the degree of such a differential equation cannot be defined. 


Example (1): Consider the differential equation 


dy . {dy 
Fs + sin (2) =0 


Note that this equation is not a polynomial in dy/dx. Hence, it is not possible to define the degree 
of this differential equation. 


Remark: The order of a differential equation and its degree (if it is defined) both are always 
positive integers. 


9a.2.2 Formation of a Differential Equation 


6699 


Consider a relation in x and y involving “n’ arbitrary constants. Thus, we consider a relation of 
the type, 


F(%,Y; C1, €2,...€n) = 0 (13) 


We can obtain a differential equation from Equation (13), as follows: 
Differentiate Equation (13) with respect to x, successively “n’” times, to get “n” more 
equations as follows: 


FilX%, 9,5 C1, C2,---Cn) = 0 
filxyy, yy", C1, €2,---n) =0 

Aix yy" C1, €2,-+-Cn) =0 
Flo WY", WY, 1, €2,-+-Cn) = 0 


(14) 


Thus, we have in all, (7 + 1) equations, as clear from Equations (13) and (14) given above. 


6699 


Eliminating “vn” arbitrary constants from these (n + 1) equations, we get 


F(x,y,y,y",¥",.--y™) =0 


dy @y dy d’y ty (15) 
dx? dx?’ dx3?°"" dx" 


or (x0 


326 DIFFERENTIAL EQUATIONS: RELATED CONCEPTS AND TERMINOLOGY 


Equation (15) is the desired differential equation obtained from the Equation (13). We also say 
that Equation (13), containing n arbitrary constants, is the general solution of the differential 
equation (15). (We shall have a detailed discussion on these matters shortly.) 

Now, we propose to discuss, through solved examples, the method of obtaining differential 
equation(s), by eliminating arbitrary constants involved in the given equation. However, it is 
useful to first get a feel of the solution of a differential equation and the types of solutions. 


Definition (1): A solution (or an integral) of a differential equation is a relation between the 
variables, by means of which the derivatives obtained therefrom, the given differential equation 
is satisfied. 


Definition (2): Any relation which reduces a differential equation to an identity, when 
substituted for the dependent variable (and its derivatives), is called a solution (or an integral) 
of the given differential equation. 


Remark: Solution of a differential equation is a relation between variables, not anumber, that 
satisfy the differential equation. 


9a.2.3 Types of Solutions 


(1) The general solution (or the general integral) of a differential equation is a solution in 
which the number of arbitrary constants is equal to the order of the differential equation. 
Thus, the general solution of the first-order differential equation contains only one 
arbitrary constant, a second-order differential equation contains on/y two arbitrary 
constants, and so on. 


(ID) A particular solution of a differential equation, is that obtained from the general 
solution by giving particular values to the arbitrary constant(s). 
The values of arbitrary constants are obtained from the given initial conditions (of the 
argument and the function). The above definitions and related concepts will become 
clearer with the following examples. 


Example (2): Consider the differential equation 


dy _ 


dx oe (16) 


(This is a differential equation of order one and degree one.) It is easy to see that y= x4 


is a solution of Equation (16). Further, by actual substitution, we see that y=x* + cis alsoa 
solution of Equation (16), where c is an arbitrary constant. 


* The solution y = x* + c, involving an arbitrary constant is called a general solution of 
Equation (16). 

* The solution y = x* which does not involve any arbitrary constant is called a particular 
solution of the above differential equation. (Here, we have chosen c = 0, but we can also 
give any other value to c.) 
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Note: Any solution that does not involve an arbitrary constant is called a particular solution. 
Remark: A particular solution of a differential equation is just one solution, whereas, the 


general solution of a differential equation is a set of infinite number of solutions corresponding 
to the infinite number of arbitrary values which can be assigned to “c’”. 


Example (3): Consider the differential equation 


dy 
peas =0 17 
at) (17) 
(It is of order two and degree one.) 
We can easily show that the relation 
y =cosx (18) 
is a solution of differential equation (17). 
From Equation (18), we get 
d d 
cone x, and eer eg 
dx dx? 
dy 
wea =0 
dx? ne 
Note that the substitution y=cosx implies that Ce = —cos x, as indicated above. Thus, 


Equation (18), together with the derivatives obtained from it, satisfy the differential equation 
(17). In other words, the substitution y = cos x in Equation (17) turns the equation to an identity 
0=0. Therefore, Equation (18) is a solution (or an integral) of the differential equation (17). 
Similarly, it can be verified that the relation, 


y =sinx (19) 
is also a solution of the differential equation (17). [Note that both Equations (18) and (19) do not 


contain any arbitrary constants. ] 
Again, by considering the relation y=acos x, we get 


+y = (—acos x) + (acos x) = 0. 


“© Here, one should not bother about how the solution y = cos x was reached at. We shall be learning the method(s) of 
solving differential equations in the chapters to follow. Here, we make use of the available information, for our discussion. 
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It follows, that the relation 
y =acosx (20) 


where ais an arbitrary constant is a solution of the differential equation (17). Also, note that the 
solution y = acos x includes the solution y = cos x. (This becomes clear by assigning “a’’, the 
particular value of unity.) Similarly, it can be verified that 


y = bsinx, (21) 


is a solution of the differential equation (17) and that it includes the solution y = sin x. 

In fact, “a’ and “b” can be assigned any real values. From this point of view, it is logical to 
say that the solutions at Equations (20) and (21) are more general than the solutions at 
Equations (18) and (19). Further, it can be shown that the relation 


y=acosx+bsinx (22) 


where a and b are arbitrary constants is also a solution of the differential equation (17). 
It is useful to prove this. 
From the Equation (22), we get, on differentiation, 


ate sin x +b cos x (23) 
& 

fa —acosx — bsinx (24) 
x 


Adding Equations (24) and (22), we get, 


ay + y = 0, which is the differential equation (17). Thus, Equation (22) is a yet “more general 
solution”, from which all the preceding solutions of Equation (17) are obtained by giving 
particular values to “a” and “b”. 


Observations: 


(i) The solutions at Equations (18) and (19) do not contain arbitrary constant(s). 


(ii) The solutions at Equations (20) and (21), contain one arbitrary constant each. These 
solutions are more general than those at Equations (18) and (19). 


(iii) The solution at Equation (22) is a yet more general solution of the differential equation, 
than those at Equation (20) and (21). 


From the above observations, one is tempted to ask the question: How many arbitrary constants 
must the most general solution of a differential equation contain? 

The answer to this question is obtained from the consideration of the formation of a 
differential equation, from a relation of the type. 


f (X.Y, C1, C25 Cn) =0 (25) 


66? 


by eliminating the “n” arbitrary constants. Using the procedure discussed earlier in 
Section 9a.2, we know that when all the arbitrary constants (c; to c,) are eliminated from 
Equation (25), we get a differential equation of order “n”. 
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The concepts developed in the above examples are expressed in the following two 
definitions. 


Definition (1): The solution of a differential equation of order “n’”, which contains exactly 
“n” arbitrary constants is said to be the most general solution of the given differential 


equation. 


(Shortly, we will show that all such arbitrary constants must be independent, which will mean 
that their number cannot be reduced.) 


Definition (2): A solution of a differential equation that can be obtained from its general 


solution, by giving particular values to the arbitrary constants in it, is called a particular 
solution. 


Note (1): A differential equation can have a solution, which is neither the general solution nor a 
particular solution. Such solutions are called singular solutions. In this book, we will not 
discuss differential equation having singular solutions. 


Note (2): Our interest will be to find either the most general solution or a particular solution of 
the given differential equation. 


Note (3): To avoid confusion in terminology, we shall use the term general solution to mean 
the most general solution of the differential equation. First, let us consider some more 
examples. 


Example (4): Consider the differential equation 
— = sec*x (26) 


(It is of order one or degree one) 
Integrating both the sides of Equation (26) with respect to x, we get 


ov = | sec2xdx 
or | (2) dx = [(sectsjax+ c (27) 


where “c’’ is the constant of integration. 
We can write the solution Equation (27) in the (simplified) form, 


y=tanx+c (28) 


which is the (most) general solution of the differential equation (26), in the sense discussed 
above. 
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Remarks: 


e In writing Equation (28) [from Equation (27)], we have made use of the antiderivative 
(i.e., indefinite integral) of the function involved. Thus, any solution of the given 
differential equation is also called an integral of the differential equation. 


¢ Observe that, the differential Equation (26) is of order one and its solution Equation (28) 
contains one arbitrary constant. Hence, the Equation (28) is the general solution of the 
differential Equation (26). 


e The general solution Equation (28) includes all solutions of the differential equation (26), 
which can be obtained by assigning particular values to “c’”’. Accordingly, for c= 0,5, and 
(—7), we can write the particular solutions of Equation (26) as, y=tanx, y=tanx + 5, 
and y = tan x — 7, respectively. 

e In Example (3), we have seen that the general solution of the differential equation 


dy \ 
dx? | 


y = 0, is y=acosx + bsinx, where a and b are two arbitrary constants. 


Accordingly, all other relations obtained by assigning particular values to a and J, (e.g., 
y= 2cos x — 5sin x, etc.) are called the particular solution(s) of the above differential equation. 
It is useful to verify this fact. This is really very simple. 


9a.2.4 An Initial Condition and a Particular Solution 


Any differential equation has an infinite number of solutions. A particular solution becomes 
important, whenever we are interested in not all the solutions, but in one of the solutions, which 
satisfies a particular condition. 


Example (5): Consider the differential equation 


dy 
aie 29 
ae (29) 
Now, suppose we wish to find the particular solution satisfying the condition y = 1 when x = 4. 
Here, the general solution is given by 


| ()ar= forass< 


or y=3x+e (30) 


where c is an arbitrary constant. 

Note that, the Equation (30) represents a family of parallel lines corresponding to different 
values of c, each having the same slope 3. To find the particular solution satisfying the given 
condition, we must choose “‘c” suitably, as follows. 

Put x =4 and y= 1 in the general solution given by Equation (30), we get, 
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Hence, the required particular solution is 


y=3x-—11 Ans. 


9a.3 INDEPENDENT ARBITRARY CONSTANTS (OR ESSENTIAL 
ARBITRARY CONSTANTS) 


(This concept is useful with reference to the solution of a differential equation.) 
Example (6): Consider the relation 

y=mx+a+b (31) 
where m, a, and b are arbitrary constants. 


By assigning particular values to m, a, and b, we get an equation in x and y that defines y as a 
function of x. 
Now, if we write a + b=c in Equation (31), we get the relation 


y=mx+c (32) 


Observe that every function which can be obtained by assigning particular values to the arbitrary 
constants in Equation (31), can also be obtained from Equation (32) by assigning particular 
values to the arbitrary constants in it, and vice versa. 

Note that, the number of arbitrary constants in Equation (31) appear to be three whereas in 
Equation (32) the number of arbitrary constants is reduced by one so that there are only two. 
Observe that, both the relations sti// include the same functions. In other words, there is no Joss 
of generality, even when the number of arbitrary constants is reduced. Therefore, we say, that 
arbitrary constants m, a, and b [in Equation (31)] are dependent, not independent. 

Now the question is: Can we reduce the number of arbitrary constants in Equation (32), 
without loss of generality? Let us discuss. 

One may be tempted to write c= 0 in the Equation (32), Then, we get the relation, 


y=mx (33) 


which contains only one arbitrary constant. 

Now observe that Equation (32) includes the function y =2x + 3, but Equation (33) does 
not include it. Thus, Equation (32) is more general than the Equation (33). In other words, there 
is a loss of generality when the number of arbitrary constants is reduced in Equation (32). The 
conclusion is that in Equation (32) we cannot reduce the number of arbitrary constants without 
loss of generality. Hence, the arbitrary constants m and c in Equation (32) are said to be 
independent. 


Example (7): Consider the relations, defined by the equation 


cy =acosx+bsinx (34) 
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where a, b, and c are arbitrary constants. [Note that Equation (34) is meaningful only when 
c #0]. Now, since c 40, dividing throughout by c, Equation (34) can be written as: 


a ‘ 
y =—cos x + —sin x 
c c 


or y=Acosx+Bsinx, (35) 


where A = (a/c), and B=(b/c). 

Further, observe that every function obtained from Equation (34), by giving particular values 
to a, b, and c, can also be obtained from Equation (35) by giving particular values to A and B. 
Thus, we can obtain Equation (35) from Equation (34), by reducing the number of arbitrary 
constants, without loss of generality. Hence, the arbitrary constants a, b, c in Equation (34) are 
said to be dependant. On the other hand, the arbitrary constants in Equation (35) cannot be 
reduced without loss of generality. Hence, the arbitrary constants A and B in Equation (35) are 
said to be independent. (The terms independent arbitrary constants and essential arbitrary 
constants have the same meaning. Besides, the word parameter(s) will be frequently used to 
stand for these terms.) 


9a.4 DEFINITION: INTEGRAL CURVE 


The graph of particular solution of a differential equation is called an integral curve of the 
differential equation. 

To the general solution of a differential equation, there corresponds a family of (integral) 
curves. 


9a.4.1 Family of Curves 


Let an equation of a curve be represented by a relation, 
f(x, y,¢) = 0 (36) 


where c has some fixed value. 
Then, by assigning different values to c, we get different curves of a similar nature. Thus, the 
Equation (36) represents a family of curves with one parameter. Similarly, the relation 


f(x, y,4,b) =0 (37) 


represents a family of curves with two parameters, a and b. 
Now we can give a more refined definition of the general solution of a differential equation. 


Definition: The general solution (or the general integral) of a differential equation is a solution 
in which the number of essential arbitrary constants is equal to the order of the differential 
equation. 


FORMATION OF A DIFFERENTIAL EQUATION 333 


9a.5 FORMATION OF A DIFFERENTIAL EQUATION FROM A GIVEN 
RELATION, INVOLVING VARIABLES AND THE ESSENTIAL ARBITRARY 
CONSTANTS (OR PARAMETERS) 


Now we shall discuss through solved examples, the methods of obtaining differential equations, 

by eliminating the independent arbitrary constants [or parameter(s)], involved in the given 
va (2) 

relation. 


Example (8): Consider the equation 
y=mx (38) 


Here, mis a parameter and for each value of m, we get a straight line with slope “mm”, with each 
line passing through the origin. 

Here the slope of each line is different, but all the lines satisfy a common property that they 
pass through the origin (see Figure 9a.1). 

Differentiating both the sides of Equation (38), w.r.t. x, we get 


dy 
ey 
dx 


by substituting the values of m in Equation (38), we get 


dy 
y= BX. 
dy dx (39) 
or x—-—y=0 
dx 


which is free from the parameter “m’. This is the required differential equation. Note that 
Equation (38) which contains one arbitrary constant “m”, is the general solution of differential 
Equation (39), which is of order one. 


Example (9): Consider the equation 
y=mx+c (40) 
Here m and c are two parameters (i.e., arbitrary constants). 


By giving different values to the parameters m and c, we get different members of the family, for 
example, 


©) The purpose of examples to be discussed here is to get acquainted with the types of situations, which may be faced in the 
process of obtaining differential equations. This will also make one understand: What is a differential equation about? In 
the next chapter, we shall introduce some methods of solving differential equations of order one and degree one. However, 
the reader will be able to appreciate the difficulties that may be faced in solving differential equations. Later on (in higher 
classes), it will be discovered that only certain types of differential equations can be solved, and not all. 
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FIGURE 9a.1 


Thus, Equation (40) represents a family of straight lines, where m and c are parameters. The 
slope of each line is given by the value of m and the number “c” gives the y-coordinate of the 
point at which the line intersects the y-axis. Now, our interest is to form a differential equation, 
which should be satisfied by each member of the family having Equation (40). Besides, the 
differential equation must be free from both the parameters. (Because they are different for 
different members of the family.) To obtain the desired differential equation, we differentiate 


Equation (40) with respect to x twice, successively. We get 
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d 

fed a ate 
dx 

dy - 
dx? 


(41) 
and 


The Equation (41), is the desired differential equation. Again, remember that the general 
solution of the Equation (41), is represented by the Equation (40). 


Note: We may also say that the differential equation (41) represents the family of straight lines, 
given by Equation (40). 

Remark: In Example (8), the Equation (38) contained only one parameter, namely, “m’’. To 
eliminate the (single) parameter, one differentiation was found sufficient. In Example (9), we 
considered Equation (40), containing two parameters namely “m” and “‘c’’. To eliminate these 
parameters, it was necessary to apply the process of differentiation twice successively, and we 
obtained the differential Equation (41), which is of the order two.Also, recall that the general 
solution of the differential equation, 


re 


was found to be y=acosx + bsinx, where a and b are two arbitrary constants. 


Example (10): Consider the relation 
y=2x+c (42) 


This relation obviously represents a family of lines. The common property of all the lines in the 
family is that they are mutually parallel to each other, with slope 2. Again, corresponding to 
each value of the parameter “c’”’, there is a line that intersects the y-axis at the point (0, c). The 
desired differential equation is obviously, dy/dx = 2, which represents the slope of each straight 
line given by Equation (42). 


Remark: It will be seen that, whereas in some cases the equations may represent a known 
family of curves, in others, the family of curves may not be known. The difficulties involved 


in eliminating the parameter(s) from the given equations will generally depend on the nature of 
the relations. 


Example (11): Obtain the differential equation by eliminating the arbitrary constants a and b 
from the relation, 


y = ae‘+be~* 
Solution: The given relation is 


y =ae‘+be~ (43) 
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It contains two arbitrary constants. (This suggests that we have to differentiate the given 
relation twice.) 
Differentiating both sides of Equation (43) w.r.t. x, we get 


Again differentiating both sides of the above equation, we get 


d : 
ae ae‘ + be* (44) 
Cs 


Using Equation (43) in Equation (44), we get 


Wy *y 
de? qa y=0 (45) 


This is the required differential equation of order two. Ans. 
Example (12): Find the differential equation of the family of curves, 
y = Ae™ + Be* 
where A and B are parameters. 
Solution: The given equation is 
y = Ae™* + Be* (46) 


Differentiating w.r.t. x, both sides, we get 


dy 3 5 
— = 3Ae’* + 5Be* 47 
ds e* + 5Be (47) 


Again, differentiating w.r.t. x, we get 


2 


d'y 3) 53 
de 9Ae* + 25Be* (48) 
Multiplying Equation (47) by 5, we get 
d ; 
5 ik = 15A0** + 25Be™ (49) 
5 


But from Equation (48) 
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The difference, Equation (49) - Equation (48) gives us, 


Se oe Ea ee 6A 3x 
dx de * 
5 dy 1 dy 3 
AG =o 50)°) 
6 dx 6 dx? co) 
Now, multiplying Equation (47) by 3, we get 
dy 3x 5x 
oF Bas 9Ae™* + 15Be (51) 


Again, the difference of Equation (48) - Equation (51) gives us the result as, 


2 
oy 3 = one 
dx? dx 


1 dy 3 dy 


Bex =—. : 
10 dx? 10 dx 


Using Equations (50) and (52) in Equation (46), we get 


Sd 1 @y 1 @y 3 Ww 
96 dx 6 dx?’ 10 dx? 10 dx 


8 dy 1 dy 
915 dx 15 dx? 


dx? dx Fa ae 


which is the required differential equation. Ans. 


Note: In the Examples (11) and (12) above, we have applied the “the method of elimination’, 
which is fairly simple and straight-forward. It is frequently used for solving simultaneous linear 
equations in two or three unknowns. However, if the number of unknowns exceeds three, the 
process (of elimination) becomes extremely tedious and time consuming.” 

In this book, we shall consider the relations involving at most two parameters, and obtain 
differential equations from them, by applying the usual method of elimination (of parameters) 
or by applying the more general procedure, using determinants, discussed below. 


©) Similarly, we can obtain the value of Be>*. Finally, using these values in Equation (46), we can obtain the desired 
differential equation. 

“ Fortunately, it is possible to solve simultaneous equations with more number of unknowns by a systematic general 
procedure, which involves the concept of a determinant and Cramer’s Rule for evaluating it. Here, we shall apply this 
general procedure, just to get a feel that the general procedure is really simpler, in handling certain complicated relations as 
the one given in Example (12). 
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9a.6 GENERAL PROCEDURE FOR ELIMINATING “TWO” INDEPENDENT 
ARBITRARY CONSTANTS (USING THE CONCEPT OF DETERMINANT) 


In Class XI, we have studied about determinants, their properties, and the method of computing 
their value(s). Here, we shall recall some important points, pertaining to determinants, which 


will be useful in the process of obtaining the desired differential equation using the concep’ 


(i) 


(ii) 


(iii) 


(iv) 


a 


Suppose we are given three equations in the form: 
ap+bhq+ce =0 (53) 
apthqt+a=0 (54) 
apt+bhsq+co=0 (55) 


in which p and q are independent arbitrary constants (i.e., parameters). Then, finding the 
values of p and qg by solving these equations, we can substitute their values in any of the 
equations, and obtain a relation, which will be free from these parameters (p and q). 

Something like this has to be done in the process of forming a differential equation by 
eliminating parameters. For this purpose, we shall differentiate the given relation 
involving two parameters and then form three equations. (Of course, two of these 
equations will contain derivatives.) Finally, we will eliminate the two parameters using 
the properties of determinants. 


The symbol, 
a bb C 
a2 by () (56) 
a3 b3 63 


where a,b,c;... and so on may be real numbers or functions (including derivatives) is 
called a determinant of order 3. Note that the determinant in Equation (56) is free from 


the parameters p and q. 
a by 


by 
for the number or the quantity [a,bz — azb,] and it is called the value (or the result) of 
the determinant. The diagonal from the upper left to the /ower right is called the 
principal diagonal. 


The arrangement or the symbol, is called a determinant of order 2. It stands 


The determinant in Equation (56) consists of three rows and three columns. To find the 
value (or the result) of a determinant of order three, the determinant must be expanded 
along the elements of first row or the first column.” 

The determinant in Equation (56) (repeated below for convenience) 


©) This is just for understanding the general procedure. Of course, in simple problems [as in the case of Example (11)], the 
usual method of elimination may be found more convenient. 

) A determinant whose elements are real numbers and ultimately gets reduced to real numbers. 

Tn fact, a determinant can be expanded along the elements of any row or any column. Also, any row (or column) can be 
shifted to the first position. However, in any such shift, the sign of the determinant changes. Further, any number (or 


function) 


common in any row (or column) can be taken out as a common factor of a determinant, without making any 


change in the sign of the determinant. (All three facts are covered under the properties of determinants.) 
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a bb 4 
ay by © 
a3 63 63 


a by 
a3 b3 


+ Cl (57) 


Note: It is important to remember that we attach a positive sign to the first term, anegative sign 
to the second term, and, finally a positive sign to the third term. The sum of all the three terms 
gives the expansion of the above determinant, as indicated in Equation (57). 


(v) The rule for expansion of a determinant is as follows: Starting from a,, delete the 


; : : c 
row and column passing through a,, thus getting the 2 x 2 determinant be ‘5 5 
3 C3 
by Cos) 26 . : ; ‘ 
Then, the product a, b is the first term in the expansion in Equation (57). 
3 


Similarly, we obtain the second and the third terms, with 5; and cj, respectively. 


Remark: Irrespective of whether we expand a determinant along a row (or a column), we get 
the same value (or result) of the determinant. In other words, a determinant represents a definite 
value (or result). 


Now, we proceed to obtain the required differential equation from the given relation, involving 
two parameters. 


Example (13): Find the differential equation of the family of the curves 


y = ae* + be* (58) 


Differentiating Equation (56) twice successively w.r.t. x, we get 


d 
ik: = 3ae** + 2be* (59) 
d2 

and a = 9ae** + 4he* (60) 


Eliminating a and b from the above, the above three equations, we get 


-y ex ex 
—dy 3x 2x 
dy 3e 2e =0 
—d 
Fi Rs 9e3*  4e? 
xX 


®) Now if we transfer the dependent variable “y” and its derivatives, respectively in the following Equations (58), (59) and 
(60) to the right-hand side of the corresponding equation, then each equation equals zero. Also, the transferred terms will 
have negative sign. 
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y 1 1 
dy 
A Pees a 3 2/_9 
dy 
dx? 


[Here we have taken out (—1) from first column, e?* from second column, and e** from the third 
column. ] 

Again, note that —e?*-e** (i.e., —e**) 4 0. It follows that the determinant = 0. 

Now, it is convenient to expand the above determinant along the first row, since it will involve 
simpler calculations. We have, 


dy dy dy dy 
y(12 — 18) (az 23) (oz 352 


dy dy dy ,d’y 
6 4 + 2 +9 3 0 
y dx “dx? | ~ dx dx? 
@y _dy 
E25 2 oh Gye 
or 2 5 ay + 6y ; 


which is the required differential equation. Ans. 


Note: Observe that the above procedure for obtaining the differential equation is comparatively 
simpler than the method of elimination used in Example (12). 


Example (14): Obtain the differential equation whose general solution Ax* + By* = 1, where 
A and B are parameters. 


Solution: Given relation (or the solution) is 


Ax? + By? = 1 
x* + By (61) 
or Ax?+By?—1=0 
Differentiating both the sides of Equation (61) w.r.t. x, we get 
dy 
OR TOBY +0=0 (62) 


Again, differentiating both the sides of Equation (62) w.r.t. x, we get, 


Py | (dy) (dy 
nf abs (2) (2) 


Py  /dy\? 
v5 4 (2) 10=0 (63) 
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Eliminating A and B from Equations (61), (62) and (63), we get 


x? y? -1 
dy 
= 0 
x ax =0 


-of-[(@) G2] (8) f° 


Since, the number (—1) 40, hence the required differential equation is, 


Wy dy\* dy 
O Ans. 
aa (3) See (2) ax = 


Example (15): Find the differential equation whose general solution is 


Cc 
yaor— 
Xx 


where c is an arbitrary constant. 


Solution: The given solution is 


Cc 
yHor— 
Xx 
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(64) 


which contains only one arbitrary constant. (This suggests that we will have to differentiate 


only once.) 
Differentiating both sides of Equation (64), w.r.t. x, we get 


dy _ c 
dx x2 
d 
ae ® 


(65) 
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Using Equation (65) in Equation (64), we get 


This is the required differential equation. Ans. 


Remark: Observe that whereas the order of the differential Equation (66) is one, its degree is 
two. Thus, depending on the nature of the given equation, we get the required differential 
equation. 
Example (16): Obtain the differential equation whose solution is 

xy = ae‘ +be~ 
Solution: The given relation is 


xy = ae‘ + be~ (67) 


Differentiating both sides of Equation (67) w.r.t. x, we get 


Again, differentiating Equation (68) w.r.t. x, we get 


@y d d 
(: ae 2) + > = ae" +be* 


dx? ° dx 


which is the required differential equation. Ans. 


Observation: Compare the Equation (67) in this example, with Equation (43) given in the 
earlier Example (11). What useful conclusion can be drawn from this observation? 


Example (17): Obtain the differential equation by eliminating the arbitrary constants, from 
the relation 


y = asin(wt+c) 


or 


or 
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Solution: The given relation is 
y = asin(wt+c) 


that contains two arbitrary constants, a and c. 
Differentiating Equation (69) w.r.t. x, we get 


d 
= = alcos(wt+c)]-w 
d 

or ae = aw 608( wt + €) 


Again, differentiating Equation (70) w.r.t. x, we get 


a 
q Z =a-w-[—sin(wt+c)]-w 
x 

d2 

oe = —a-w’ sin(wt+c) 
= —w’[a sin(wt + c)] 
=—w-y [using Equation (69)] 
d 
pa +w’. y=0, 


which is the required differential equation. Ans. 
Example (18): Prove that the relation 


y=xtar?+bxt+e 


3 


d 
is a solution of the differential equation 7 =6 
x 


Solution: Given, 


y=xtar?+bxt+e 
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(70) 


(71) 


This relation contains three arbitrary constants a, b, and c, hence it will be differentiated thrice. 


Differentiating Equation (71) w.r.t. x, we get 


d 
= 3x7 ++2ax+b 
dx 


Differentiating again, w.r.t. x, we get 
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Differentiating again w.r.t. x, we get 


dy 


It follows, that Equation (71) is the solution of the differential Equation (74). It must also be 
clear that it is the (most) general solution. (Why?) Ans. 


Example (19): Obtain the differential equation whose general solution is, 
y=acosx-+bsinx 


where a and b are arbitrary constants. 


Solution: The given relation is, 
y = acosx + bsinx (75) 


Note that the given relation contains two arbitrary constants. Hence, we have to differentiate it 
twice. 
Differentiating Equation (75) w.r.t. x, we get 


— = —asinx+bcosx (76) 


Now, differentiating Equation (76) w.r.t. x, we get 


d2 
7 = —acosx — bsinx 
x 
= —(acosx+b sin x) 
= —ylusing (1)} 
dy 
ie cre +y=0 


This is the required differential equation. Ans. 

Note: In this example, the arbitrary constants are easily eliminated. Similarly, the next 
example is very simple. However, it is important to remember that in a particular case, a special 
method is more convenient, as we have seen in Examples (13) and (14). Also, it will be observed 
that some extra care is needed in Example (21), to follow. 


Example (20): Find the differential equation of the family of curves: 


y =e'(acosx+bsin x) 
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Solution: The given differential equation is, 
y=e*(a cos x+5 sin x) (77) 


[In this case, we will have to differentiate twice. (Why?)] 
Differentiating Equation (77) w.r.t. x, we get 


dy 
dx 


= e*[—a sin x + bcos x] + [acos x +b sin x]e* 


= e*[bcosx—asinx]+y, [using Equation (77)] 
dy 


ay = e' [bcos x — asin x] (78) 


Now, differentiating Equation (78) w.r.t. x, we get 


Py dy 
dx? dx 


= e*{—bsin x — acos x]+ [bcos x — asin x]e* 


d 
= —e*[bsinx+acos x]+ ie - ) [using Equation (78)| 
x 


= —e*lacosx+bsin x] 


@y dy d 

2 i. i. ty y [using Equation (77)| 
dy dy 
ba Sy pee 
ie “gee 


which is the required differential equation. Ans. 
Note: The above example gives a complicated look due to the presence of e”, but elimination of 
the arbitrary constants (a and b) is quite simple. However, the above solution suggests that one 
has to be more careful, for obtaining the required differential equation. 
Example (21): Form the differential equation from the relation, 

(xa)? + (yb)? = 16 
(9) 


where a, b are constants 


Solution: The given relation is, 


(x —a)’+(y—b)* = 16 (79) 


©) The given relation represents a family of circles having a radius of 4 units. Also, any point (a, b) in the xy-plane, can be 
the center of the circle with Equation (79). The only requirement is that its radius must be of 4 units. Obviously, a, b are 
arbitrary constants in the given relation. 
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Differentiating Equation (79) w.r.t. x, we get 


GW b> 0 


dy 


(x-a)+(y-b) > =0 (80) 
Again, differentiating Equation (80) w.r.t. x, we get 
1+1|( 5 f2 pO) = 6 
ee dx? © dx \dx 
Py  (dy\* 
2140-053 +(Z) =o (81) 
a) a) 2 
dx dx) | 
w(y—b)= (82) 


dy 
dx? 


Using Equation (82) in Equation (80), we get 


(2) 1 _dy (83) 


2 2 


2 2 
(2) Plies (2) i 
ui paca Maer oa (Se ee = 16 
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Note: The above solution appears to be lengthy, but it is quite simple. Moreover, it is not con- 
venient to obtain the desired differential equation using the method of determinant. Check this. 


Example (22): Find the differential equation of the family of curves whose equation is 


y = (ce; +: cx)e*, where c, and c> are two parameters. 


Solution: The given relation is, 
y= (ce, t+ox)e* 
[Since, there are two parameters, hence, we must differentiate Equation (84) twice.] 
Differentiating Equation (84) w.r.t. x, we get 


d ; 
o (c) + eox)e? + e*(0+ 2) 
dy . 
deo 
_ _ ((dy/dx) — y) 

Vi Co gaa 


ex 


Again differentiating Equation (85) w.r.t. to x, we get 


x 1 (8 dy d () dy dy dy 
dx \dx > dx >) dx dx? dx dx > 


0= 


(e? é 
ptt is 
ate dx? dx dx > 
Py dy 
or ee a ae Ans. 


Exercise 


(84) 


Q. (1) Determine the order and degree (if defined) of differential equations given below: 


(a) y=y(2)? +202 

o (8) van(B) = 

© @= ae 

@ y= xa + wie 

(©) (i) +39(g) =0 
ee + sin (y”) =0 
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ANSWERS: 
(a) Order one, degree two. 


(b) Order two, degree not defined. 
(c) Order two, degree two. 

(d) Order one, degree two. 

(e) Order two, degree two. 

(f) Order three, degree not defined. 
(g) Order two, degree not defined. 
(h) Order three, degree two. 


Q. (2) Find the order and degree of the differential equations 
@ V+ Z +x" =0 
wy (dty 2 
a) (SB) = [1+] 
; dy dy 
(iil) edx + — =x 
dx 
. &y\ 3/2 
CY Cre a (<2) 


ANSWERS: 
(i) Order two, degree one. 


3/2 


(ii) Order four, degree two. 
(111) Order one, degree not defined. 


(iv) Order two, degree three. 


3 
[Hint: R.H.S. = (3 ) . On squaring both sides, the result follows.] 


dx? 


Q. (3) Obtain the differential equation by eliminating a and 5 from the relation 


y =acos4x+ bsin 4x 


2 


d 
(Ans. i + 16y = 0) 


Q. (4) Obtain the differential equation by eliminating c from the relation 


e+c:e&=1 


d d 
Ans. pace pat a lje 
dx dx 


Q. (5) Obtain the differential equation whose general solution is 
y = ax’ +b-x (Try both the methods) 


d° d 
(Ans. ae ax. = + 2y = 0) 
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Q. (6) Obtain the differential equation by eliminating m from the relation 


Q. (7) Form the differential equation for 


y = Ae + Be°+C 


(Ans. 


dx3 dx? 


Q. (8) Obtain the differential equation of the family of curves, whose equation is 
y = (c; + cyx)e3*, where c, and cz are parameters. 


d d 
(Ans. —>-—6—+9y=0) 
x x 
Q. (9) If y = Ce™ “'y then form the corresponding differential equation. 
a oy 
(Ans. tox =) 


Q. (10) Choose the correct answer 


(i) The degree of the differential equation 


4 2 
a d d 
xX Xx XxX 


(a) 4. 
(b) 2 
(c) 1 
(d) Not defined. 


(ii) The order of the differential equation 


3 
a 
(3) = cos4x+4 sin 4x is, 
x’ 

(a) 2 

(b) 3 

(c) 4 

(d) Not defined. 
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(111) The order of the differential equation 


3 2 
AO af ON”. 
c { (2) | 16(33 is , 


(iv) The order of the differential equation 


3 2 
d d 
oy a 21g = Ois and its degree is 
dx dx? 


(v) The number of arbitrary constants in the general solution of a differential equation of 
order three must be 


(a) 1 
(b) 2 
(c) 3 
(d) Arbitrary. 


(vi) The number of arbitrary constants in the particular solution of a differential equation of 
order three must be 


(a) 3 

(b) 2 

(c) 1 

(d) 0. 
(vii) The number of arbitrary constants in the equation y = a+ log b x is . 
(viii) The number of arbitrary constants in the equation y = ae* ~>x is 


(ix) Which of the following differential equations has y = c,e* +c e*x as the general 
solution. 


() 3+1=0 
(d) {-1=0 


(Hint: The desired equation should not have any constant term. Further, it is easily seen 
from the given relation that ty =ceX+me*=y.] 
(x) Which of the following differential equation has y= x as the particular solution 


2 
(a) #3? Bh gy = x 


dx? dx 
(b) fy Ke xy=x 
(c) ne +xy=0 
@) &+xB@+xy=0 


(Hint: The differential equation should be satisfied by the condition dy/dx = 1.] 


ANSWERS: 


(i) (d), (11) (a), (iii) order is two, degree is two, (iv) order is two, degree is one, (v) (c), (vi) (d), 
(vii) one, (viii) one [Hint: y=a + logb + logx=(a + logb) + log x], (ix) (b), (x) (c). 
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9a.6.1 Forming the Differential Equation Representing a Family of Curves 


Sometimes, equations of the family of the curves (i.e., an equation with arbitrary constants) are 
not given directly. From the given conditions, the equation representing the family of curves, 
has to be formed first, and then it is to be differentiated in order to get the required differential 
equation. Given below are some examples. 


Example (23): Find the differential equation of the family of concentric circles with the origin 
at (0,0), and radius r units. 


665.99 


Solution: Equation of the circle with center at the origin and radius “‘r” is given by 
vty=r (86) 


By giving different values to r, we get different members of the family, e.g., x° + y°=1, 
x + y=4, x° + y?=9, and so on (see Figure 9a.2). 

In Equation (86), “r” is an arbitrary constant. 

Differentiating Equation (86) w.r.t. x, we get 


d 
2x+2y2=0 

dx 

dy 
. —~=0 87 
COTY ae. (87) 


which represents the family of concentric circles, given by Equation (86). Ans. 

Note: Generally, from a given differential equation, it is not possible to say what the differential 
equation represents, till we solve it. Here, the differential equation (87) is obtained from 
Equation (86), which represents the family of concentric circles with center at (0, 0). Hence we 


make the same statement for the differential equation (87). 


Example (24): Find the differential equation of the family of circles of a fixed radius “r’”, with 
center on the x-axis. 


Sy, 


ety =1 


FIGURE 9a.2 
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AY 


Vu 


FIGURE 9a.3 


Solution: We know that if the center of the circle lies on the x-axis, then its coordinates are given 
by ordered pair of the form (a, 0), where a € (—oo, oo). Also, it is given that the radius “7” is 
fixed. 


., The equation of family of such circles is given by, 


(x — a) +y=Pr (88) 


where “a” is arbitrary constant. For different values of “a,” we get different circles, which have 
the same radius “r.” 
Differentiating Equation (88) w.r.t. x, we get 


d d 
2(x—a) +2y— = 0 (x-a)+y5-=0 
dy 


Using Equation (89) in Equation (88), we get (see Figure 9a.3) 


dy]? 2 2 
bog] t=" 


dy 
“ye (2) 4y=Pr 
dx 
which is the desired differential equation. Ans. 


Example (25): Find the differential equation of the family of circles whose centers are on the 
x-axis and which touches the y-axis. 


Solution: Since the centers are on the x-axis, the coordinates of the center may be taken as (a, 0). 
Further, since the circles touch the y-axis, it follows that the circles pass through the origin. 
(Why?) 

(This family of circles can touch the y-axis, only if they pass through the origin.) 
Accordingly, the radius must be “a” units, which is variable (see Figure 9a.4). 


GENERAL PROCEDURE FOR ELIMINATING “TWO” INDEPENDENT ARBITRARY CONSTANTS 353 


AY 
x 
> 
0 
FIGURE 9a.4 
The equation of the family of circles may be written as 
(x-a’t+y=@ (90) 


Note: In this problem, the first important requirement was to find the equation of the given 
family, which is given by Equation (90). Since, there is only one parameter, only one 
differentiation is needed to eliminate “a’’. Also, it is easy to guess that the desired differential 
equation will be of order one. 

Equation (90) can be written in the form 


+a? —2ax+y* =a’ 


ox? fy? = 2ax (91) 


Differentiating Equation (91) w.r.t. x, we get 


d d 
pay a =2a or xty2 =a 
dx dx 
Using this value of “a” in Equation (91), we get 
d 
eP+y= 2] vty efx 
dx 
d 
or x? z. = 2x? + 2xy 
or x? ay? + 2xy =0 
dx 


which is the desired differential equation. Ans. 


Example (26): Find the differential equation of parabolas with vertex at the origin and foci on 
X-axis. 
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AY 


Vu 


FIGURE 9a.5 
Solution: The equation of the family of parabolas with vertex at the origin and foci on x-axis is 


y* = 4ax (92) 


66 


where “a” is a parameter (Figure 9a.5). 
Differentiating Equation (92) w.r.t. x, we get 


dy 
2y— =4 
% dx u 
Substituting in Equation (92), we get 
dy 
2 a 
r= [ay] 
dy 
2 
— 2xy—=0 93 
y — Oxy (93) 


which is the required differential equation. Ans. 

Remark: Even if we consider the parabolas only to the positive direction of x-axis, the 
differential Equation (93) will remain unchanged. 

Example (27): Form the differential equation of the family of ellipses having foci on the x- 


axis and center at the origin. 


Solution: The equation of the family of ellipses, in question is, 


where a and b are parameters (see Figure 9a.6). 
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AY 


(aa ans 
ee 


FIGURE 9a.6 


Vu 


For convenience, Equation (94) may be written as 
Pe tay = bh 


Differentiating both sides w.r.t. x, we get 


d 
2b?x+ aby =0 
d 
or bxtay > =0 
d 2 
or Ot ee 
dx e 
2 
or i eee 
x dx a 


Now, differentiating both sides of Equation (95) w.r.t. x, we get 


2 
yd'y  dyd 2] =0 


xdx2 ° dxdx Lx 


dy 
y@y dy |X gy 7) 
or = 0 
xdx2 dx x2 


Multiplying both sides by x’, we get 


This is the required differential equation. Ans. 
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(95) 


(96) 
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Note: The differential equation (96) is of order two and degree one. This differential equation 
has variable coefficients, and it is not easy to solve, till we learn the methods needed for solving 
such differential equations. Definitely, in higher classes, we will learn such methods for solving 
different types of differential equations, but still the fact remains that we can solve only certain 
types of differential equations, not all. 


Example (28): Form the differential equation that will represent the pair of lines. 
y=2x+3 and y=4x+5. 
Solution: The equation of the given lines, are 
y=2x+3 (97) 


and y=4x+5 (98) 


Differentiating Equations (97) and (98) w.r.t. x, we get respectively 


dy dy 
ee ~_2=0 99 
dx a dx PY) 
d d 

and 24 or 2 -4=0 (100) 
dx dx 


.. The differential equation which will represent the lines having Equations (97) and (98) is 


given by the product, 
dy dy 
2)- 4} =0 101 
(2 ) (2 ) (108) 


Equation (101) is the required differential equation. Ans. 


Exercise 


Q. (1) Obtain the differential equation of the family of circles touching the x-axis at the 


dy 2xy 
Ans. —= 
(Ans dx x2-— 


Q. (2) Obtain the differential equation of all circles having their centers on y-axis and passing 
through the origin. 


d 
Ans. (x* — y’) —2xy =0 


“© Note that the centers of all such circles must lie on the y-axis. 
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Q. (3) Obtain the differential equation of the family of rectangular hyperbolas."” 


9a.7 THE SIMPLEST TYPE OF DIFFERENTIAL EQUATIONS 


We know that a differential equation is an equation connecting the unknown function “y”, its 
derivatives (or differentials) and the independent variable “x”. [To be clearer, a differential 
equation connects the values of a (unknown) function, its derivatives (or differentials), and its 
argument (i.e., the independent variable). ] 


Remark: In differential equations, the “part of the unknown” is played by a function that 
satisfies the (given) differential equation. We ask the question: Why is solving the differential 
equation more difficult than solving any other equation? The reason is as follows: 

We can regard the problem of integration of the function f(x) as a problem of solving a 
differential equation(dy/dx) = f(x), where “y” is the required function. 


Note that, the above equation is the simplest differential equation. It is an ordinary differential 
equation of the order one and degree one. 

In the simplest case, the solution of a differential equation reduces to integration. However, 
this is not always possible, since differential equations of higher orders and higher degrees 
cannot be reduced to the above form by applying basic algebraic operations. Therefore, solving 
a differential equation proves to be more complicated than integration. 

The most general form of an ordinary differential equation of the first order and first 
degree is, 


& = (x,y) (102) 


or M(x,y)dx+N(x,y)dx = 0 
(103) 
where M and N are functions of x and y 


We have seen that a differential equation of the Equation form (102) can be represented by 
geometric means. It means that the slope of the graph of the required function “y” (i.e., the integral 
curve), which passes through the point P(xo, yo) is known beforehand, and that it is f (x9, yo). 

Thus, the Equation (102) defines the so-called direction field, i.e., the direction of the 
integral curves. In other words, Equation (102) tells the direction of the tangent lines to the 
integral curves, at all points of the domain of the function f(x, y). In the next chapter, we shall 
discuss different methods of solving differential equations of the first order and of first degree. 


“D Note that in this problem the equations of the curves are given. Thus, the name of the curve should not confuse the 
student. 


358 DIFFERENTIAL EQUATIONS: RELATED CONCEPTS AND TERMINOLOGY 


Extending the Definition of Definite Integrals: Improper Integrals—Integrals with 
Infinite Limits 

Up till now, when speaking of definite integrals we assumed that the interval of integration 
was finite and closed and that the integrand was continuous. 

However, it often becomes necessary to extend the definition of definite integrals of 
functions defined over unbounded domains. These are the infinite semi-intervals of the forms 
[a, + 00] or infinite intervals of the form (—oo, oo). 


Definition: When one (or both) of the limits of integration is infinite or the integrand itself 
becomes infinite at (or between) the limits of integration, the integral is called an improper 
integral (see Figure 9a.1). 


First, we consider the case of infinite limits of integration. 
The question arises as to what meaning is to be attached to a definite integral of the form: 


f rosa, f sores J rosa 


Let function f(x) be defined for all x > a and continuous on every finite closed interval 
a <x <b, where a is a given number and b (b > a) is any arbitrary number. Then, f(x) is 
integrable on [a, b], and other similar interval.“ 

To make the notion of the definite integral applicable to unbounded intervals of integration, 
we consider the function, 


b 
I(b) = [rosax of the variable b(b > a). 


The integral varies with 5 is continuous function of b. Let us consider the behavior of the integral 
when b = +00. 


Definition: If there exists a finite limit as b — + 00, then this limit is called the improper 
integral of the function f(x) on the interval [a, + oo) and is denoted by the symbol 


=O) 
| f(x)dx 
Thus, by definition, we have, . 
b b 
[resax = lim [rosax 
x—-a 
a a 


In this case, we say that the improper integral i ak ~ f(x)dx converges (or exists). [if 
i b : : + : ‘ 
lim {’ f(x)dx is not a finite number, one says that [~~ f(x)dx does not exist (or that it) 

X—- dada Ja 

“2) We encounter such integrals when computing the potential of gravitational or electrostatic forces. 

“3) This is true due to the existence of theorem for the definite integral, which we restate here for convenience. If the 
function f(x) is continuous in the finite-closed interval [a, 5], its integral sum tends to a definite limit as the length of the 
greatest subinterval tends to be zero (see Chapter 5). 
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diverges. In this case no numerical value is assigned to this interval]. We similarly define the 
improper integral of other infinite intervals: 


) b 
| f(x)dx = lim | F(x)dx (104) 
i; Oe | Aaisee { Flx)dx (105) 


Equation (105) should be understood as follows: if each of the improper integrals on the right 
exists, then by definition the integral on the left also exists (or converges). 


+00 


Example (29): Evaluate the integral 


= lim. {tan-'5 — tan7!0| 


tan~!D] 


~~ b= eel 


=x. Ans. 


9b Methods of Solving Ordinary 
Differential Equations of the First 
Order and of the First Degree 


9b.1 INTRODUCTION 


A differential equation is said to be ordinary if the unknown function depends solely on one 
independent variable. 

The simplest type of differential equation is an ordinary differential equation of the first 
order and of the first degree. [A differential equation of the first order is an equation containing 
derivatives (or differentials) of not higher than the first order.] 

The most general form of an ordinary differential equation of the first order and of first 
degree is 


© = f(x, y) orM(x, ydx + N(x, y)dy = 0 (1) 


where M and N are functions of x and y. 


9b.1.1 Solving a Differential Equation 


Solving a differential equation means finding the general solution of the given differential 
equation. 


Note: One might expect that solving differential equations of the form (1), should be quite 
simple. Of course, in some cases, it is so. However, all differential equations of the first order 
and first degree cannot be solved. 

There is no single method of solving a differential equation of any order and any degree. 
Differential equations are classified into certain standard forms, and methods of solving them 
(in such standard forms) have been evolved. 

Only those differential equations that belong to (or which can be reduced to) these standard 
forms can be solved by standard methods. 


Differential equations and their solutions 9b-Ordinary differential equations of the first order and of first degree. 
(Methods of solving them and their applications) 


Introduction to Integral Calculus: Systematic Studies with Engineering Applications for Beginners, First Edition. 
Ulrich L. Rohde, G. C. Jain, Ajay K. Poddar, and A. K. Ghosh. 
© 2012 John Wiley & Sons, Inc. Published 2012 by John Wiley & Sons, Inc. 
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9b.2 METHODS OF SOLVING DIFFERENTIAL EQUATIONS 
The various methods of solving differential equations of the form (1) are classified as 


(1) Type (1): Variable separable or reducible to variable separable by substitution. 
(2) Type (II): Linear or reducible to the linear form. 


(3) Type (II): Exact (differential) equation or equations reducible to the exact form by an 
integrating factor (IF). 


9b.2.1 Type (1D): Variable Separable Form 


Ina differential equation of the form dy/dx = f(x, y), if the function f(x, y) can be expressed as a 
product g(x)-h(y), where, g(x) is a function of x, and /(y) is a function of y, then the given 
differential equation is said to be of variable separable type. Accordingly, we can write the 
given differential equation in the form: 


& = Aly) -a(x) (2) 


To solve this equation, it is first necessary to separate the variables. Accordingly, rearranging 
terms, we express Equation (2) in the form 


1 
ey “dy = g(x) -dx (3) 


At this stage, it is important to check that the function /(y) does not assume the value zero [so 
that(1/h(y))dy is defined]. Then, integrating both sides of Equation (3), we get 


\ioy vay = | g(a (4) 


Thus, we get the solutions of the given differential equation in the form H(y) = G(x) + c, where 
H(y) and G(x) are the antiderivatives of (1/h(y)) and g(x), respectively, and c is an arbitrary 
constant. 

Further, note that if the differential Equation (1) is in the form 


M(x, y)dx + N(x, y)dy = 0 
Then, we have N(x, y)dy = —M(x, y)dx, therefore (neglecting the sign) we may write 


dy _ M(x,y) 
dx N(x,y) 


For the above equation, to be variable separable type, it is necessary that both the functions 
M(x, y) and N(x, y) be capable of being expressed in the form of products g;(x)-/1,(y) and 
82(x) - ho(y), respectively, where g;(x), g2(x) are the functions of x only, and /,(y), A2(y) are the 
functions of y only. 

In other words, if the given differential equation can be put in the form such that dx and all 
the terms containing x are at one place, and dy along with all the terms containing y are on the 
other place, then the variables are said to be separable. Once the given equation is expressed in 
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the form f(x)dx + g(y)dy=0, we can always write its solution by integrating the above 
equation. We write 


[rosax ts | sovay =c 


[Note that, the problem now reduces to finding antiderivatives of f(x) and g(y).] 
This is the general solution of the given differential equation, wherein c is an arbitrary 
constant. 


Note: We know that the equation, ° = f(x) can always be expressed in the form dy = f(x) dx, 
and vice versa. 

The fact, that we can deal with the symbols dy and dx like separate entities (exactly as if they 
were ordinary numbers) permits us to use them in many calculations and formal transforma- 
tions, involving Calculus. 

For instance, to solve the (differential) equation (dy/dx) = f(x), we have to find a function 
y[= F(x)] whose derivative is f(x). This is equivalent to saying that we have to find an 
antiderivative of f(x). 

Recall that, if we consider the above equation in the form dy = f(x)dx, then the definition of 
differential dy also suggests the same thing (Chapter 16 of Part I). 

Further, this fact can also be visualized if we express the equation, dy =f(x)dx, in the 
form of 


dy— = f(x)dx or Sax =f(x)dx or = f(x) 


bai 
dx 
(by canceling “dx” from both sides). 


Now, let us solve some examples of variable separable form. 


2 


d 1+ 
Example (1): Find the general solution of the differential equation, =a = 
x +x 


Solution: Note that 1 + y?40, and 1 + x? 4 0, therefore, separating the variables, we have 


= (5) 


Integrating both sides of Equation (5), we get 


dy dx 
I+y J14+2x2 
or tan”! y =tan'x+c¢ Ans. 


This is the general solution of the Equation (5). 


dy x+l 


Example (2): Find the general solution of the differential equation, q 5 j 
x =). 


Solution: We have 
dy x+l1 
dx 2-y 
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Separating the variables, we get 
(2 — y)dy = (x + Idx (7) 


Integrating both sides of Equation (7), we get 


| 2-yay= | + Dax 


or x7 +y? + 2x —4y4+2k =0 


or x7 +y'+2x—4y+c=0, where 2k =c 


This is the general solution of Equation (6) Ans. 


/ 
Note: Recall that F) dx = 2,/f(x). We shall make use of this result in the following solved 


examples. Vi (x) 


Example (3): Find the general solution of the equation x(1 + y*)dx = ydy 


Solution: We have 


x(1+y")dx = ydy (8) 
separating the variables, we get 
y dy 
xdx = [a2 (9) 


Integrating both sides of Equation (9), we get 


x 1 1 
or 5 = 5 log.(1 ty?) 4 5 logec Ans. 


d 
Example (4): Solve = pee ee pek 9 +y2 + x2y? 


dx 


Solution: We have 


y dy _ 
x dx 


14+2x7+y? + xy? (10) 


(In such problems, one may try to simplify the expression like the one on the right-hand side as 
done below.) 
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Consider the expression 1 + x? + y? + x?y? 


Equation (10) can be written in the form 
d 
7. = V14x2-V1+y? 


Separating the variables, we get 


y 


Jvi+y 


dy = xV 14 x2-dx 


Integrating, we get 


This is the general solution. Ans. 


Note: Since the arbitrary constant c, can take any numerical value, we have preferred to 
choose it as (1/2)log, c, instead of c,, for convenience of further transformation. Now, we can 
write the general solution of the given equation, in the form x? = log,[c(1 + y)], where “c” is 
an arbitrary constant. 


d 21 1 
Example (5): Solve > = wGiog e+) 
dx siny+ycosy 


dy x(2logx+ 1) 
dx siny+ycosy 


Solution: The given equation is 


Separating the variables, we get 
(sin y + ycos y)dy = x(2 log, x + 1)dx (11) 


Integrating both sides of Equation (11), we get 
| (sin y + ycos y)dy = [xe log, x + 1)dx +c 


“ At this stage, we may use the result indicated in the note above. It must also be clear that the above result is obtained by 
applying the method of substitution, which could also be applied directly in solving such problems. 
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: x2 1 x x2 (2) 
cosy +ysiny + cos y = 2] (log, x) - pone -dx| 4 tC 


2 2 
: > MEP Ke 
ysiny=x log, x—— +5 +e 
or ysiny = x? log, x+¢ 


This is the general solution. Ans. 


Example (6): Find the particular solution of the equation stan¢dt + ds=0 satisfying the 


initial conditions s= 4 for t= 3 


Solution: The given differential equation is stantdt + ds=0 
Separating the variables, we get 


tant BEE Z=O (12) 
s 


Integrating both sides of Equation (12), we get 
ds 
tantdt+}—=log,c or —log,cost+ log, s =log,c 
Ss 


or log, s = log, cost+ log, c = log, c cos t 
or s=ccos t (by taking antilog) 
where c is an arbitrary constant. 
This is the general solution of the given equation. In order that, the above solution should 


satisfy the given condition, we substitute the values t = (z/3) and s=4 into the general 
solution.We get 


4 = ccos(=) bee OS, oes 
ag Cy ee i al A 
Consequently, the desired particular solution satisfying the given conditions has the form 


S=8cost Ans. 


9b.2.2 Equations Reducible to Variable Separable Form 


9b.2.2.1 Method of Substitution Some equations that are not in a variable separable form 
can be reduced to that form by using proper substitution. We consider some simple examples of 
such differential equations. The important point is to be able to identify easily, the differential 
equations that can be reduced to variable separable form. 


® To achieve this result, we have applied the method of integration by parts. In practice, it is useful to remember the rule of 
integration by parts, and be able to apply it for the simple products of functions. 
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d 
Example (7): Solve x = cos(x + y) 
x 


Solution: The given differential equation is 


dy 

pei 13 
2 = cosx +3) (13) 
Note that the differential Equation (13) is not in variable separable form. Also, observe that in 
the term cos(x + y), the expression (x + y) is Jinear. In such cases, we put the /inear 
expression, 


x+ty=v (14) 
dy dy 

1+—=— 

tang dx 


oy (=-1) (15) 


Using Equations (14) and (15) in the given Equation (13), 
We get 
dy 


v 
an te oe oP ag ee} 


(Now, this equation is in the variable separable form.) 
We can simplify it further. We write, 


d 

re (20s? = 1) +] 2.cos?~ 
dx 2 2 
ae eee or bee neay 
2 cos?(v/2) 2 2 


: 1 v 
Integrating, | — sec? — -dv = | dx 
2 2 
v ; : 
tan 5 =x +c, where c is an arbitrary constant. 


This is the required general solution. Ans. 


Note: It is sufficient to put the constant of integration, at the end. 


Example (8): Solve (2x — 2y + 3)dx —(x—y + 1)dy=0, given that y= 1 where x =0 


Solution: The given equation is (2x — 2y + 3)dx —(x—y + l)dy=0 
(Observe that this equation cannot be expressed in variable separable form.) 
For convenience, we write this equation in the form, 


(x —y + 1)dy = (2x — 2y + 3)dx 
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dy 2x—2y+3  2(x-y)+3 


dx x-y+l (x-y)+1 le) 


[Observe that the expression (x — y) in both, the numerator and the denominator, is a /inear 


expression.] 


We put 
x-y=v (17) 

1 dy dv 

dx dx 

dy dv 
nea ees 1 
dx dx as) 


dv 2v+3 

dx v+l1 

dv So A 34. va 2 
dx v+1 v+1 v+1 
dv _ v+2 

dx v+l 


v+1 


1 
1 dy=—|d 
| fox 


v—log,(v+ 2) =—x+c 


x—y-—log,(x—-y+2)+x=c 


or “. 2x-—y-log,(x-y+2)=c 


This is the general solution of Equation (16). We have to find the particular solution that 
satisfies the given condition. Thus, to determine the particular solution, we put y= 1 and x =0 
in the general solution. We get 

1—log,(O-—14+2)=c .. -l=c 
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Therefore, the required particular solution is 


2x —y —log.(x-y+2)+1=0 Ans. 


(Once the method of solving a differential equation is learnt, we can easily drop many steps from 
the above solution.) 


d 
Example (9): Solve (4x + y)” => 
x 


Solution: The given equation is 
dy 


= (4x + y)? (19) 


The given Equation (19) cannot be expressed in variable separable form. 
Also, observe that the term on the right-hand side involves an expression (4x + y), which is 
linear. We put 


4x+y=y (20) 
dy dy 
44+—=— 
here: dx 
dy dy 
eee 21 
dx dx (21) 


ee Ay 

dx 
or 

dv ane 

ay 

dx 


(Now, this equation is in the variable separable form.) We write, 


d d 
’ z=dx or dx= aaa 
v+2 yv+2 
On integrating, we get 
1 4 
x= 5 tan (5) +k or 3, 2x=tan! ( > *) =; 


where c is an arbitrary constant. 


Note: In Example (8) above, we have solved the differential equation of the form 
dy _ ayx+biy+ 
dx aax+broy 
similar looking differential equations of the form: 


a 
a2 


a where i using substitution. A natural question arises: Can we solve 


d b b 
Fe ie which 29 
dx mx+hy+o an 2 
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The answer is yes. (We shall discuss the method of solving such equations shortly, under the 
heading: Equations reducible to homogenous form. Again, such equations are finally reduced to 
the variable separable form as we will see.) 


9b.2.2.2_ Homogeneous Differential Equations inx andy First, it is useful to understand 


6699 


clearly the meaning of a homogeneous function of degree “n’ in x and y. 
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Definition: A function f(x, y) is called a homogeneous function of degree “n’” in x, y, if each 
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term in f(x, y) is of the same degree “n’. 


Definition: A differential equation of the form oy =f a where f(x, y) and g(x, y) are 


homogeneous functions of the same degree, is called a homogeneous differential equation in x 
and y. Remember that the degree of a homogeneous function is a whole number “7” (i.e., 2 = 0, 
1,224.3 528) 


Note: In a homogeneous function F(x, y) of degree “n’”, if we replace x by kx, and y by ky, 
where k is a nonzero constant, then we get 


F(kx, ky) =k"F(x, y) for anyn € w 


This observation suggests a method of defining a homogeneous function of degree “‘n’”. Let 
us discuss. 
Consider the following functions in x and y, and let us find their degree. 
(1) Fi x, y) = 2° + 2xy? + xy 
Fi (kx, key) = Kx? + 2(kex) (Ky?) + (Kx?) (hy) 
= kx3 + k3(2xy*) + k3 (xy) 
= Bix? + 2xy? +.27y] = Fi (x,y) 
Thus, the degree of F(x, y) is 3. 


(2) Fi(x,y) = sin(*) 


Fy(kx, ky) = sin =) = sin(*) = 1sin(*) = k°F5(x,y) 


Thus, the degree of F(x, y) is “0”. 


(3) -F3(x, y) = x7 + 3xy 
F3(kx, ky) = k*x? + 3kx-ky 
= k?x*4+3k?x-y 
= Kk? [x + 3xy] 
= K?F3(x,y) 


Therefore, the degree of F'3(x, y) is 2. 
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(4) F4(x, y) = sinx + cos x 
F4(kx, ky) = sin(kx) + cos(ky) 
# k"Fa(x,y), for anyne W 


Note that here, it is not possible to define the degree of F4(x, y). 

Accordingly, we say that F4(x, y) is not a homogeneous function. 

[Compare F'4(x, y) with F>(x, y), and get convinced why the degree of F4(x, y) cannot be 
defined. ] 


Definition: A function F(x, y) is said to be homogeneous function of degree “n’”, if 
F(kx, ky)=k"F(x, y), where k is a nonzero constant. 


Note (1): A differential equation that involves a homogeneous function (of any degree) is said to 
be a homogeneous differential equation. 


A differential equation in the form 2 = (2) involves a homogeneous function of degree “0”, 


Hence, it is a homogeneous differential equation of degree zero. Now, it must be clear that the 
function, 


F(x, y) = 2x? — Sxy’ + 32°y4 sin> 


is a homogeneous function of degree 3. [Note that in the expression on right-hand side, the 
degree of the component functionsin(y/x) is zero]. 

It will be observed that the method of solving a homogeneous differential equation does not 
depend on the degree of the homogeneous function involved. In other words, the method of 
solving all homogeneous differential equations (of order 1 and degree 1) is the same. 


To Illustrate the Method for Solving Homogeneous Differential Equation of Order 1 in 
x andy: A homogeneous differential equation (in x and y) can be written in the form: 


dy _ f(x,y) 


dx g(x,y) 


(1) 


where f(x, y) and g(x, y) are homogeneous expressions of the same degree, (say “r’) 


Then, f(x, y)=x'f, (*) and fo (=) =x xf (2), hence the equation (I) becomes 
x x. x. 


dy _ fi(y/x) y 
dx faly/x) n() () 


[The homogeneous functions f; (y/x) and fo(y/x), each being of degree zero, can be combined 
and jointly viewed in the form /(y/x) that is a function of degree zero.] 

In fact, a homogeneous differential equation of the form (I) can be always expressed in the 
form (II). 


dy 2y 
©) Consider the differential equation x = eau mo Let fi(x, y) =x + 2y and fa(x, y) = x — y. Then, right-hand side of the 
x,y oe Seen Ay 2y  x(14 2(y/2 14 2(y/x 
above equation is fiesy), Thus, we can write Se? in 167 3) 07) a(*) which is a 
filx,y) dx x—-y  x(1—2y/x)) —O/s) Phx 


homogeneous function of degree zero. 
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Now, if we substitute + = v [i.e., y = vx]in equation (ID), we get the right-hand side as ae 
and the left-hand side is obtained by differentiating y = vx. = 


We get o =v+ xe (since v is a function of x and y) 
Thus, equation (ID) becomes 


v+x— == (IIL) 


Note that right-hand side of (III) is only a function v[sayF(y)], so that 


4. WY = eG) 
v Mae v 


Now, it is clear that we can easily separate the variables. We get 


Oe. Eh eh (Iv) 
f(vy-v x 
On integrating, we will get the solution in terms of v and x. Finally, by substituting (back) v = 
(y/x), we get the required solution. 

Thus, we conclude that a homogeneous differential equation, of order 1, can be converted to 
the variable separable form, which can be solved by integration (i.e., by finding the 
antiderivatives) of the functions involved. 


Note: To convert a given homogeneous differential equation of order | to the variable separable 
form, a convenient substitution is chosen as follows: 


e If the given equation is in the form(dy/dx) = F(x,y), where F(x, y) is a homogeneous 
function of any nonzero degree “n” (n=1, 2, 3, ...), then we make the substitution 
(y/x) =v, that is, y=vx. Similarly, if the differential equation is in the form 
(dy/dx) = F(x, y), then we make the substitution (x/y) = v, that is, x= vy. 

e If the equation is in the form (dy/dx) = F(x, y) or f(x, y)dx + g(x, y)dy = 0, wherein a 
term involving y/x appears, then we choose the substitution (y/x) = v, that is, y= vx. On 
the other hand, if the term x/y occurs then we make the substitution (x/y) = v, that is, 
x= vy. These substitutions make finding the solution convenient. 


Now consider the following examples: 


Example (10): Solve the differential equation 
xy? dy — (y° — 2x7)dx = 0 
Solution: From the given equation, we write 
xy" dy = (9° — 2x3)dx 


dy ~ 6? = 257) 


or = 
dx xy? 


(22) 
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(This is a homogeneous differential equation.) 
Put>=y or y=vx 
x 
Using Equation (23) in Equation (22), we get 


dv 
LHS = v+ x— 
dx 


and 
RHS = x3 — 2x7 x3(v4 — 2) 
xv2x2 x3(y?) 
.. Equation (22) changes to 
i: dv w-—2 
v+x—= 
dx y2 
dv yp-2 y-2-v -2 
* =e 
dx v2 v2 v2 
d —2 
or ene (Now variables are separable) 
dx 2 
d 
vdy= 2 
x 
Integrating, we get 
d 
| vdv=-2 [F 
X, 
v 
aoe —2log,|x| +¢ 
2 
or 3 + 2 log.|>| =¢ 


where “c’” is an arbitrary constant. This is the required general solution. 


Example (11): Solve the differential equation (x + y)dx — (x — y)dy=0 


Also find the particular solution when y(1) =0. 
Solution: The given differential equation is 


or pored 
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(23) 


(24) 
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(This is a homogeneous differential equation.) 


Put>=y or y=vx (25) 
x 
From Equation (25), we get 
dy dy 
ee cad 26 
dx os dx ie) 


Using Equations (25) and (26) in Equation (24), we get 


ya yd? Xt yx _ x +9) 
de xe Ov) 
vy (1+y) 
nie (ey 
dv (1+¥) _l+v-v+v_ 14+¥ 
arr (1—y) l-yv l-y 
dv 1+” 
ees a (Now variables are separable) 
dx 1-y 
I-v, dx 
I+ x 
1 v 4 dx 
1¢R Te RU % 


tan! 


1 
v 5 loge! + v| = log, |x| + ¢ 


Substituting the value of (= ~), we get 
x 
BY se ee Oe be ea 
tan (2) 5 108.| —a = log, |x| +¢ 
ay ee ee. 
or “. tan (2) 5 loge|x° y’| — [-log,|x|] = log,|x| + ¢ 
(27) 
or tan7! (2) — log, /x? + y? + log, |x| = log,|x| + ¢ 
or tan! (2) —log,.f/x?+y=c 
x 
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This is the required general solution. To obtain the particular solution, we use y(1) =0 [i-e., 
x= 1, y=0] in the Equation (27), we get 


tan! (2) =log,V1+0+¢ 


0 =log,(1) +c 


c=0 


Putting this value of “c” in Equation (27), we get the particular solution as 


tan! (*) = log y/x? + y? Ans. 
x. 


dy y 
Example (12): Solve ax = x— Jay 


Solution: The given differential equation is 


use 98)(4) 
dx x-—.,/xy i) 
wes. : = 
Put ca be, y= wx (29) 
dy dy 
eo eager 30 
a a (30) 


Using Equations (29) and (30) in Equation (28), we get 


dv vx vx v 
Vor x = = 


dx x— /x-vx xl-Vvy (1-W) 
dy v _ va vt y/9 


x = 


ge Cay. Laye 
0 SA 
dx (1— v) 


l-yv, dx 
Oy = x 


(This is variable separable form) 


d. 
or y3/2 dy — yl dy = 
x 


“ The student must convince himself that Equation (28) is a homogeneous differential equation. 
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Integrating, we get 


yl/2 
1/9 — log, |v = log, |x| +c 


or — 2,\/v = log, |x| + log,|v| +¢ 


log, |vx| + 2/v+c=0 


log, |y| +22 = 0] - v= 4 
x x 


This is the general solution. Ans. 


Example a3)(x + ycot =| dy—ydx=0 
y 


Solution: Presence of * indicates that we use the substitution *= y, that is, x= vy. The given 
equation can be written in the form, : 


d 
x+ycot~-y = (31) 
y ~ dy 
Put x = vy (32) 
dx dv 
= oe 33 
Go (33) 


Using Equations (32) and (33) in Equation (31), we get 


dy 
vy +ycoty Hey, 0 
ys 


, dv 
vy — vy + ycotv—y =0 
dy 
d 
or ycotv—y?— =0 
dy 
dv is as ; 
or cotv = Ya (This is variable separable form) 
y 
d 
ic egies tan v dv 
y  cotv 


Integrating both sides, we get 


log, |y| = log,|sec v| + log|c| = log,|sec v + c| 
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y = csec v (Taking antilogarithms on both sides) 
or... y=c sec, where c is an arbitrary constant. 


This is the general solution. Ans. 


Example (14): Solve the differential equation 
(1 +e"! dx + (1 -=)er dy =0 (34) 
y 
Solution: The given equation is 
: x\ . 
(1 eax + (1 = =) dy =0 
y 


Presence of the expression x/y suggests that the proper substitution will be, x/y = v, 
that is, x = vy, and that we must write the Equation (34) in the form, 


dyer” 
dy’ 1 +e*/y 


(35) 


To obtain the expression for dx/dy, we differentiate the relation, x = vy. 
We get 


Using the above result, and the substitution ((x/y) = v)in Equation (35), we get 


dv (1—v)e” 
v+y aS 
dy 1+e’ 
dv. (l= ye”. 6 
or v 
“a Ite | 
dv e’—ve’+v+ve’ 
or y - =0 
dy 1+e’ 
dy e’+yv 
ane =0 
or Reig Tae 
ev +v dy 
a: Ite dy 
dy 1+e” 
y ev+y 
dy 1+e’ 
Lg Re, 
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Integrating both sides, we get 


5 l+e” f'(v) 
loc) + log. + ¥| = loglel|-» SEE =F 


where c is an arbitrary constant. 
log.|y(e" + v)| = log. |e| 
Taking antilog both sides, we get 
ye” +») =e 
This is the general solution of the given differential equation. Ans. 
Example (15): Solve (1 + 2e*/”)dx + 2 eh (1 - 2) dy=0 


Solution: The given differential equation is 
(1 +2e*/")dx + 2e%/” (1 23 *) dy =0 
y. 


This equation is homogenous differential equation of the degree zero. 
The presence of x/y suggests that we use the substitution x/y = vy, that is, 


Differentiating w.r.t. y, we get 


The given differential equation can be written in the form, 


d 
(1 4 2e%/7)* 4 9%/9 1 pe —0 
dy y 


dx _ 2e*/((x/y) ~ 1) 


or (Negative sign is absorbed in the numerator) 


dy 1+2e/ 
ei dv 2e"(v—1) 
''dy 1+2e 
dv 2e"(v—1) 
edy Te De? 


_ 2ve”—2e”—v—2ve’ 
1+2e’ 


(36) 
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dv —(2e’+y) 


us = era) (This is variable separable form) 


[Now observe that #[2 e” + v] = (2e" + 1)] 
Therefore, on integrating, we get 


log|2 e” + v| = —log|v| + log c 
or log|2 e” + v| + log|v| = log c 
or log|y(2 e” + v)| = loge 


Taking antilog, we get 


y(2e’+v)=c 
or y(2er +5) =c 
y 
or we +x=c¢ 


which is the required general solution. Ans. 


Note: The above problem can also be solved using the same substitution (i.e., x = vy), but 
differentiating it with respect to x, rather than by v. 


Example (16): Solve (1 +2e*”)dx +2e% (1 = x) dx =0 


Solution: Given differential equation is 
(1420%”)dx+ zen (1 = “ax a6 
y 


This equation is homogeneous equation of degree zero. (Presence of an expression x/y in the 
equation suggests that we use the substitution x/y = y). 


ie., x = vy (39) 


The important point is that we still differentiate Equation (39) w.r.t. x, and obtain from 
Equation (39), 


i dy fi dv dy _ dy 
Nae de f° de * ax 
Note that .. dx =vdy+ydy (40) 


(We have treated the differentials like algebraic quantities.) 
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Using Equations (39) and (40), we get 


(1+ 2e")(vdy+ydyv) +2e(1 — v)dy =0 


(1 + 2e”)vdy + (1 +2e")y dv +2e"(1 — v)dy =0 


[1 +2e")v+2e"(1 — v)Jdy + (1 + 2e’)ydv=0 


[1+ 2ve” + 2e” — 2ve"|dy+ (1+2e")ydv=0 


dy 1+2e” 
oo dv 
y v+2e” 


On integrating, we get 


log.|y| = —log,|v + 2e"] + ¢1 
where c, is the constant of integration. 


(We may choose c; = log, c, where c is a constant.) 
But, we have used the substitution v = (x/y). Hence, substituting it back for v, we get 


1 2 er/¥ 


log. |y| log, an log, c 


x 
y 


or log, 


(2 + ze") | = log,c 
y, 


or log, |x + 2y ev! = log, c 
Taking antilog, we get 
x+2ye¥ =¢ 


where c is an arbitrary constant. 
This is the required general solution. Ans. 


9b.2.2.3 Nonhomogeneous Differential Equations (of Order 1 and Degree 1) Reducible to 
Homogeneous Form A nonhomogeneous linear equation (in question) in x and y can be 
written in the form 


dy ax+bhy+c 


dx @mx+hy+o 
Two cases exist: 


‘ _5b 
Case (1): When = =, 
We have already solved such an equation earlier [see Example (11) in Section 9b.2.2.1]. We 
have seen that the method of solving such differential equations (using substitution) is quite 
simple. 
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Case (2): When a bh 


by 


In this case, we can convert the given differential equation to the homogeneous differential 
equation, by the following transformation equations: 


Putx=X+h and y=Y+k 
where /; and k are constants. 
dx=dX and dy=dY 


Accordingly, the given equation 


dy axthyt+ec 


1.€., 
dx @x+thyt+o 


dY X4 
changes to = 
dX = a(X4 


dY -_ aX bY (ah bik c1) 


- aX aX + boY + (ah + bok + 0) ot) 
If, we now choose constants h and k so that 
(qh+bik+c,)=0 and (ah+hk+o)=0 
Then, the given equation changes to, 
Ho okt RY oe 


Observe that, the above equation is a homogeneous differential equation, and hence, it can be 
solved by the substitution 


Y : 
==vy, Le., Y = vX 
x 


If the solution of the Equation (42) be 
F(X,¥) =e 


then the solution of the original equation is f(x —h, y—k)=c. 
Now, let us solve some examples. 


© Tn practice, finding the value(s) of h and k is very simple. However, one may also use the results 
F bycy — bocy C1a2 — Coa, 
h 


bs abe 7s SABE where (a,b, — ayb) # 0. These expressions for the values of / and k follow from 


the method of solving a pair of linear equations (in two variables), simultaneously. 
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Example (17): Solve (3x + 2x + 4)dx— (4x + 6y + 5)dy=0 


Solution: The equation is 


(4x + 6y + 5)dy = (3x + 2x + 4)dx 


dy 2x+3y+4  (2x+3y)+4 


= 43 
dx 4x+6y+5 2(2x+3y)4+5 49) 
Here a = i, hence the method for solving this equation is very simple. 
Let 2x + 3y=u 
Differentiating both sides w.r.t. x, we get 
dy du 
2+3— 
ch dx dx 


.. The given Equation (43) becomes 


1 / du > _ut4 
3\ dx 2u+5 


du 7 = ut 12 


dx ~ Qu+5 
du 3u+12 7) 3u+ 12+ 4u+ 10 
dx 2u+5 | 2u+5 
du 7u+22 Ee, , 
Ag OES: (This is in variable separable form) 
2 
u+5 dp aae 
Tu + 22 
2u+5 
Consider, —. 


_ 1fl4u+35] 1 f14u+44—9 
7 | Tu+ 22 7| (Ju+22) 


me eae 
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Integrating both sides, we get 
2 9 1 
du : du = |dx 
7 7 j7u+22 


2 
7 


sede log,|7u + 22| 
u—z° |zlog.|7u 4 =x 
Now substitute the value of u (= 2x + 3y), we get 


9 
(2x + 3y) — ra -log,|7(2x + 3y) + 22| = x 


sh 


9 
(2x + 3y) — 79 -log,|14x + 21ly + 22| = x 


lh 


Multiplying both sides by 49, we get 


28x + 42y — 9-log,|14x + 21ly + 22] — 7x = 0 
or 21x + 42y —9-log,|14x + 21ly + 22| =0 
or 21(x + 2y) —9-log,|14x + 21ly + 22| =0 


Dividing both sides by 3, we get 
7(x — 2y) — 3-log,|14x + 21y + 22| =c 


This is the required general solution where c is an arbitrary constant. Ans. 


Example (18): Solve Gy —7x + 7)dx + (Jy —3x- +3)dy=0 


Solution: The given equation is 


(7y — 3x — +3)dy = —(3y — 7x + 7)dx 


dy 3y —7x+7 
or =— 

dx Ty—3x—+43 

dy 71x —3y—7 
or Se 

dx —3x + Ty +3 
Here Ss i since 3 


Put x=X + hand y=Y + k, where / and k are constants to be determined. 
From the above transformation equations, we get 


dx=dxX and dy=dY 


dy | 


dy 
4 Ix (Recall that, this is the property of differentials of order 1) 
of 
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(44) 


384 METHODS OF SOLVING ORDINARY DIFFERENTIAL EQUATIONS 


Equation (44) becomes 


dy W(X+h)-3(¥+K)-7 
cx SCENE) £3 


7X — 3Y + (Th— 3k —7) 
3X + 7Y + (—3h + 7k + 3) 


We choose /i and k such that 
Th —3k-7=0 
-—3h+7k+3=0 
Solving these equations simultaneously, we have 
h=1,k=0°) 
The given equation reduces to 


dy 7X—3Y 


dX —3X+7Y 


This is a homogeneous differential equation in X and Y. 
We put 


Y : 
s=v, 1e,Y=v-X 
Xx 


Equation (45) changes to 


iyi 7X —3vX _ X(7—3y) 
TA GX 3X47 X(-3470) 


gt I 3 _ 7—3v—v(-3 +79) 
dX —3+7 ” 3470 
TS -7’ 7(1-v 
= sles, Lae Lt ¥) (This is in variable separable form) 
—3+7v Tv—3 


Separating the variables, 


Wv—-3 dx 
ie x 
Tv—3 d 7 ox 
(i—-v(ity ‘°x 


©) The procedure for obtaining these values is explained in detail at the end of this problem. 
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By partial fractions, we have 


2 5 dx 
dv=7 
l-v l+y X 


Integrating both sides, we get 


2 log(1 — v) — 5log(1 + v) = 7 log X + log, c 


2 log(1 — v) — 5log(1 + v) — 7 log X = log, c 


or 2 log(1 — v) + 5log(1 + v) + 7 log X = log, c 


log(1 — v)*- (1+ )°-X7 = log, c 


Taking antilog, we get 


Sar Egy 
or <n 


Xi = 
(xX -—Y)(X+Y)=c 
But, x=X+A=X4+1 «=. X=x-1 


andy=Y+k=Y+0 .. Y=y (since k=0) 
Therefore, the Equation (46) changes to 


or (x -y-1)" (x+y-1)P =c 


This is the solution of the given differential equation. Ans. 


Exercise 


Q. (1) Solve the following differential equations: 
(a) VI +x dy+ /1—y? dx =0 


Ans. sin“! y + sin"! x =c 


(b) (sin x + cos x)dy + (cos x — sin x)dx =0 
Ans. y+ log|sin x + cos x| = c 
(c) oe = Vea Also find the particular solution if x =0 when y= 1. 


Ans. (i) sin! y—sin-'x=c (ii) sin” y—sin"'x=3 
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(46) 
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dy MSs 8 1 
(d) g=2 e'y’, given that y(0) =5 


1 1 
Ans. G)4e*+ >= (ii) 4e* + ==8 
y : 


(e) Find the particular solution of the differential equation 


® _ x7 =x"y, if x=0 when y=2 
3 
lty) _ ¥ 
Ans. log || = a 


Q. (2) Solve the following differential equation using suitable substitution: 


(a) 2% 4 cos*(x—2y)=1 


Ans. tan(x—2y)=x +c 


(b+) 2= (9x + y+ 2) 
Ans. 9x + y + 2=2 tan(x + c) 
(c) xt y2Z=xr4+y 


Ans. x? + y?=c e* 


Q. (3) Solve the following differential equations using proper substitution: 


(a) x dy—ydx=1/x?+y? dx 


Ans. y + \/x?2 + y2 = cx? 


2 yy 4 52 
(b) ou __ x°—2xy+5y 


~ x24 2xy+y? 
2 " 
Ans. log|x — y| = ao ee te 


(c) xy” dy —(y3 — 2x7)dx =0 
Ans. = + 2log|x| +c 
Q. (4) Show that the following differential equations are homogeneous: 
(i) x cos @)2=y cos(2) + x 
(ii) (1 +2e%)dx + 2e%/” (1 2 *)dy =0 
(iii) 2y e*/” dx + (y — 2x e*/”)dy =0 


Q. (5) Solve the differential equation 2y e*/” dx + (y— 2x e*/”) dy =0 and find its particular 
solution given that x =0 when y=0 


Ans. 2 e*/’+log|y| =2 
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Q. (6) Solve the differential equation x cos e re 


sara) cos(;) + x 
Ans. sin(*) = log|cx| 


Q. (7) (x tant — ysec**)dx + xsec?+ dy =0 


Ans. x tan =c 


Q. (8) (2x — y)e*/” dx + (y + xe*/”)\dy = 0 
Ans. y° + 2x* + eV =¢ 


Q.Q) Solve the following differential equations: 


(i) (6x —4y + D&=3x-2y +1 


Ans. 


4x — 8y + log(12x — 8y + 1) 
(ii) & _ x+2y+l 


ayh 
Ix 2x+y-3 [:: # | 


Ans. (x—y)?=c(x + y—2) 
(ii) (3x —2y + Ddx + (x —2y 4 4)dy = 0/4 1 
Ans. (x—y + 1) (x + y-3P=c : 
(iv) (2x + y + Ddx + (4x 4 
Ans. 


+ 2y—1)dy=0 
x =2y + log2x + y-l=c 


The procedure for obtaining the values of / and k from a pair of linear equations involved in the 
above problem is explained below for convenience. 


It can be shown (and therefore important to remember) that the system of equations 


aqht+ bik =C, 


aoh+ bok = C2(C2 # 0) 


has exactly one solution (i.e., one value for x and one value for y), if # 
given by 


aR and it is 


a 
a 


x 


ey vl 
by ey — bye 


C1dz — C24, — ay by — any 


Now, proceed as follows: 


(i) Write down the given linear equations, one below the other in the form 


7h —3k=7 
3h— Tk =3 


so that the constants on the right-hand side in both the equations are positive integers. 
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(ii) We write the coefficients in the pattern 


(-3) (7) (7) (-3) 


(-7) (3) (3) (7) 


(111) The arrows between two numbers indicate that they are to be multiplied and the second 
product is to be subtracted from the first. 


(iv) We now write down the solution as follows: 


pat Ga 4 0 
(—40) (—40) 
9b.3. LINEAR DIFFERENTIAL EQUATIONS 
A differential equation of the form 
dy 
—+Py= 47 
Gee (47) 


where P and Q are constants or functions of “x” only, is known as a first-order linear 
differential equation. 
Another form of the first-order linear differential equation is 


dx 
aoe = Q; (48) 
y 


where P, and Q, are constants or functions of “y” only. 
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Note: Equations (47) and (48) both are standard form(s) of linear differential equation of 
order 1. 
Observe that, 


¢ In both the standard forms, the coefficients P and Q (or P; and Q;) are functions of the 
independent variable, or constants. 


¢ Degree of the dependent variable and its derivative is one. 


¢ The coefficient of the derivative (dy/dx) in the form (47) and that of (dx/dy) in the 
form (48) is one. 


(These observations help us in identifying whether the differential equations are linear 
differential equations.) 


d 
Note: An equation of the type R = + Sy = T, where R, S, T are functions of x or constants, can 
x 


be written in the standard form (47). We write 


Thus, the given equation represents a linear differential equation. 


9b.3.1 The Method of Solving First-Order Linear Differential Equation 


Consider the differential equation, 
—+Py=@ (49) 


Multiply both sides of the Equation (49), by a function of “x” [say g(x)]. Thus, we obtain from 
Equation (49), the equation 


g(x) — + P-[g(x)]-y = Q- g(x) (50) 


Now, consider the left-hand side of Equation (50), as if it is a derivative of some product 
of functions. The first term on left-hand side of Equation (50) [i.e., g(x)(dy/dx)] suggests 
that the left-hand side can be looked at as a derivative of the product g(x)y. Thus, we 
choose to equate the left-hand side of (2) with the derivative of g(x)y. We write, 
g(x) o + P-9(x)-y = g(x) o + y-g'(x) [where the right-hand side is a derivative of g(x)y] 


{A differential equation is said to be “linear” when the “dependent variable” and its “derivatives” appear only in the first 
degree. 


In view of the above definition, the equation ay +P ® + Qy = X is called a linear differential equation of the second order. 


ds dy dx 


8) Remember that in an expression of a derivative [i.e., 2 or g, OF G; OF G, etc.], we always mean the derivative of 


“the dependent variable” with respect to “the independent variable’. Thus, in the form (47), the dependent variable is y and 


the independent variable is x. 

©) Tn fact, we are going to develop a method for solving the first-order linear differential equation given at Equation (49). 
“° We have obtained Equation (50) by multiplying both sides of Equation (49) by some function of x. [Note that in the 
differential Equation (49), the independent variable is x.] Here, we have not assumed (or mentioned) any thing about the 
nature of g(x). Accordingly, we are free to choose any suitable function g(x), whenever needed. 
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On simplification, we get 


Pg(x) = g'(x) (51) 


The above relation indicates the nature of the function g(x). 
From Equation (51), we obtain 


pa et) 


g(x) 


Integrating both sides w.r.t. x, we get 


[pax — [fax or pax = log,|g(x) 


or g(x) = el PH (52) 
Equation (52) suggests that g(x) must be equal to el eae 
Now, it is clear that if we multiply the Equation (49) by g(x) = eS P dx ‘then the left-hand side 


becomes the derivative of the product y- g(x). Therefore, after multiplying by el Pdx and 
then integrating both sides, the integral of the left-hand side will obviously be y - g(x). (Infact, we 
can write this product without any formality.) The problem then reduces to finding the integral 


of Q- el? 4x on the right-hand side. 

The function g(x) =e. Pax is called the integrating factor of the given differential 
equation, for obvious reason. 

Substituting the value of g(x) [= eS | in Equation (50), we get 


el Pax, opel? Sy = Q-esP& or * (v-el?*) = Q-esP& 
x xX 


Integrating both sides w.r.t. x, we get 
yee Pe = | (a-el?™)ax+ lll) 


which is the general solution of the differential Equation (49), c being an arbitrary constant. 
Now, we list below the steps to solve first-order linear differential equations. 


9b.3.2 Steps Involved to Solve First-Order Linear Differential Equations 
(I) Write the given differential equation in the (standard) form 


= + Py = Q, where P and Q are constants or functions of x only. 


(I) Find the integrating factor = Al fe 


“D Gott fried Wilhelm Leibniz (1646-1716) appears to have been the first who obtained this solution. Recall that Leibniz 
is known to have invented differential Calculus independently of Newton. [Introductory Course in Differential Equations 
by Danial A. Murray, Longmans Green and Co.] 
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(III) Write the solution of the given differential equation as 
y- IF= fio x IF)dx 


Note: In case, the first-order linear differential equation is in the form - + P\x = Qi, where P;, 


Q, are constants, or functions of y only, then IF = al Pi dy and the solution of the differential 
equation is given by 


x- (IF) = io x IF)dy + cx 


Remark: A linear differential equation in the standard form 


a ee (53) 


5 + F(x) -y = A(x) (1) 


so that F(x) = P and H(x) = Q, provided the coefficient of the derivative dy/dx is unity. Then, 


we evaluate f F(x) dx[= J Pdx] and obtain the integrating factor ed Fedex, [The important 
point to be remembered is that F(x) is the coefficient of the dependent variable “y’” in (D]. 
Similarly, the second standard form of a linear differential equation 


dx 


+P\x= Q; (54) 
dy 


where P, and Q, are functions of “y” is an equation in the form 


Go tS (y)x = hO) (II) 


so that f(y) (= P,) and A(y) (= Q,), provided the coefficient of the derivative is unity. 
Then, to find the integrating factor, we evaluate [ f(y)dy[= P dy] and obtain the integrating 


factor el FO)¢y, [Again, it must be remembered that f(y) is the coefficient of the dependent 
variable “x” in (ID).] 


Now, we are in a position to write down the important steps for solving problems on linear 
differential equations. 


(A) Make the coefficient of & or (*) as unity. 


(B) Find P (or P;) and hence the integrating factor (IF). 
(C) Write the general solution according to the formula. 


The following solved examples will make the situation clear. 
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Example (19): Find the general solution of the differential equation 


dy 2 
—+2y= 0 
xa tax (x #0) 


Solution: The given differential equation is 


d 
x2 42y = x’, 
dx 


Dividing both sides of Equation (55) by x, we get 


d 2 
dy 2 


dx a 


This is the linear differential equation of the (standard) form: 2 +py=Q 
where p = 2 and Q=x. 
Therefore, IF = else 
Now J 2d = 2log, x = log x? 


IF = e& ** = x? E ele fl) = f(x) 


Therefore, solution of the given equation is given by 


yr= [x dx = [x dx+c 
or yx= Re. +c 
This is the general solution of the given differential equation. Ans. 
Note: The above solution may also be written as 
Ay- x? =xt4+4¢e, =x4 4c 
or we may write it (by dividing both sided by x*) as 


vy e 
=—+cx 
y~ 4 


2 


Example (20): Find the general solution of the differential equation 


dy 
—-—y=cosx 
dx y 
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Solution: The given differential equation is 


ayo 2 OS® (57) 


It is of the (standard) form = + Py = Q, where P= — 1 and Q=cos x. 
IF= eset )dx 
But f-dx =—-x 
IF=e * 


Multiplying both sides of Equation (57) by IF, we get 


d : 
ge =: e *y=e “cosx 
dx 
or ap (e *y) =e cos x 
dx 


Integrating both sides w.r.t. x, we get 
e*y= j= cos xdx +c (58) 


(Now we have to evaluate the integral [ e~* cos x dx, by the method of parts.) 
Let I= J e~* cos x dx 


l[e*= (5) ee © (cos x) =( sn.) 


-) if sin x) - (—e*)dx 


or f= {(cos x)(e™)dx = cosx( 


= —cos x-e7* — [isin x)-(e-*)dx 


= —cos x-e-* — [sin x-(—e~*) feos x(—e~*)dx] 


I =-—cosx-e*+sinx-e* — feos.x-e-* dx 
or I =—cosx-e*+sinx-e*—I 
or 21 = e-*(sin x — cos x) 


sinx—cosx\ _ 
(te 
2 


Substituting the value of J in Equation (58), we get 


oe sinx —cosx\ _. 
yerv= 5) CP 
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sin x — cos x ss 
or y= 5) CHEF 


where c is an arbitrary constant. This is the general solution of the given differential equation. 
Example (21): Solve the equation cos x2 +ysinx=1 


Solution: The given equation is 
OSanee4 
cosx—+ysinx = 
dx > 
Dividing by cos x, we get 


dy 
+ ytan x = secx 
dx 


This is a linear differential equation of the type 


dy 


qe 


P=tan x 


[pax = [tan xa = log|sec x| 


Fes? = closer xl — see x 


The solution is given by 
y-secx = [(see x)(sec x)dx 
= | sec? wax =tanx+c 


The solution is 
ysec x = tanx +c 


or y=tan x cos x + c cos x, where c is an arbitrary constant 


Example (22): Solve » + 2y cot x =3x" cosec”x 


Solution: Here the coefficient of y is 2 cot x. Hence the integrating factor is 


aJ2 cot x dx __ e log|sin x| __ elog(sin xy? = eles sin? x _ sin2 x: [eles fF) =f (x)| 
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Solution of the given differential equation is 


y-sin2x = fax cosec” x)sin? x dx + ¢ 


= [GP ar+e 

3 

x 
aie 

ans 
=x+c¢ Ans. 


d 
Example (23): Solve (14 ee + Oxy = 14x? 
x 


Solution: The given differential equation is 


d 
x + 6x°y = 14x? 


To make the coefficient of unity, we divide both sides by (1 + x°). We get 


dy 6% = 14x 

de Ta 14+x3 
Here P 6x2 
ere =—— 
1+x3 
Let] + =t 

3x* dx = dt 

6x? dx = 2dt 


2 dt 
I | , 2 log t = 2 log(1 + x°) 


Integrating factor is 


el Pax = e log(1+x3) ~ elog(I+8)’ ~ (1 ae x3) 


The solution is given by 


y-(l+x 


y-( y= fa x7)(14+x3)dx +e 


This is the general solution. 
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Example (24): Solve y e” dx = (” + 2x e”)dy 


Solution: The given equation can be written as 


dx Long 0 
pe nein Se x= 
ay dy 1 1 
dx 2x 
ses 

y y 

dx 2 > 
qa te Oe EY 
dy y 


This is a linear differential equation of the type 


dx 
—+Pix=Q, 
dy 


where P, = — 5 and Q,=y'e” 


—2 1 
|p a= | dy = —2 logy = log> 
y y 


1 
Integrating factor is e!°8(!/ 2) =3 
The solution is y 
1 1 oF 
x: p= [ter aayte e*dy+c +e y+e 
y y 
or x=-ye*4+cy* Ans. 


This is the general solution of the given differential equation. 


Exercise 
Solve the following differential equations: 


Q. A) (x? +1)? 24 4x (x? + 1)?y = 1 


Ans. y(x? a 1)? =tan7!x +e 
Q. (2) P= 3X =y+1 
Ans. y=$+x+} 


Q. (3) y & dx=y* + (2x e*)dy 


Ans. x=-y’e + cy” 
Q. (4) x24 2y = x? (x # 0) 


Ans. y= + ex? 
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Q. (5) y dx —(x + 2y’)dy=0 
Ans. x = 2y” + cy 


9b.4 TYPE III: EXACT DIFFERENTIAL EQUATIONS 
Definition: An exact differential equation of the first order is that equation which is obtained 


from its general solution by mere differentiation and without any additional process of 
elimination or reduction. 


Example (25): Consider the equation, 


which is the general solution of some differential equation. 


On differentiating Equation (59), both sides, we get 
3x°y"dx + 4x3y3 dy = 0 (60) 


Equation (60) in this form is an exact differential equation whose solution is at Equation (59). 
There is another way in which we can understand an exact differential equation. 
From Equation (59), we may writex*y* — c = 0. Obviously, the left-hand side is a function 
of two variables x and y. Let us denote this function by uv. Then, we have 


xeyt—c=u 
Differentiating the above equation (w.r.t. to x and y), we get 


3x7y4 dx + 4x3y° = du (61) 


The expression 3x?y* dx + 4x3y3 dy is called an exact differential of x*y*'” 


Comparing the expressions on left-hand side of Equations (60) and (61) we note that an 
equation in the form, 


M dx + N dy =0 


(where M and N are functions of x and y) will be an exact differential equation if there be some 
function u (of x and y), such that 


Mdx+WN dy = du 


“2 Recall that, if y= f(x), then dy = f’(x)dx. Similarly, if w= f(x, y), then du=f’(x, y)dx + f’(x, y)dy. The expression 
f' (x, y)dx is called the partial differential of u with respect to x, and similarly f’(x, y)dy is called the partial differential of u 


with respect to y. [Symbolically, we write f’(x, y)dx as Sdx and f’(x, y)dy as MH dy.] 
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Note: The differential Equation (60) can be simplified to 
3y dx + 4y dy = 0 (62) 


However, Equation (62) is not an exact differential equation, by definition. Methods of finding 
solution(s) of exact differential equations are quite interesting. The first requirement is to check 
whether the given equation is an exact differential equation or whether it can be converted to that 
form. It can be shown that the condition of exactness for an equation, in the form 


M dx +N dy =0 


oN Ou 
Ox? Ox - Oy" 


At this point, we put to an end, the discussion about exact differential equations and the methods 
of their solution(s). At most, it may be mentioned that depending on the given equation, there 
are Rules for finding the integrating factor(s) that help in finding the solution(s) of exact 
differential equations. 


is that oe must be equal to £*, that is, each should be equal to 


9b.5 APPLICATIONS OF DIFFERENTIAL EQUATIONS 


Differential equations find many applications in Engineering (particularly in mechanics) and 
other sciences. We have already discussed some important applications of differential equations 
of first order and first degree in Chapter 13a of Part I. 
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